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Èíäóêòèâíûé ïîäõîä ê íàõîæäåíèþ ãðóïï åäèíèö

öåëî÷èñëåííûõ ãðóïïîâûõ êîëåö öèêëè÷åñêèõ 2-ãðóïï.

Ëîêàëüíûå åäèíèöû

Ð. Æ. Àëååâ, Î. Â. Ìèòèíà

Þæíî-Óðàëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (ÍÈÓ),

×åëÿáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ×åëÿáèíñê

Ò. À. Õàíåíêî, Å. À. Õðèñòåíêî

×åëÿáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ×åëÿáèíñê

Ïóñòü G = 〈x〉 � öèêëè÷åñêàÿ ãðóïïà ïîðÿäêà 2n = 8m > 16,
V(ZG) � íîðìàëèçîâàííàÿ ãðóïïà åäèíèö öåëî÷èñëåííîãî ãðóïïî-
âîãî êîëüöà ZG ãðóïïû G. Ïóñòü ζ � ïåðâîîáðàçíûé êîðåíü ñòå-
ïåíè 8m èç 1 è U(Z[ζ]) � ãðóïïà åäèíèö êîëüöà Z[ζ]. Îáîçíà÷èì
÷åðåç χ0 = 1G, χ1,. . . , χ8m−1 � íåïðèâîäèìûå êîìïëåêñíûå õàðàê-
òåðû ãðóïïû G, ãäå χj(xk) = ζjk äëÿ ëþáûõ j è k; äëÿ ëþáî-
ãî j ïóñòü ej � ìèíèìàëüíûé öåíòðàëüíûé èäåìïîòåíò êîìïëåêñ-
íîé ãðóïïîâîé àëãåáðû CG, ñîîòâåòñòâóþùèé õàðàêòåðó χj. Òîãäà
ãðóïïîâûì ãîìîìîðôèçìîì ÿâëÿåòñÿ ϕ : V(ZG) → U(Z[ζ]), ãäå

ϕ
(∑8m−1

k=0 βkek

)
= β1. Ïóñòü kerϕ = V0.

Ëåììà 1. V0 èçîìîðôíà ïîäãðóïïå
(
1 + 2Z〈x2〉

)
∩V(Z〈x2〉) ãðóïïû

V(Z〈x2〉).

Ïî èíäóêöèè ìîæåì ñ÷èòàòü, ÷òî èçâåñòíû V(Z〈x2〉) è V0.
Ïóñòü K � ïîäãðóïïà êðóãîâûõ åäèíèö ãðóïïû U(Z[ζ]) [3]. Îò-

ìåòèì, ÷òî èíäåêñ |U(Z[ζ] : K| = c(n) � ÷èñëó êëàññîâ êðóãîâîãî
ïîëÿ Q(ζ). Ïðîáëåìà Âåáåðà î ÷èñëå êëàññîâ [2] ïðåäïîëàãàåò, ÷òî
c(n) = 1 (äîêàçàíî äëÿ âñåõ n 6 9). Äëÿ ëþáîãî íàòóðàëüíîãî ÷èñëà
2j + 1 ïîëîæèì t2j+1 = 1 + ζ2j+1 + ζ−(2j+1) + ζ4j+2 + ζ−(4j+2).

Ëåììà 2. 〈t2m1 〉 ×
∏m−1

l=1

〈
t−1
2l+1t4m−2l−1

〉
×
∏m−1

l=1

〈
tm1 t

m
2l+1

〉
6 K ∩ (1 +

2Z[ζ]).

Ñîãëàñíî [1] äëÿ ëþáîé åäèíèöû λ èç U(Z[ζ]) îïðåäåëÿåòñÿ ëî-
êàëüíàÿ åäèíèöà u(λ) = uχ1

(λ). Ïóñòü

V1 = 〈u(t2m1 )〉 ×
m−1∏
l=1

〈
u(t−1

2l+1t4m−2l−1)
〉
×

m−1∏
l=1

〈u(tm1 t
m
2l+1)〉 .
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Òåîðåìà 1. Ïðè ââåä¼ííûõ ðàíåå îáîçíà÷åíèÿõ èìååì

|V(ZG) : 〈x〉 × V0 × V1| 6 c(n)2m ·mm−1 = c(n)2(n−3)2n−3+1.

Ïîëó÷åíî ïîëíîå îïèñàíèå ãðóïïû åäèíèö öåëî÷èñëåííûõ ãðóï-
ïîâûõ êîëåö öèêëè÷åñêèõ ãðóïï ïîðÿäêîâ 16 è 32.

Ñïèñîê ëèòåðàòóðû

1. Ð. Æ. Àëååâ. Åäèíèöû ïîëåé õàðàêòåðîâ è öåíòðàëüíûå åäèíè-
öû öåëî÷èñëåííûõ ãðóïïîâûõ êîëåö êîíå÷íûõ ãðóïï // Ìàòåì.
òð. 2000. T. 3, � 1. C. 3�37.

2. J. C. Miller. Class numbers of totally real �elds and applications to
the Weber class number problem // Acta Arithmetica. 2014. V. 164,
� 4. P. 381�397.

3. W. Sinnott. On the Stickelberger ideal and circular units of
a cyclotomic �eld // Ann. of Math. 1978. V. 108, � 1. P. 107�134.

Êîíå÷íûå ãðóïïû, ãðàôû ïðîñòûõ ÷èñåë

êîòîðûõ íå ñîäåðæàò òðåóãîëüíèêîâ

Î. À. Àëåêñååâà

Ìîñêîâñêèé óíèâåðñèòåò èìåíè Ñ. Þ. Âèòòå, Ìîñêâà

À. Ñ. Êîíäðàòüåâ

Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè èìåíè Í. Í. Êðàñîâñêîãî ÓðÎ ÐÀÍ,

Åêàòåðèíáóðã

Ãðàôîì ïðîñòûõ ÷èñåë (èëè ãðàôîì Ãðþíáåðãà � Êåãåëÿ) Γ(G)
êîíå÷íîé ãðóïïû G íàçûâàåòñÿ ãðàô, â êîòîðîì âåðøèíàìè ñëóæàò
ïðîñòûå äåëèòåëè ïîðÿäêà ãðóïïû G è äâå âåðøèíû p è q ñìåæíû
òîãäà è òîëüêî òîãäà, êîãäà G ñîäåðæèò ýëåìåíò ïîðÿäêà pq.
Ëþ÷èäî [1] îïèñàëà êîíå÷íûå ïðîñòûå ãðóïïû G òàêèå, ÷òî ñâÿç-

íûå êîìïîíåíòû ãðàôà Γ(G) ÿâëÿþòñÿ äåðåâüÿìè, ò. å. ñâÿçíûìè
ãðàôàìè, íå ñîäåðæàùèìè öèêëû. Êðîìå òîãî, â ýòîé ðàáîòå îïèñà-
íî ñòðîåíèå êîíå÷íîé ãðóïïû, ãðàô ïðîñòûõ ÷èñåë êîòîðîé ÿâëÿåòñÿ
äåðåâîì. Ìû ðàññìàòðèâàåì áîëåå îáùóþ çàäà÷ó îïèñàíèÿ ñòðîåíèÿ
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êîíå÷íîé ãðóïïû G òàêîé, ÷òî ãðàô Γ(G) íå ñîäåðæèò òîëüêî òðå-
óãîëüíèêîâ (3-öèêëîâ). Â äîêëàäå îáñóæäàþòñÿ êàê íåäàâíî îïóá-
ëèêîâàííûå â [2] è [3], òàê è íîâûå ðåçóëüòàòû, ïîëó÷åííûå íàìè ïî
ýòîé çàäà÷å.
Ðàáîòà âûïîëíåíà çà ñ÷åò ãðàíòà ÐÍÔ (ïðîåêò 15-11-10025).

Ñïèñîê ëèòåðàòóðû

1. M. C. Lucido. Groups in which the prime graph is a tree // Boll.
Unione Mat. Ital. (8). 2002. V. 5-B, � 1. P. 131�148.

2. Î. À. Àëåêñååâà, À. Ñ. Êîíäðàòüåâ. Êîíå÷íûå ãðóïïû, ãðàôû
ïðîñòûõ ÷èñåë êîòîðûõ íå ñîäåðæàò òðåóãîëüíèêîâ. I // Òð. Èí-
òà ìàòåìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ. 2015. Ò. 21, � 3. Ñ. 3�12.

3. Î. À. Àëåêñååâà, À. Ñ. Êîíäðàòüåâ. Êîíå÷íûå ãðóïïû, ãðàôû
ïðîñòûõ ÷èñåë êîòîðûõ íå ñîäåðæàò òðåóãîëüíèêîâ. II // Òð.
Èí-òà ìàòåìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ. 2016. Ò. 22, � 1.
Ñ. 3�13.

Îá àâòîìîðôèçìàõ ïîëóãðóïïû ýíäîìîðôèçìîâ

íåêîòîðûõ îòíîñèòåëüíî ñâîáîäíûõ ãðóïï

Â. Ñ. Àòàáåêÿí

Åðåâàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Åðåâàí

Ãîâîðÿò, ÷òî ïîäãðóïïà H ãðóïïû G ñàìî-öåíòðàëèçóåòñÿ, åñëè åå
öåíòðàëèçàòîð CG(H) ñîäåðæèòñÿ â H. Â äîêëàäå áóäåò ïîêàçà-
íî, ÷òî äëÿ íåêîòîðûõ îòíîñèòåëüíî ñâîáîäíûõ ãðóïï F ñ ñàìî-
öåíòðàëèçóþùèìèñÿ ïîäãðóïïàìè (òàêîâûìè ÿâëÿþòñÿ, íàïðèìåð,
àáñîëþòíî ñâîáîäíûå è ñâîáîäíûå áåðíñàéäîâû ãðóïïû äîñòàòî÷-
íî áîëüøîãî íå÷åòíîãî ïåðèîäà) ãðóïïà àâòîìîðôèçìîâ ïîëóãðóï-
ïû ýíäîìîðôèçìîâ Aut(End(F )) êàíîíè÷åñêè èçîìîðôíà ãðóïïå
Aut(F ).
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Î ñâîáîäíûõ ïîäãðóïïàõ â îáîáùåííûõ òåòðàýäðàëüíûõ

ãðóïïàõ òèïà (2, 2, n, 2, 2,m)

Â. Â. Áåíÿø-Êðèâåö

Áåëîðóññêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ìèíñê

ß. À. Æóêîâåö

Áåëîðóññêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò èìåíè Ì. Òàíêà,

Ìèíñê

Îáîáùåííûå òåòðàýäðàëüíûå ãðóïïû èìåþò êîïðåäñòàâëåíèå
âèäà

Γ = 〈x1, x2, x3 | xk11 = xk22 = xk33 = R12(x1, x2)
m12 =

= R13(x1, x3)
m13 = R23(x2, x3)

m23 = 1〉,

ãäå k1, k2, k3,mij ≥ 2, Rij � öèêëè÷åñêè ðåäóöèðîâàííîå ñëîâî â ñâî-
áîäíîì ïðîèçâåäåíèè 〈xi | xkii 〉 ∗ 〈xj | x

kj
j 〉, êîòîðîå íå ÿâëÿåòñÿ ñîá-

ñòâåííîé ñòåïåíüþ. Â [1] âûäâèíóòà ãèïîòåçà, ÷òî îáîáùåííûå òåòðà-
ýäðàëüíûå ãðóïïû óäîâëåòâîðÿþò àëüòåðíàòèâå Òèòñà, ò. å. êàæäàÿ
òàêàÿ ãðóïïà ñîäåðæèò ëèáî ðàçðåøèìóþ ïîäãðóïïó êîíå÷íîãî èí-
äåêñà, ëèáî ñâîáîäíóþ ïîäãðóïïó ðàíãà 2. Ê íàñòîÿùåìó âðåìåíè
ýòà ãèïîòåçà äîêàçàíà äëÿ âñåõ îáîáùåííûõ òåòðàýäðàëüíûõ ãðóïï,
êðîìå ãðóïï ñëåäóþùèõ òèïîâ [1, 2]:

1) 〈x1, x2, x3 | xk11 = xk22 = xk33 = (x
αxβ2
1 )2 = (xγ2x

δ
3)

2 = R13(x1, x3)
n =

1〉, 1
k1

+ 1
k2

+ 1
k3

+ 1
n ≥ 1;

2) 〈x1, x2, x3 | xk11 = xk22 = xk33 = (x
αxβ2
1 )2 = (xγ2x

δ
3)

3 = (xη1x
θ
3)
n = 1〉,

n = 3, 4, 5, 1
k1

+ 1
k2

+ 1
k3

+ 1
n ≥

7
6 ;

3) 〈x1, x2, x3 | xk11 = xk22 = xk33 = (x
αxβ2
1 )2 = (xγ2x

δ
3)

3 = (xη11 x
θ1
3 x

η2
1 x

θ2
3 )2 =

1〉, 1
k1

+ 1
k2

+ 1
k3
≥ 2

3 .
Â äàííîé ðàáîòå ìû ðàññìàòðèâàåì ñëåäóþùèé êëàññ ãðóïï ïåð-

âîãî òèïà:

Γ = 〈a, b, c | a2 = b2 = cn = (ab)2 = (acα)2 = Rm(b, c) = 1〉. (1)

Òåîðåìà 1. Ïóñòü Γ èìååò êîïðåäñòàâëåíèå (1), ãäåm ≥ 3, n ≥ 6.
Òîãäà åñëè ãðóïïà Γ îòëè÷íà îò ãðóïïû Γ1 = 〈a, b, c | a2 = b2 =
c6 = (ab)2 = (ac)2 = (bc)3 = 1〉, òî Γ ñîäåðæèò íåàáåëåâó ñâîáîäíóþ
ïîäãðóïïó. Ãðóïïà Γ1 ÿâëÿåòñÿ ïî÷òè ðàçðåøèìîé.
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Ñïèñîê ëèòåðàòóðû

1. B. Fine, G. Rosenberger. Algebraic generalizations of discrete groups.
A path to combinatorial group theory through one-relator products.
New York, 1999.

2. J. Howie, N. Kopteva. The Tits alternative for generalized
tetrahedron groups // J. Group Theory. 2006. V. 9. P. 173�189.

Ïåðèîäè÷åñêèå ãðóïïû Øóíêîâà, íàñûùåííûå ïðÿìûìè

ïðîèçâåäåíèÿìè êîíå÷íûõ ýëåìåíòàðíûõ àáåëåâûõ

2-ãðóïï è ãðóïïû U3(2
n)

À. À. Áðèò, Ê. À. Ôèëèïïîâ, À. Ñ. Ôåäîñåíêî

Êðàñíîÿðñêèé ãîñóäàðñòâåííûé àãðàðíûé óíèâåðñèòåò, Êðàñíîÿðñê

Ïóñòü < � ìíîæåñòâî ãðóïï. Áóäåì ãîâîðèòü, ÷òî ãðóïïà G íà-
ñûùåíà ãðóïïàìè èç <, åñëè ëþáàÿ êîíå÷íàÿ ïîäãðóïïà èç G ñîäåð-
æèòñÿ â ïîäãðóïïå ãðóïïû G, èçîìîðôíîé íåêîòîðîé ãðóïïå èç <
[1].
Íàïîìíèì, ÷òî ãðóïïà G (ñîïðÿæåííî áèïðèìèòèâíî êîíå÷íàÿ

ãðóïïà â îïðåäåëåíèè Â. Ï. Øóíêîâà [2]) íàçûâàåòñÿ ãðóïïîé Øóí-
êîâà, åñëè äëÿ ëþáîé êîíå÷íîé ïîäãðóïïû H ≤ G â ôàêòîð-ãðóïïå
NG(H)/H ëþáûå äâà ñîïðÿæåííûõ ýëåìåíòà ïðîñòîãî ïîðÿäêà ïî-
ðîæäàþò êîíå÷íóþ ãðóïïó.
Ïóñòü In � ïðÿìîå ïðîèçâåäåíèå n ýêçåìïëÿðîâ ãðóïïû

ïîðÿäêà 2.
Äîêàçàíà ñëåäóþùàÿ

Òåîðåìà 1. Áåñêîíå÷íàÿ ïåðèîäè÷åñêàÿ ãðóïïà Øóíêîâà G, íàñû-
ùåííàÿ ãðóïïàìè èç ìíîæåñòâà < = {U3(q) × In|n = 1, 2, ...},
ãäå q = 2k � ôèêñèðîâàííîå ÷èñëî, ëîêàëüíî êîíå÷íà è èçîìîðô-
íà U3(q)× I, ãäå I � áåñêîíå÷íàÿ ãðóïïà ïåðèîäà 2.

Ñïèñîê ëèòåðàòóðû

1. À. Ê. Øëåïêèí. Ñîïðÿæåííî áèïðèìèòèâíî êîíå÷íûå ãðóïïû,
ñîäåðæàùèå êîíå÷íûå íåðàçðåøèìûå ïîäãðóïïû // III Ìåæäó-
íàð. êîíô. ïî àëãåáðå: ñá. òåç. Êðàñíîÿðñê, 1993. Ñ. 369.
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2. Â. Ï. Øóíêîâ. Îá îäíîì êëàññå p-ãðóïï // Àëãåáðà è ëîãèêà.
1970. Ò. 9, � 4. Ñ. 484�496.

Î áåñêîíå÷íûõ ãðóïïàõ Àëüïåðèíà

ïðîèçâîëüíîé ìîùíîñòè

Á. Ì. Âåðåòåííèêîâ

Óðàëüñêèé ôåäåðàëüíûé óíèâåðñèòåò, Åêàòåðèíáóðã

Ñëåäóþùàÿ òåîðåìà ÿâëÿåòñÿ îáîáùåíèåì òåîðåìû 1 â [1].

Òåîðåìà 1. Ïóñòü µ � ïðîèçâîëüíîå ïîðÿäêîâîå ÷èñëî, µ ≥ 3,
ãðóïïà G çàäàíà ïîðîæäàþùèìè ai, fij, τijk, ãäå i, j, k � âñåâîçìîæ-
íûå íåïðåäåëüíûå ïîðÿäêîâûå ÷èñëà ñ óñëîâèåì 1 ≤ i, j, k ≤ µ, è
îïðåäåëÿþùèìè ñîîòíîøåíèÿìè:
1) [ai, aj] = fij;
2) [fij, ak] = f 2

jkf
2
kiτ
−2
ijk ;

3) [τijk, as] = 1;
4) [fij, fks] = τkjsτksi;
5) (fijfjkfki)

4 = τijk;
6) τsijτsjkτski = τijk,

ãäå äëÿ âñåõ ñîîòíîøåíèé èíäåêñû i, j, k, s � ëþáûå íåïðåäåëüíûå
ïîðÿäêîâûå ÷èñëà, íå ïðåâîñõîäÿùèå µ.
Òîãäà G′′ =

∏
1≤i<j≤µ

〈τ1ij〉 � ïðÿìîå ïðîèçâåäåíèå áåñêîíå÷íûõ öèê-

ëè÷åñêèõ ãðóïï 〈τ1ij〉 è G � ãðóïïà Àëüïåðèíà áåç êðó÷åíèÿ.

Ñëåäñòâèå 1. Äëÿ ëþáîé àáåëåâîé ãðóïïû H ñóùåñòâóåò ãðóïïà
Àëüïåðèíà G òàêàÿ, ÷òî H ' G′′.

Ñïèñîê ëèòåðàòóðû

1. Á. Ì. Âåðåòåííèêîâ. Î áåñêîíå÷íûõ ãðóïïàõ Àëüïåðèíà // Ñèá.
ýëåêòðîí. ìàòåì. èçâ. 2015. Ò. 12, Ñ. 210�222.
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Îá èíäóêòèâíûõ ðåøåòêàõ íàñûùåííûõ ôîðìàöèé

Í. Í. Âîðîáüåâ, À. Ð. Êóçíåöîâà

Âèòåáñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ï. Ì. Ìàøåðîâà, Âèòåáñê

Âñå ðàññìàòðèâàåìûå ãðóïïû êîíå÷íû. Ìû áóäåì ðàññìàòðèâàòü
òåðìèíîëîãèþ èç [1�3]. ×åðåç Fp(G) îáîçíà÷àþò íàèáîëüøóþ íîð-
ìàëüíóþ p-íèëüïîòåíòíóþ ïîäãðóïïó ãðóïïû G. Ñèìâîë π(G) îáî-
çíà÷àåò ìíîæåñòâî âñåõ ðàçëè÷íûõ ïðîñòûõ äåëèòåëåé ïîðÿäêà ãðóï-
ïû G, à N � êëàññ âñåõ íèëüïîòåíòíûõ ãðóïï. Ïóñòü f � ïðîèçâîëü-
íàÿ ôóíêöèÿ âèäà

f : P→ {ôîðìàöèè ãðóïï}. (1)

Ñëåäóÿ [1], ñîïîñòàâèì ôóíêöèè f êëàññ ãðóïï

LF (f) = (G | G/Fp(G) ∈ f(p) äëÿ âñåõ p ∈ π(G)).

Åñëè ôîðìàöèÿ F òàêîâà, ÷òî F = LF (f) äëÿ íåêîòîðîé ôóíêöèè
f âèäà (1), òî F íàçûâàþò íàñûùåííîé ôîðìàöèåé ñ ëîêàëüíûì
ñïóòíèêîì f [1].
Ñîâîêóïíîñòü ôîðìàöèé Θ íàçûâàåòñÿ ïîëíîé ðåøåòêîé ôîðìà-

öèé [2], åñëè ïåðåñå÷åíèå ëþáîé ñîâîêóïíîñòè ôîðìàöèé èç Θ ñíîâà
ïðèíàäëåæèò Θ è âî ìíîæåñòâå Θ èìååòñÿ òàêàÿ ôîðìàöèÿ F, ÷òî
H ⊆ F äëÿ ëþáîé ôîðìàöèè H ∈ Θ. Ïóñòü F � íàñûùåííàÿ ôîðìà-
öèÿ. Îòíîñèòåëüíî âêëþ÷åíèÿ ⊆ ìíîæåñòâî âñåõ íàñûùåííûõ ôîð-
ìàöèé, çàêëþ÷åííûõ ìåæäó F ∩N è F, îáðàçóþò ïîëíóþ ðåøåòêó,
îáîçíà÷àåìóþ F/lF ∩N.
Äëÿ ïðîèçâîëüíîé ïîëíîé ðåøåòêè ôîðìàöèé Θ ñèìâîëîì Θl îáî-

çíà÷àåòñÿ ïîëíàÿ ðåøåòêà âñåõ òàêèõ íàñûùåííûõ ôîðìàöèé, êîòî-
ðûå îïðåäåëÿþòñÿ Θ-çíà÷íûìè ôóíêöèÿìè, ò.å. òàêèìè ôóíêöèÿìè,
âñå íåïóñòûå çíà÷åíèÿ êîòîðûõ ïðèíàäëåæàò Θ.
Ïóñòü Θ � ïîëíàÿ ðåøåòêà ôîðìàöèé. Òîãäà âåðõíÿÿ ãðàíü ïðî-

èçâîëüíîé ñîâîêóïíîñòè {Fi | i ∈ I} ýëåìåíòîâ èç Θl îáîçíà÷àåòñÿ
(ñì. [2]) ÷åðåç ∨Θl(Fi | i ∈ I). Ðåøåòêà Θl íàçûâàåòñÿ èíäóêòèâ-
íîé [2], åñëè äëÿ ëþáîãî íàáîðà Fi = LF (fi) ôîðìàöèé Fi ∈ Θl

è äëÿ âñÿêîãî òàêîãî íàáîðà {fi | i ∈ I} Θ-çíà÷íûõ ñïóòíèêîâ fi,
ãäå fi � íåêîòîðûé âíóòðåííèé ñïóòíèê ôîðìàöèè Fi, èìååò ìåñòî
∨Θl(Fi | i ∈ I) = LF (∨Θ(fi | i ∈ I)), ãäå ñèìâîë ∨Θ(fi | i ∈ I)
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îáîçíà÷àåò òàêîé ñïóòíèê f , ÷òî f(p) ÿâëÿåòñÿ âåðõíåé ãðàíüþ äëÿ
{fi(p) | i ∈ I} â Θ, åñëè

⋃
i∈I
fi(p) 6= ∅, è f(p) = ∅ â ïðîòèâíîì

ñëó÷àå.
Çàìåòèì, ÷òî èíäóêòèâíîñòü ðåøåòêè Θl ïî ñóùåñòâó îçíà÷àåò,

÷òî èññëåäîâàíèå îïåðàöèè ∨Θl íà ìíîæåñòâå Θl ìîæíî ðåäóöèðî-
âàòü ê èññëåäîâàíèþ áîëåå ïðîñòîé îïåðàöèè ∨Θ íà ìíîæåñòâå Θ.
Îñíîâíûì ðåçóëüòàòîì ÿâëÿåòñÿ ñëåäóþùàÿ

Òåîðåìà 1. Ðåøåòêà F/lF ∩N èíäóêòèâíà.

Ñïèñîê ëèòåðàòóðû

1. Ë. À.Øåìåòêîâ, À. Í. Ñêèáà. Ôîðìàöèè àëãåáðàè÷åñêèõ ñèñòåì.
Ì.: Íàóêà, 1989. 256 ñ.

2. À. Í. Ñêèáà. Àëãåáðà ôîðìàöèé. Ìèíñê: Áåëàðóñêàÿ íàâóêà,
1997. 240 ñ.

3. Í. Í. Âîðîáüåâ. Àëãåáðà êëàññîâ êîíå÷íûõ ãðóïï. Âèòåáñê: ÂÃÓ
èì. Ï. Ì. Ìàøåðîâà, 2012. 322 ñ.

Èíúåêòîðû ÷àñòè÷íî ðàçðåøèìûõ êîíå÷íûõ ãðóïï

Í. Ò. Âîðîáüåâ

Âèòåáñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ï. Ì. Ìàøåðîâà, Âèòåáñê

Ò. Á. Âàñèëåâè÷

Âèòåáñêîå êàäåòñêîå ó÷èëèùå, Ëóæåñíî

Êëàññîì Ôèòòèíãà íàçûâàåòñÿ êëàññ ãðóïï F, óäîâëåòâîðÿþùèé
ñëåäóþùèì òðåáîâàíèÿì:
1) êàæäàÿ íîðìàëüíàÿ ïîäãðóïïà ëþáîé ãðóïïû èç F òàêæå ïðè-

íàäëåæèò F;
2) åñëè íîðìàëüíûå ïîäãðóïïûM è N ãðóïïû G ïðèíàäëåæàò F,

òî ïðîèçâåäåíèå MN ïðèíàäëåæèò F.
Ïîäãðóïïà V ãðóïïû G íàçûâàåòñÿ åå F-èíúåêòîðîì, åñëè V ∩N

ÿâëÿåòñÿ F-ìàêñèìàëüíîé ïîäãðóïïîé ãðóïïû N äëÿ ëþáîé ñóáíîð-
ìàëüíîé ïîäãðóïïû N ãðóïïû G [1].
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Ïóñòü F � íåïóñòîé êëàññ Ôèòòèíãà. Ïîäãðóïïà GF ãðóïïû G
íàçûâàåòñÿ F-ðàäèêàëîì ãðóïïû, åñëè îíà ÿâëÿåòñÿ ìàêñèìàëüíîé
èç íîðìàëüíûõ ïîäãðóïï ãðóïïû G, ïðèíàäëåæàùèõ F.
Íàïîìíèì, ÷òî ôóíêöèåé Õàðòëè èëè H-ôóíêöèåé íàçûâàåòñÿ

âñÿêîå îòîáðàæåíèå f : P → êëàññû Ôèòòèíãà, ãäå P � ìíîæåñòâî
âñåõ ïðîñòûõ ÷èñåë. Ìíîæåñòâî π = {p ∈ P : f(p) 6= ∅} íàçûâàþò
íîñèòåëåì H-ôóíêöèè f [2].
Ïóñòü êëàññ Ôèòòèíãà LR(f) = Eπ ∩ (∩p∈πf(p)NpEp′).
Òîãäà F íàçûâàþò ëîêàëüíûì êëàññîì Ôèòòèíãà, åñëè F = LR(f)

äëÿ íåêîòîðîé H-ôóíêöèè f .
Ïóñòü F è X � íåïóñòûå êëàññû Ôèòòèíãà, ïðè÷åì F ëîêàëåí è

îïðåäåëÿåòñÿ H-ôóíêöèåé f ñ íîñèòåëåì π òàêîé, ÷òî f(p) = X äëÿ
êàæäîãî ïðîñòîãî p ∈ π.
Ñëåäóþùàÿ òåîðåìà õàðàêòåðèçóåò F-èíúåêòîðû ÷àñòè÷íî ðàçðå-

øèìûõ ãðóïï.

Òåîðåìà 1. Ïóñòü G � òàêàÿ ãðóïïà, ÷òî G/GX π-ðàçðåøèìà.
Òîãäà ïîäãðóïïà V ÿâëÿåòñÿ F-èíúåêòîðîì G â òîì è òîëüêî â
òîì ñëó÷àå, åñëè V F-ìàêñèìàëüíà â G è V ≥ GX.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÃÏÍÈ ¾Êîíâåðãåí-
öèÿ-2020¿.

Ñïèñîê ëèòåðàòóðû

1. K. Doerk, T. Hawkes. Finite soluble groups. Berlin, New York:
Walter de Gruyter, 1992.

2. Í. Ò. Âîðîáü¼â. Î ïðåäïîëîæåíèè Õîóêñà äëÿ ðàäèêàëüíûõ êëàñ-
ñîâ // Ñèá. ìàòåì. æóðí. 1996. Ò. 37, � 6. Ñ. 1296�1302.

Íîðìåííîå ñâîéñòâî ñèìâîëà Ãèëüáåðòà

äëÿ ìíîãî÷ëåííûõ ôîðìàëüíûõ ãðóïï

Ñ. Â. Âîñòîêîâ, Â. Â. Âîëêîâ

Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ñàíêò-Ïåòåðáóðã

Â ðàáîòå [1] áûëà ïîëó÷åíà ÿâíàÿ ôîðìóëà çàêîíà âçàèìíîñòè
Ãèëüáåðòà, ïîçâîëèâøàÿ ïîñòðîèòü ëîêàëüíóþ òåîðèþ ïîëåé êëàñ-
ñîâ â ÿâíîì âèäå. Â ðàáîòå [2] àíàëîãè÷íàÿ ôîðìóëà áûëà ïîëó÷åíà
äëÿ ñëó÷àÿ ìíîãîìåðíîãî ëîêàëüíîãî ïîëÿ.
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Ñåðèÿ ðàáîò [3, 4, 5] ïðîäîëæàåò ýòè ðåçóëüòàòû íà ñëó÷àé ñïàðè-
âàíèÿ, ïîñòðîåííîãî ïî ìóëüòèïëèêàòèâíîé ãðóïïå è ìíîãî÷åëííîé
ôîðìàëüíîé ãðóïïå Fc(X, Y ) = X + Y + cXY .
Ïóñòü K � ëîêàëüíîå ïîëå, ñîäåðæàùåå êîðåíü pm ñòåïåíè èç

1, M � ìàêñèìàëüíûé èäåàë êîëüöà öåëûõ â K, c � åäèíèöà â
K. Îáîçíà÷èì ÷åðåç Wc ìîäóëü êîðíåé èçîãåíèè [pm]Fc(X). Ïîëü-
çóÿñü îòîáðàæåíèåì âçàèìíîñòè ëîêàëüíîé òåîðèè ïîëåé êëàññîâ
σ : K∗ → Gal(Kab/K), ìîæíî çàäàòü ñïàðèâàíèå, ÿâëÿþùååñÿ àíà-
ëîãîì ñèìâîëà Ãèëüáåðòà äëÿ ôîðìàëüíîé ãðóïïû Fc:

(·, ·)c : K∗ × Fc(M)→ Wc

α, β 7→ Bσ(α) −Fc B ,

ãäå B ýòî êîðåíü óðàâíåíèÿ [pm]Fc(B) = β. Â ðàáîòå [3] ýòî æå ñïà-
ðèâàíèå ïîñòðîåíî êîíñòðóêòèâíî, ñ ïîìîùüþ ÿâíîé ôîðìóëû. Â
ðàáîòàõ [4, 5] àíàëîãè÷íàÿ ôîðìóëà ïîñòðîåíà äëÿ n-ìåðíîãî ëî-
êàëüíîãî ïîëÿ K. Â ýòîì ñëó÷àå ñïàðèâàíèå ïðèíèìàåò âèä

(·, ·)c : Kn(K
∗)× Fc(M)→ Wc

è â êà÷åñòâå σ èñïîëüçóåòñÿ îòíîøåíèå âçàèìíîñòè Ïàðøèíà � Êà-
òî.
Âàæíåéøèì äëÿ ïîñòðîåíèÿ ÿâíîãî àíàëîãà ëîêàëüíîé òåîðèè ïî-

ëåé êëàññîâ, ÿâëÿåòñÿ íîðìåííîå ñâîéñòâî ñïàðèâàíèÿ, ñâÿçûâàþùåå
ñïàðèâàíèå è ñòðóêòóðó ãðóïï íîðì ðàñøèðåãèé ïîëÿ K. ßâíûì
îáðàçîì, ñ ïîìîùüþ ïîñòðîåííûõ ôîðìóë, ïîëó÷åí ñëåäóþùèé ðå-
çóëüòàò.

Òåîðåìà 1 (Íîðìåííîå ñâîéñòâî). Â ñëó÷àÿõ n = 1 è n = 2, m = 1
èìååò ìåñòî íîðìåííîå ñâîéñòâî ñïàðèâàíèÿ

〈α, β〉c = 0⇐⇒ α ∈ Norm(Kn(K(B))) ,

ãäå B ýòî êîðåíü óðàâíåíèÿ [pm]Fc(B) = β, à Norm � îòîáðàæåíèå
íîðìû.

Àâòîðû ïîääåðæàíû ãðàíòîì ÐÍÔ (ïðîåêò 16-11-10200).

Ñïèñîê ëèòåðàòóðû

1. Ñ. Â. Âîñòîêîâ. ßâíàÿ ôîðìà çàêîíà âçàèìíîñòè // Èçâ. ÀÍ
ÑÑÑÐ. Ñåð. Ìàòåì. 1978. Ò. 42, � 6. Ñ. 1288�1321.
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2. Ñ. Â. Âîñòîêîâ. ßâíàÿ êîíñòðóêöèÿ òåîðèè ïîëåé êëàññîâ ìíî-
ãîìåðíîãî ëîêàëüíîãî ïîëÿ // Èçâ. ÀÍ ÑÑÑÐ. Ñåð. Ìàòåì. 1985.
Ò. 49, � 2. Ñ. 283�308.

3. Ñ. Â. Âîñòîêîâ, Â. Â. Âîëêîâ. ßâíàÿ ôîðìà ñèìâîëà Ãèëüáåðòà
äëÿ ìíîãî÷ëåííûõ ôîðìàëüíûõ ìîäóëåé // Àëãåáðà è àíàëèç.
2014. Ò. 26, � 5. Ñ. 125�141.

4. Ñ. Â. Âîñòîêîâ, Â. Â. Âîëêîâ, Ì. Â. Áîíäàðêî. ßâíàÿ ôîðìà
ñèìâîëà Ãèëüáåðòà äëÿ ìíîãî÷ëåííûõ ôîðìàëüíûõ ìîäóëåé â
ìíîãîìåðíîì ëîêàëüíîì ïîëå I // Çàï. íàó÷. ñåìèíàðîâ ÏÎÌÈ.
2014. Ò. 430. Ñ. 53�60.

5. Ñ. Â. Âîñòîêîâ, Â. Â. Âîëêîâ. ßâíàÿ ôîðìà ñèìâîëà Ãèëüáåð-
òà äëÿ ìíîãî÷ëåííûõ ôîðìàëüíûõ ìîäóëåé â ìíîãîìåðíîì ëî-
êàëüíîì ïîëå II // Çàï. íàó÷. ñåìèíàðîâ ÏÎÌÈ. 2016. Ò. 443.
Ñ. 46�60.

Îïðåäåëÿåìîñòü âåêòîðíûõ ãðóïï ñâîèì ãîëîìîðôîì

Ãðèíøïîí Ñàìóèë ßêîâëåâè÷

Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Òîìñê

Ãðèíøïîí Èðèíà Ýäóàðäîâíà

Òîìñêèé óíèâåðñèòåò ñèñòåì óïðàâëåíèÿ è ðàäèîýëåêòðîíèêè, Òîìñê

Äâå ãðóïïû íàçûâàþòñÿ ãîëîìîðôíî èçîìîðôíûìè, åñëè ãîëîìîð-
ôû ýòèõ ãðóïï èçîìîðôíû. Ãîâîðÿò, ÷òî ãðóïïà A îïðåäåëÿåòñÿ ñâî-
èì ãîëîìîðôîì â íåêîòîðîì êëàññå ãðóïï, åñëè ëþáàÿ ãðóïïà B èç
ýòîãî êëàññà, ãîëîìîðôíî èçîìîðôíàÿ ãðóïïå A, èçîìîðôíà ãðóïïå
A. Èçâåñòíû ïðèìåðû íåèçîìîðôíûõ êîíå÷íûõ íåêîììóòàòèâíûõ
ãðóïï, ãîëîìîðôû êîòîðûõ èçîìîðôíû [1]. Â [2] Â. Ìèëëñ ïîêàçàë,
÷òî âñÿêàÿ êîíå÷íî ïîðîæäåííàÿ àáåëåâà ãðóïïà îïðåäåëÿåòñÿ ñâî-
èì ãîëîìîðôîì â êëàññå âñåõ êîíå÷íî ïîðîæäåííûõ àáåëåâûõ ãðóïï.
Ðÿä èíòåðåñíûõ ðåçóëüòàòîâ îá îïðåäåëÿåìîñòè àáåëåâûõ ãðóïï ñâî-
èìè ãîëîìîðôàìè ïîëó÷åí È. Õ. Áåêêåðîì [3, 4]. Ïîëåçíûå ðåçóëü-
òàòû î ãîëîìîðôàõ (àôôèííûõ ãðóïïàõ) ìîäóëåé ñîäåðæàòñÿ â [5].
Ïîäãðóïïà S ãîëîìîðôà Γ(G) íàçûâàåòñÿ ãîëîìîðôíî ðàçëîæè-

ìîé, åñëè äëÿ ëþáîãî ýëåìåíòà (g, ϕ) ∈ S ñëåäóåò, ÷òî (g, ε) ∈ S è
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(0, ϕ) ∈ S, ò.å. S = S1 ⊕ Φ, S1, Φ � ìíîæåñòâà âñåõ ïåðâûõ, âòîðûõ
êîìïîíåíò ýëåìåíòîâ ãðóïïû S ñîîòâåòñòâåííî. Ïîíÿòèå ãîëîìîðô-
íîé ðàçëîæèìîñòè ãðóïï áûëî ââåäåíî È. Õ. Áåêêåðîì [6].
Ïóñòü G èH � ãîëîìîðôíî èçîìîðôíûå àáåëåâû ãðóïïû áåç êðó-

÷åíèÿ è ïóñòü G = G1⊕G2,H = H1⊕H2 � ðàçëîæåíèÿ ãðóïï G èH,
èíäóöèðîâàííûå èçîìîðôèçìîì ãîëîìîðôîâ [6], ãäå G1 è H1 � õà-
ðàêòåðèñòè÷åñêèå ïîäãðóïïû ãðóïï G èH ñîîòâåòñòâåííî, G1

∼= H1,
G2
∼= Hom(H2, H1), H2

∼= Hom(G2, G1) è Hom((G2, G1), G1) ∼=
Hom(H2, H1) ∼= G2.
Ðàçëîæåíèå ãðóïïû G âèäà G = G1 ⊕ G2 íàçûâàåòñÿ ïîëóõàðàê-

òåðèñòè÷åñêèì, åñëè G1 � õàðàêòåðèñòè÷åñêàÿ ïîäãðóïïà ãðóïïû
G.
Ïîëóõàðàêòåðèñòè÷åñêîå ðàçëîæåíèå G = G1 ⊕ G2 ãðóïïû G,

èíäóöèðîâàííîå èçîìîðôèçìîì ãîëîìîðôîâ Γ(G) è Γ(H), íàçîâåì
Γ-ðàçëîæåíèåì. Â ÷àñòíîñòè, G1 ìîæåò ñîâïàäàòü ñ G (G2 = 0).
Òàêîå Γ-ðàçëîæåíèå áóäåì íàçûâàòü òðèâèàëüíûì.
Âåêòîðíîé ãðóïïîé íàçûâàåòñÿ ïðÿìîå ïðîèçâåäåíèå ãðóïï áåç

êðó÷åíèÿ ðàíãà 1 [7].
Ïóñòü G =

∏
i∈I
Gi � ðåäóöèðîâàííàÿ âåêòîðíàÿ ãðóïïà, ìîùíîñòü

êîòîðîé íåèçìåðèìà, G = G1 ⊕ G2 � íåêîòîðîå åå Γ-ðàçëîæåíèå.
Òîãäà G1 =

∏
α∈I1

Gα, G2 =
∏
β∈I2

Gβ, ãäå I1 ∪ I2 = I, I1 ∩ I2 = ∅ ([8]).

Ââåäåì îáîçíà÷åíèÿ:

I(t) = {β ∈ I2 | t(Gβ) = t};

T (α) = {t ∈ T (G2) | t 6 t(Gα)};
I ′1 = {α ∈ I1 | Hom(G2, Gα) 6= 0},

ãäå T (G2) � ìíîæåñòâî âñåõ ðàçëè÷íûõ òèïîâ êàíîíè÷åñêîãî ðàç-
ëîæåíèÿ ãðóïïû G2 =

∏
β∈I2

Gβ =
∏

t∈T (G2)

G
(t)
2 .

Àâòîðàìè ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû.

Òåîðåìà 1. Ïóñòü < � êëàññ âñåõ âåêòîðíûõ ãðóïï. Ãðóïïà G èç
êëàññà < îïðåäåëÿåòñÿ ñâîèì ãîëîìîðôîì â ýòîì êëàññå, åñëè êàæ-
äîå ïîëóõàðàêòåðèñòè÷åñêîå Γ-ðàçëîæåíèå G = G1⊕G2 ãðóïïû G
óäîâëåòâîðÿåò îäíîìó èç óñëîâèé:

14



1) ñóùåñòâóåò òàêîé òèï t0 ∈ T (G2), ÷òî |I(t0)| > ℵ0;
2) ñóùåñòâóåò òàêîé α ∈ I1, ÷òî |T (α)| > ℵ0.

Òåîðåìà 2. Ïóñòü < � êëàññ âñåõ âåêòîðíûõ ãðóïï. Ãðóïïà G èç
êëàññà < îïðåäåëÿåòñÿ ñâîèì ãîëîìîðôîì â êëàññå <, åñëè äëÿ ëþ-
áîãî ïîëóõàðàêòåðèñòè÷åñêîãî ðàçëîæåíèÿ G = G1 ⊕G2 âûïîëíÿ-
åòñÿ óñëîâèå |I ′1| 6= 1.

Òåîðåìà 3. < � êëàññ âñåõ âåêòîðíûõ ãðóïï. Ïóñòü äëÿ ëþáîãî
ïîëóõàðàêòåðèñòè÷åñêîãî ðàçëîæåíèÿ G = G1 ⊕ G2 âûïîëíÿåòñÿ
óñëîâèå |I ′1| = 1. Ãðóïïà G èç êëàññà < îïðåäåëÿåòñÿ ñâîèì ãîëî-
ìîðôîì â êëàññå <, åñëè ãðóïïû Gα è G2 óäîâëåòâîðÿþò îäíîìó
èç óñëîâèé:

1) |I2| > ℵ0;
2) |I2| < ℵ0 è ãðóïïû Gα è G2 íå ÿâëÿþòñÿ îäíîâðåìåííî

π-äåëèìûìè;
3) |I2| < ℵ0, ãðóïïû Gα è G2 îäíîâðåìåííî π-äåëèìû, äëÿ ëþ-

áîãî β ∈ I2 ñóùåñòâóåò òàêîå j ∈ I2, ÷òî t0 − t(Gβ) = t(Gj) è
rG(t(Gβ)) = rG(t(Gj)).
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Öèêëè÷åñêèå ýëåìåíòàðíûå ñåòè

Í. À. Äæóñîåâà, Ð. Þ. Äðÿåâà

Ñåâåðî-Îñåòèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Âëàäèêàâêàç

Â. À. Êîéáàåâ

Ñåâåðî-Îñåòèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,

Þæíûé ìàòåìàòè÷åñêèé èíñòèòóò ÐÀÍ, Âëàäèêàâêàç

Èçó÷åíèå íàäãðóïï íåðàñùåïèìîãî ìàêñèìàëüíîãî òîðà, ñâÿçàí-
íîãî ñ ðàäèêàëüíûì ðàñøèðåíèåì K = k( n

√
d) ñòåïåíè n ïîëÿ k,

òåñíî ñîïðÿæåíî ñ öèêëè÷åñêèìè ýëåìåíòàðíûìè ñåòÿìè ïîðÿäêà n,
àññîöèèðîâàííûìè ñ ïðîìåæóòî÷íûìè ïîäãðóïïàìè.
Ïóñòü R � ïðîèçâîëüíîå êîììóòàòèâíîå êîëüöî ñ åäèíèöåé,

n � íàòóðàëüíîå ÷èñëî. Ñèñòåìà σ = (σij), 1 ≤ i, j ≤ n, àä-
äèòèâíûõ ïîäãðóïï êîëüöà R íàçûâàåòñÿ ñåòüþ [1] íàä êîëüöîì R

ïîðÿäêà n, åñëè σirσrj ⊆ σij ïðè âñåõ çíà÷åíèÿõ èíäåêñîâ i, r, j. Äëÿ
ñåòè ïðèíÿò òàêæå òåðìèí ¾êîâåð¿[2]. Ñåòü, ðàññìàòðèâàåìàÿ áåç
äèàãîíàëè, íàçûâàåòñÿ ýëåìåíòàðíîé ñåòüþ (ýëåìåíòàðíûé êîâåð [3],
âîïðîñ 15.46).
Ýëåìåíòàðíàÿ ñåòü σ = (σij), 1 ≤ i 6= j ≤ n, íàçûâàåòñÿ äîïîëíÿå-

ìîé, åñëè äëÿ íåêîòîðûõ àääèòèâíûõ ïîäãðóïï σii êîëüöà R òàáëèöà
(ñ äèàãîíàëüþ) σ = (σij), 1 ≤ i, j ≤ n ÿâëÿåòñÿ (ïîëíîé) ñåòüþ.
Ïóñòü A2, . . . , An � ïîäãðóïïû àääèòèâíîé ãðóïïû êîëüöà R,

d ∈ R. ×åðåç σ = (σij) ìû îáîçíà÷àåì òàáëèöó (áåç äèàãîíàëè), îïðå-
äåëåííóþ ñëåäóþùèì îáðàçîì: σij = Ai+1−j ïðè j < i è
σij = dAn+i+1−j ïðè j > i. Åñëè òàê îïðåäåëåííàÿ òàáëèöà ÿâëÿ-
åòñÿ ýëåìåíòàðíîé ñåòüþ, òî σ = (σij) ìû íàçûâàåì öèêëè÷åñêîé
ýëåìåíòàðíîé ñåòüþ.

Òåîðåìà 1. Äëÿ íå÷åòíîãî n, n ≥ 3, öèêëè÷åñêàÿ ýëåìåíòàðíàÿ
ñåòü σ = (σij) ïîðÿäêà n ÿâëÿåòñÿ äîïîëíÿåìîé.

Îòìåòèì, ÷òî óñëîâèå íå÷åòíîñòè n, òðåáóåìîå â òåîðåìå, ñóùå-
ñòâåííî. Íàì èçâåñòåí ïðèìåð öèêëè÷åñêîé ýëåìåíòàðíîé ñåòè ïðî-
èçâîëüíîãî ÷åòíîãî ïîðÿäêà, êîòîðàÿ íå ÿâëÿåòñÿ äîïîëíÿåìîé.
Ðåçóëüòàòû íàñòîÿùåé çàìåòêè áûëè ïîëó÷åíû â ðàìêàõ ãîñóäàð-

ñòâåííîãî çàäàíèÿ Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðîññèè.
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Îáîçíà÷èì ÷åðåç Fn ñâîáîäíóþ ãðóïïó ðàíãà n ñî ñâîáîäíûìè îá-
ðàçóþùèìè a1, ..., an. Õîðîøî èçâåñòíî, ÷òî ñâîáîäíàÿ ãðóïïà Fn
ÿâëÿåòñÿ ôèíèòíî àïïðîêñèìèðóåìîé [1]. À. È. Ìàëüöåâ [2] óêàçàë
íà âàæíîñòü èçó÷åíèÿ ñâîéñòâ ôèíèòíîé àïïðîêñèìèðóåìîñòè ãðóïï
îòíîñèòåëüíî ðàçëè÷íûõ ïðåäèêàòîâ. Ã. Áàóìñëàã [3] óñòàíîâèë ôè-
íèòíóþ àïïðîêñèìèðóåìîñòü ñâîáîäíûõ ãðóïï îòíîñèòåëüíî ñîïðÿ-
æåííîñòè è âîçìîæíîñòè èçâëå÷åíèÿ êîðíÿ ïðîñòîé ñòåïåíè, ò.å. îò-
íîñèòåëüíî ðàçðåøèìîñòè óðàâíåíèé âèäà x−1hx = g è xp = g, ãäå h
è g � ýëåìåíòû ñâîáîäíîé ãðóïïû. Â ðàáîòå [4] îòìå÷àåòñÿ ôèíèòíàÿ
àïïðîêñèìèðóåìîñòü ñâîáîäíûõ ãðóïï îòíîñèòåëüíî ðàçðåøèìîñòè
óðàâíåíèé âèäà [x, y] = g è xn = g. Â ýòîé æå ðàáîòå ïîñòðîåíî
óðàâíåíèå âèäà w(x1, . . . , x4, a1, a2) = 1 òàêîå, ÷òî îíî íå èìååò ðå-
øåíèÿ â ñâîáîäíîé ãðóïïå F2 ñî ñâîáîäíûìè îáðàçóþùèìè a1 è a2,
íî óðàâíåíèå w(x1, . . . , x4, a1, a2) = 1 èìååò ðåøåíèå â ëþáîé êî-
íå÷íîé ôàêòîðãðóïïå F2/N , ãäå a1 è a2 � îáðàçû â ôàêòîðãðóïïå
F2/N ïðè åñòåñòâåííîì ãîìîìîðôèçìå ñâîáîäíûõ îáðàçóþùèõ a1 è
a2 ãðóïïû F2.
Â íàñòîÿùåé çàìåòêå óñèëèâàåòñÿ ýòîò ðåçóëüòàò, ÷òî ñîñòàâëÿåò

ñîäåðæàíèå ñëåäóþùåé òåîðåìû.
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Òåîðåìà 1. Ïðè ëþáîì n ≥ 2 è ëþáûõ íåîòðèöàòåëüíûõ m, p è q
óðàâíåíèå

((x2u)2+p(z−1y2vz)2+qt2m+3)4[u, v] = [a1, a2]

íå èìååò ðåøåíèÿ â ñâîáîäíîé ãðóïïå Fn, îäíàêî óðàâíåíèå

((x2u)2+p(z−1y2vz)2+qt2m+3)4[u, v] = [a1, a2]

èìååò ðåøåíèå â ëþáîé êîíå÷íîé ôàêòîðãðóïïå Fn/N , ãäå ÷åðåç
a1 è a2 îáîçíà÷åíû îáðàçû ñâîáîäíûõ îáðàçóþùèõ a1 è a2 ñâîáîä-
íîé ãðóïïû Fn îòíîñèòåëüíî åå åñòåñòâåííîãî ãîìîìîðôèçìà íà
ôàêòîðãðóïïó Fn/N .

Ïîñòðîåííîå â òåîðåìå óðàâíåíèå èìååò âèä w(x1, . . . , x6) = g, ãäå
g � ýëåìåíò g äëèíû 4. Ìîæíî ïîêàçàòü, ÷òî äàëüíåéøåå óìåíüøå-
íèå äëèíû ýëåìåíòà g íåâîçìîæíî: äëÿ óðàâíåíèé ñ ëþáûì ÷èñ-
ëîì íåèçâåñòíûõ âèäà w(x1, . . . , xm) = g â ïðîèçâîëüíîé ñâîáîäíîé
ãðóïïå Fn, ãäå ýëåìåíò g ñâîáîäíîé ãðóïïû Fn èìååò äëèíó ìåíüøå
4, èìååò ìåñòî ôèíèòíàÿ àïïðîêñèìèðóåìîñòü. Îòêðûòûì îñòàåòñÿ
âîïðîñ äëÿ óðàâíåíèé, ðàçðåøåííûõ îòíîñèòåëüíî íåèçâåñòíûõ, ñ
÷èñëîì íåèçâåñòíûõ 2, 3, 4 è 5.

Ñïèñîê ëèòåðàòóðû

1. Ì. È. Êàðãàïîëîâ, Þ. È. Ìåðçëÿêîâ. Îñíîâû òåîðèè ãðóïï. Ì.:
Íàóêà, 1982. 288 ñ.

2. À. È. Ìàëüöåâ. Î ãîìîìîðôèçìàõ íà êîíå÷íûå ãðóïïû // Ó÷åí.
çàï. Èâàíîâ. ïåä. èí-òà. 1958. Ò. 18. Ñ. 49�60.

3. G. Baumslag. Residual nilpotency and relations in free groups
// J. of Algebra. 1965. V. 2. P. 271�282.

4. T. Coulbois, A. Khelif. Equations in free groups are not �nitely
approximable // Proceed. of the American math. society. 1999.
V. 127, � 4. P. 963�965.

18



Îïèñàíèå àëãåáðû Ëè äîïóñòèìûõ îïåðàòîðîâ ñèñòåìû

äèôôåðåíöèàëüíûõ óðàâíåíèé ïëîñêîãî íàïðÿæ¼ííîãî

ñîñòîÿíèÿ ïðè óñëîâèè ïëàñòè÷íîñòè

Î. Í. Æäàíîâ

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Èññëåäóåòñÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé, îïèñûâàþ-
ùàÿ ïëîñêîå íàïðÿæ¼ííîå ñîñòîÿíèå ïðè óñëîâèè ïîñòîÿíñòâà èí-
òåíñèâíîñòè êàñàòåëüíûõ íàïðÿæåíèé. Çàìåíîé ïåðåìåííûõ ñèñòå-
ìó ìîæíî ïðèâåñòè ê âèäó [1]:

(√
3

2 cos2ϕ−
1
2ctgω

)
∂ω
∂ϕ +

√
3

2 sin2ϕ∂ω
∂y −

∂ϕ
∂y = 0,

√
3

2 sin2ϕ∂ω
∂x −

(√
3

2 cos2ϕ+ 1
2ctgω

)
∂ω
∂y + ∂ϕ

∂x

(1)

Òåîðåìà 1. Àëãåáðà Ëè L ñèñòåìû óðàâíåíèé (1) ïîðîæäàåòñÿ
îïåðàòîðàìè
X1 = x ∂

∂x + y y
∂y , X2 = −y ∂

∂x + x ∂
∂y + ∂

∂ϕ , X3 = t1 ∂
∂x + t2 ∂

∂y ,

ãäå t1, t2 � ðåøåíèå ñèñòåìû
∂t1

∂ω +
√

3
2 sin2ϕ∂t1

∂ϕ +
(

1
2ctgω −

√
3

2 cos2ϕ
)
∂t2

∂ϕ = 0,(
1
2ctgω +

√
3

2 cos2ϕ
)
∂t1

∂ϕ +
√

3
2 sin2ϕ∂t2

∂ϕ −
∂t2

∂ω = 0.
(2)

Ñîîòâåòñòâóþùàÿ ýòîé àëãåáðå ãðóïïà Ëè ïðåäñòàâëÿåò ñîáîé
ìàêñèìàëüíóþ ãðóïïó ïðåîáðàçîâàíèé, äîïóñêàåìóþ ñèñòåìîé (1).

Ñëåäñòâèå 1. Àëãåáðà L ÿâëÿåòñÿ ðàçðåøèìîé àëãåáðîé ñòóïåíè
ðàçðåøèìîñòè 2.
Ñëåäñòâèå 2. Àëãåáðà L èìååò äâå îäíîìåðíûå íåïîäîáíûå ïî-

äàëãåáðû, ïîðîæäåííûå îïåðàòîðàìè X1 è X2, à X3 ïîðîæäàåò èäå-
àë àëãåáðû L.
Äåéñòâóÿ ãðóïïîé ïðåîáðàçîâàíèé íà ïîëó÷åííûå èíâàðèàíòíûå

ðåøåíèÿ, ìîæíî íàõîäèòü íîâûå ðåøåíèÿ ñèñòåìû (1).

Ñïèñîê ëèòåðàòóðû

1. Â. Â. Ñîêîëîâñêèé. Òåîðèÿ ïëàñòè÷íîñòè. Ì. � Ë.: ÃÈÒÒË, 1950.
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Î ëîêàëüíî êîíå÷íûõ π-ðàçäåëèìûõ ãðóïïàõ

À. Õ. Æóðòîâ, Ç. Á. Ñåëÿåâà

Êàáàðäèíî-Áàëêàðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íàëü÷èê

Ïóñòü π � íåêîòîðîå ìíîæåñòâî ïðîñòûõ ÷èñåë, π′ � åãî äîïîëíå-
íèå âî ìíîæåñòâå âñåõ ïðîñòûõ ÷èñåë. Ñêàæåì, ÷òî ãðóïïà G ÿâëÿ-
åòñÿ π-ðàçäåëèìîé, åñëè îíà îáëàäàåò êîíå÷íûì íîðìàëüíûì ðÿäîì,
êàæäûé ôàêòîð êîòîðîãî ÿâëÿåòñÿ ëèáî π-ãðóïïîé, ëèáî π′-ãðóïïîé.
Òàêîé ðÿä íàçûâàåòñÿ π-ðÿäîì ãðóïïû G, è íàèìåíüøåå âîçìîæíîå
÷èñëî π-ôàêòîðîâ â π-ðÿäàõ ãðóïïû G íàçûâàåòñÿ π-äëèíîé G.
Â [1] äîêàçûâàåòñÿ, ÷òî π-äëèíà π-ðàçäåëèìîé ëîêàëüíî êîíå÷íîé

ãðóïïû íå ïðåâîñõîäèò m, åñëè π-äëèíà ëþáîé êîíå÷íîé ïîäãðóïïû
èç G íå ïðåâîñõîäèò m. Îêàçûâàåòñÿ, ÷òî óñëîâèå π-ðàçäåëèìîñòè
G èçëèøíå.

Òåîðåìà 1. Ïóñòü G � ëîêàëüíî êîíå÷íàÿ ãðóïïà è m � íàòó-
ðàëüíîå ÷èñëî. Åñëè ëþáàÿ êîíå÷íàÿ ïîäãðóïïà ãðóïïû G ÿâëÿåòñÿ
π-ðàçäåëèìîé π-äëèíû, íå ïðåâîñõîäÿùåém, òî G ñàìà π-ðàçäåëèìà
π-äëèíû, íå ïðåâîñõîäÿùåé m.

Ñïèñîê ëèòåðàòóðû

1. À. Õ. Æóðòîâ, Ç. Á. Ñåëÿåâà. Î ëîêàëüíî êîíå÷íûõ π-ðàçäå-
ëèìûõ ãðóïïàõ // Âëàäèêàâêàç. ìàòåì. æóðí. 2015. Ò. 17, � 2.
Ñ. 16�21.

Î ïåðåñå÷åíèè àáåëåâîé è íèëüïîòåíòíîé ïîäãðóïï

â êîíå÷íîé ãðóïïå

Â. È. Çåíêîâ

Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè èìåíè Í. Í. Êðàñîâñêîãî ÓðÎ ÐÀÍ,

Åêàòåðèíáóðã

Â ðàáîòå [1, òåîðåìà 1] äîêàçàíî, ÷òî â ðàçðåøèìîé êîíå÷íîé ãðóï-
ïå G äëÿ ëþáîé àáåëåâîé ïîäãðóïïû A è ëþáîé íèëüïîòåíòíîé ïîä-
ãðóïïû B íàéäåòñÿ ýëåìåíò g èç G òàêîé, ÷òî A ∩ Bg ≤ F (G).
Â äàííîé ðàáîòå ñ èñïîëüçîâàíèåì êëàññèôèêàöèè êîíå÷íûõ ïðî-
ñòûõ ãðóïï äîêàçàíà
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Òåîðåìà 1. Ïóñòü G � ïðîèçâîëüíàÿ êîíå÷íàÿ ãðóïïà, A � àáåëå-
âà è B � íèëüïîòåíòíàÿ ïîäãðóïïû â G. Òîãäà íàéäåòñÿ ýëåìåíò
g èç G òàêîé, ÷òî A ∩Bg ≤ F (G).

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî íàó÷-
íîãî ôîíäà (ïðîåêò 15-11-10025).

Ñïèñîê ëèòåðàòóðû

1. Â. È. Çåíêîâ. Î ïåðåñå÷åíèÿõ àáåëåâûõ è íèëüïîòåíòíûõ ïîä-
ãðóïï â êîíå÷íûõ ãðóïïàõ. 1 // Òð. Èí-òà ìàòåìàòèêè è ìåõà-
íèêè ÓðÎ ÐÀÍ. 2015. Ò. 21, � 1. Ñ. 128�131.

Î êîíå÷íûõ ïðîñòûõ êëàññè÷åñêèõ ãðóïïàõ

íàä ïîëÿìè ðàçíûõ õàðàêòåðèñòèê

ñ îäèíàêîâûì ãðàôîì ïðîñòûõ ÷èñåë

Ì. Ð. Çèíîâüåâà

Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ, Åêàòåðèíáóðã

Ïóñòü G � êîíå÷íàÿ ãðóïïà, π(G) � ìíîæåñòâî ïðîñòûõ äåëèòå-
ëåé åå ïîðÿäêà, ω(G) � ñïåêòð ãðóïïû G, ò. å. ìíîæåñòâî ïîðÿäêîâ
åå ýëåìåíòîâ. Íà π(G) îïðåäåëÿåòñÿ ãðàô ñî ñëåäóþùèì îòíîøåíè-
åì ñìåæíîñòè: ðàçëè÷íûå âåðøèíû r è s â π(G) ñìåæíû òîãäà è
òîëüêî òîãäà, êîãäà rs ∈ ω(G). Ýòîò ãðàô íàçûâàåòñÿ ãðàôîì Ãðþí-
áåðãà � Êåãåëÿ èëè ãðàôîì ïðîñòûõ ÷èñåë ãðóïïûG è îáîçíà÷àåòñÿ
÷åðåç GK(G).
Â ¾Êîóðîâñêîé òåòðàäè¿ [1] À. Â. Âàñèëüåâ ïîñòàâèë âîïðîñ 16.26

îá îïèñàíèè âñåõ ïàð íåèçîìîðôíûõ êîíå÷íûõ ïðîñòûõ íåàáåëå-
âûõ ãðóïï ñ îäèíàêîâûì ãðàôîì Ãðþíáåðãà � Êåãåëÿ. Õàãè [2] è
Ì. À. Çâåçäèíà [3] ïîëó÷èëè òàêîå îïèñàíèå â ñëó÷àå, êîãäà îäíà èç
ãðóïï ñîâïàäàåò ñî ñïîðàäè÷åñêîé è çíàêîïåðåìåííîé ãðóïïîé ñîîò-
âåòñòâåííî. Àâòîð [4] èññëåäîâàë ýòîò âîïðîñ äëÿ êîíå÷íûõ ïðîñòûõ
ãðóïï ëèåâà òèïà íàä ïîëÿìè îäíîé õàðàêòåðèñòèêè.
Â äàííîé ðàáîòå ïðîäîëæàåòñÿ èññëåäîâàíèå, íà÷àòîå àâòîðîì

â [4]. Ìû ðàññìàòðèâàåì äâå êîíå÷íûå ïðîñòûå êëàññè÷åñêèå ãðóïïû
ëèåâà òèïà íàä ïîëÿìè ðàçíûõ õàðàêòåðèñòèê.
Äàëåå q = pf è q1 = p1

f1, ãäå p, p1 � ðàçëè÷íûå ïðîñòûå ÷èñëà è
f , f1 � íàòóðàëüíûå ÷èñëà.
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Îáîçíà÷èì ÷åðåçM ìíîæåñòâî êîíå÷íûõ ïðîñòûõ êëàññè÷åñêèõ
ãðóïï: A±n−1(q), ãäå n ≥ 7; Bn(q), ãäå n ≥ 5; Cn(q), ãäå n ≥ 5; D±n (q),
ãäå n ≥ 5.
Â äàííîé ðàáîòå äîêàçàíà

Òåîðåìà 1. Ïóñòü G è G1 � äâå íåèçîìîðôíûå êîíå÷íûå ïðîñòûå
ãðóïïû ëèåâà òèïà íàä ïîëÿìè ïîðÿäêîâ q è q1 ñîîòâåòñòâåííî.
Åñëè G ∈M è ãðàôû GK(G) è GK(G1) ñîâïàäàþò, òî âûïîëíåíî
îäíî èç ñëåäóþùèõ óòâåðæäåíèé:

1) {G,G1} = {A±n−1(q), A
±
n1−1(q1)}, ãäå n1 ∈ {n− 1, n, n+ 1};

2) {G,G1} îäíà èç ïàð {Bn(q), Bn(q1)}, {Bn(q), Cn(q1)},
{Cn(q), Cn(q1)};

3) {G,G1} = {Dn(q), Dn(q1)}, n ÷åòíî;
4) {G,G1} = {2Dn(q),

2Dn(q1)}, n ÷åòíî.

Ðàáîòà âûïîëíåíà çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà
(ïðîåêò 15-11-10025).

Ñïèñîê ëèòåðàòóðû

1. Íåðåøåííûå âîïðîñû òåîðèè ãðóïï. Êîóðîâñêàÿ òåòðàäü. 16-å
èçä. Íîâîñèáèðñê: Íîâîñèá. ãîñ. óí-ò. 2006.

2. M. Hagie. The prime graph of a sporadic simple group // Comm.
Algebra. 2003. V. 31, � 9. P. 4405�4424.

3. Ì. À. Çâåçäèíà. Î íåàáåëåâûõ ïðîñòûõ ãðóïïàõ ñ ãðàôîì ïðî-
ñòûõ ÷èñåë êàê ó çíàêîïåðåìåííîé ãðóïïû // Ñèá. ìàòåì. æóðí.
2013. Ò. 54, � 1. Ñ. 65�76.

4. Ì.Ð. Çèíîâüåâà. Êîíå÷íûå ïðîñòûå ãðóïïû ëèåâà òèïà íàä ïî-
ëåì îäíîé õàðàêòåðèñòèêè ñ îäèíàêîâûì ãðàôîì ïðîñòûõ ÷èñåë
// Òð. Èí-òà ìàòåìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ. 2014. Ò. 20, � 2.
Ñ. 168�183.
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Òåîðåòèêî-ìîäåëüíûå è ñòðóêòóðíûå âîïðîñû

àëãåáð è ãðóïï Øåâàëëå

È. Í. Çîòîâ

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Ãðóïïó Øåâàëëå Φ(K) íàä ïîëåì K, àñcîöèèðîâàííóþ ñ ñèñòå-
ìîé êîðíåé Φ, ïîðîæäàþò âñåâîçìîæíûå êîðíåâûå ýëåìåíòû xr(t)
(r ∈ Φ, t ∈ K) ãðóïïû àâòîìîðôèçìîâ àëãåáðûØåâàëëå. Êîðíåâûå
ïîäãðóïïû Xr : xr(K) ' (K,+) (r ∈ Φ+) ïîðîæäàþò óíèïîòåíòíóþ
ïîäãðóïïó U = UΦ(K).
Îïèðàÿñü íà îïèñàíèå Aut U èç [1] ïðè char K 6= 2, 3, Ê. Âèäýëà

[2] ïîêàçàë, ÷òî åñëè íåêîòîðàÿ ãðóïïà G ýëåìåíòàðíî ýêâèâàëåíòíà
ãðóïïå UΦ(K) â ëîãèêå ïåðâîãî ïîðÿäêà � ïèøåì G ≡ UΦ(K), òî
ñóùåñòâóåò ïîëå F ≡ K òàêîå, ÷òî G ∼= UΦ(F ). Îïèñàíèå Aut U
çàâåðøåíî â [3]. Ñïðàâåäëèâà

Òåîðåìà 1. Ïóñòü U = UΦ(K) è U ′ = UΦ′(K ′) � óíèïîòåíò-
íûå ïîäãðóïïû ãðóïï Øåâàëëå ðàíãà > 1 íàä ïîëÿìè K, K ′ ñ îáðà-
òèìûì ýëåìåíòîì p(Φ)!, p(Φ) := {max(r, r)/(s, s)|r, s ∈ Φ}. Òîãäà
U ≡ U ′ â òîì è òîëüêî â òîì ñëó÷àå, êîãäà ñèñòåìû êîðíåé Φ è
Φ′ ýêâèâàëåíòíû è K ≡ K ′.

Âîïðîñ î çàâèñèìîñòè ýëåìåíòàðíîé ýêâèâàëåíòíîñòè îò ñâîéñòâ
ïîëåé èëè êîëåö êîýôôèöèåíòîâ [4] èññëåäóåòñÿ äëÿ íèëüòðåóãîëü-
íûõ ïîäêîëåö NΦ(K) àëãåáð Øåâàëëå ñ ïîìîùüþ íàéäåííûõ íåäàâ-
íî îïèñàíèé ãðóïï àâòîìîðôèçìîâ Aut NΦ(K).

Ñïèñîê ëèòåðàòóðû

1. J. A. Gibbs. Automorphisms of certain unipotent groups
// J. Algebra. 1970. V. 14, � 2. P. 203�208.

2. C. R. Videla. On the Mal'cev correspondence // Proceed. AMS.
1990. V. 109, � 2. P. 493�502.

3. Â. Ì. Ëåâ÷óê. Àâòîìîðôèçìû óíèïîòåíòíûõ ïîäãðóïï ãðóïï
Øåâàëëå // Àëãåáðà è ëîãèêà. 1990. Ò. 29. � 2. Ñ. 141�161; � 3.
Ñ. 315�338.
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4. Â. Ì. Ëåâ÷óê. Òåîðåòèêî-ìîäåëüíûå è ñòðóêòóðíûå âîïðîñû àë-
ãåáð è ãðóïï Øåâàëëå // Èòîãè íàóêè. Þã Ðîññèè. 2012. Ò. 6.
Ñ. 75�84.

Êîâðû àääèòèâíûõ ïîäãðóïï

íàä ïîëåì ðàöèîíàëüíûõ ÷èñåë

Ñ. À. Çþáèí

Òîìñêèé ïîëèòåõíè÷åñêèé óíèâåðñèòåò, Òîìñê

Ïóñòü íà ñèñòåìå êîðíåé Φ [1] çàäàíà ðàöèîíàëüíîçíà÷íàÿ, íå ïðè-
íèìàþùàÿ íóëåâûõ çíà÷åíèé ôóíêöèÿ µ : Φ→ Q∗ ñî ñâîéñòâîì

Cijrsµ
i(r)µj(s)

µ(ir + js)
∈ Z, åñëè i, j ∈ Z, r, s, ir + js ∈ Φ, i, j > 0, (1)

ãäå Cijrs � êîíñòàíòû èç êîììóòàòîðíîé ôîðìóëû Øåâàëëå [1], à
Z � êîëüöî öåëûõ ÷èñåë. Òàêèå ôóíêöèè çàâåäîìî ñóùåñòâóþò, äî-
ñòàòî÷íî ïîëîæèòü µ(r) = Mh(r), ãäå M � ïðîèçâîëüíîå íåíóëåâîå
öåëîå è h(r) � ôóíêöèÿ âûñîòû [1] íà ìíîæåñòâå êîðíåé. Âîçìîæíî
è òðèâèàëüíîå çàäàíèå: µ(r) ≡M, r ∈ Φ.
Ïóñòü P0 � ïîäìíîæåñòâî ìíîæåñòâà ïðîñòûõ íàòóðàëüíûõ ÷è-

ñåë. Îáîçíà÷èì ÷åðåç Z
[
P−1

0

]
êîëüöî P0-è÷íûõ äðîáåé, òî åñòü ðà-

öèîíàëüíûõ ÷èñåë, çíàìåíàòåëÿìè êîòîðûõ ÿâëÿþòñÿ òîëüêî ïðîèç-
âåäåíèÿ ñòåïåíåé ïðîñòûõ èç P0. Òàêèì îáðàçîì,

Z
[
P−1

0

]
=

{
± n

pα1
1 . . . pαkk

| n, α1, . . . , αk ∈ N, p1, . . . , pk ∈ P0

}
.

Ïðÿìî èç îïðåäåëåíèÿ ôóíêöèè µ âûòåêàåò, ÷òî íàáîð σ = {σr},
ãäå σr = µ(r)Z

[
P−1

0

]
ÿâëÿåòñÿ êîâðîì [2] òèïà Φ. Ñëåäóþùàÿ òåîðå-

ìà ïîêàçûâàåò, ÷òî äëÿ ïîëÿ ðàöèîíàëüíûõ ÷èñåë âñå íåïðèâîäèìûå
êîâðû ðàíãà > 1 èñ÷åðïûâàþòñÿ äàííîé êîíñòðóêöèåé.

Òåîðåìà 1. Âñÿêèé íåïðèâîäèìûé êîâåð σ = {σr} òèïà Φ ðàíãà
> 1 íàä ïîëåì ðàöèîíàëüíûõ ÷èñåë çàäàåòñÿ êàê σr = µ(r)Z

[
P−1

0

]
äëÿ ïîäõîäÿùåé ôóíêöèè µ ñ óñëîâèåì (1) è ïîäõîäÿùåãî ïîäìíî-
æåñòâà ïðîñòûõ ÷èñåë P0.
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Êîâåð íàçûâàåòñÿ äîïóñòèìûì [2], åñëè ïîäãðóïïà, ïîðîæäåííàÿ
êîðíåâûìè ïîäãðóïïàìè Xr(σr), r ∈ Φ, íå ñîäåðæèò íîâûõ êîðíå-
âûõ ýëåìåíòîâ. Ïðÿìûå âû÷èñëåíèÿ ñ èñïîëüçîâàíèåì ñâîéñòâà (1)
ôóíêöèè µ ïîçâîëÿþò óñòàíîâèòü

Ñëåäñòâèå 1. Âñå íåïðèâîäèìûå êîâðû ðàíãà > 1 íàä ïîëåì ðàöè-
îíàëüíûõ ÷èñåë ÿâëÿþòñÿ äîïóñòèìûìè.

Íàñòîÿùåå ñëåäñòâèå äàåò â ñëó÷àå íåïðèâîäèìûõ êîâðîâ ðàíãà
> 1 íàä ïîëåì ðàöèîíàëüíûõ ÷èñåë îòâåòû íà âîïðîñ 7.28 èç Êîóðîâ-
ñêîé òåòðàäè [3] î íåîáõîäèìûõ è äîñòàòî÷íûõ óñëîâèÿõ äîïóñòèìî-
ñòè êîâðà (íèêàêèõ äîïîëíèòåëüíûõ óñëîâèé íå òðåáóåòñÿ, íåïðèâî-
äèìûé êîâåð ðàíãà > 1 àâòîìàòè÷åñêè äîïóñòèì) è íà âîïðîñ 15.46
î ðåäóöèðóåìîñòè âîïðîñà 7.28 ê ëèåâó ðàíãó 1 (äà, ðåäóöèðóåòñÿ).
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Áîëüøèå êîììóòàòèâíûå ïîäàëãåáðû íèëüòðåóãîëüíîé

ïîäàëãåáðû NΦ(K) àëãåáðû Øåâàëëå

òèïà E6 è E7 íàä ïîëåì

Å. À. Êèðèëëîâà

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Ïóñòü Φ � íåêîòîðàÿ ñèñòåìà êîðíåé åâêëèäîâà ïðîñòðàíñòâà,
Π � å¼ áàçà, Φ+ � ïîëîæèòåëüíàÿ ñèñòåìà êîðíåé. ÀëãåáðàØåâàëëå
òèïà Φ íàä ïîëåì K õàðàêòåðèçóåòñÿ áàçèñîì Øåâàëëå
{er(r ∈ Φ+), hs(s ∈ Π)} [1, �4.4]. Å¼ ïîäàëãåáðó NΦ(K) ñ áàçèñîì
{er(r ∈ Φ+)} íàçûâàþò íèëüòðåóãîëüíîé. Êîììóòàòèâíûå ïîäàë-
ãåáðû íàèâûñøåé ðàçìåðíîñòè íàçûâàþò áîëüøèìè. Â [2] çàïèñàíà
ñëåäóþùàÿ çàäà÷à, ðåø¼ííàÿ À. È. Ìàëüöåâûì [3] ïðè K = C:
Îïèñàòü áîëüøèå êîììóòàòèâíûå ïîäàëãåáðû â àëãåáðå NΦ(K)

íàä ïðîèçâîëüíûì ïîëåì K.
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×åðåç {r}+ îáîçíà÷èì ìíîæåñòâî êîðíåé s ∈ Φ+ òàêèõ, ÷òî â
ðàçëîæåíèè ïî áàçå êîðíÿ s−r âñå êîýôôèöèåíòû íåîòðèöàòåëüíû.
Òîãäà T (r) îïðåäåëèì êàê ïîäàëãåáðó â NΦ(K) ñ áàçèñîì {es | s ∈
{r}+}. Ïóñòü α1, α2, . . . , αm � áàçà ñèñòåìû êîðíåé òèïà Em [4].

Òåîðåìà 1. Áîëüøàÿ êîììóòàòèâíàÿ ïîäàëãåáðà àëãåáðû NΦ(K)
íàä ïîëåì K ñîâïàäàåò ñ T (α1) èëè T (α6) äëÿ òèïà E6 è ñîâïàäàåò
ñ T (α7) äëÿ òèïà E7.
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Êîíå÷íûå ãðóïïû ñ P∞-ñóáíîðìàëüíûìè

ñèëîâñêèìè ïîäãðóïïàìè

Â. Í. Êíÿãèíà

Ãîìåëüñêèé èíæåíåðíûé èíñòèòóò Ì×Ñ Ðåñïóáëèêè Áåëàðóñü, Ãîìåëü

Â. Ñ. Ìîíàõîâ

Ãîìåëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ô. Ñêîðèíû, Ãîìåëü

Ðàññìàòðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû. Ïóñòü N è P � ìíî-
æåñòâà âñåõ íàòóðàëüíûõ è âñåõ ïðîñòûõ ÷èñåë ñîîòâåòñòâåííî. Ïî-
ëîæèì

P∞ = {pk | p ∈ P, k ∈ {0} ∪ N}.
Áóäåì ñ÷èòàòü, ÷òî T ⊆ P∞ è ïîäìíîæåñòâî T óäîâëåòâîðÿþò òðåáî-
âàíèþ: åñëè t ∈ T, òî T ñîäåðæèò âñå íàòóðàëüíûå äåëèòåëè ÷èñëà t.
Ââåäåì ñëåäóþùåå îïðåäåëåíèå. Ïîäãðóïïà H íàçûâàåòñÿ T-ñóá-

íîðìàëüíîé ïîäãðóïïîé ãðóïïû G, åñëè ñóùåñòâóåò öåïî÷êà ïîä-
ãðóïï

H = H0 ≤ H1 ≤ . . . ≤ Hn = G
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òàêàÿ, ÷òî |Hi : Hi−1| ∈ T äëÿ âñåõ i. Åñëè T = P, ïîëó÷àåì ïîíÿòèå
P-ñóáíîðìàëüíîñòè, ââåäåííîå â [1]. Ñòðîåíèå ãðóïï ñ
P-ñóáíîðìàëüíûìè ïðèìàðíûìè è 2-ìàêñèìàëüíûìè ïîäãðóïïàìè
èçó÷åíî â [1�4]. Ïðèçíàêè ÷àñòè÷íîé ðàçðåøèìîñòè è ñâåðõðàçðåøè-
ìîñòè ôàêòîðèçóåìûõ ãðóïï ñ T-ñóáíîðìàëüíûìè ñîìíîæèòåëÿìè
ïðè T ⊆ P∞ ïîëó÷åíû â [5, 6].
Äîêàçàíà ñëåäóþùàÿ

Òåîðåìà 1. Ïóñòü â ãðóïïå G âñå ñèëîâñêèå ïîäãðóïïû T-ñóá-
íîðìàëüíû. Òîãäà ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

1) åñëè T = P∞ è π = P \ {2, 3, 7}, òî G π-ðàçðåøèìà;
2) åñëè T ⊆ P∞ è |T ∩ {7, 8}| < 2, òî G ðàçðåøèìà.
Â ÷àñòíîñòè, ïðè T = P2 ãðóïïà G ðàçðåøèìà.

Ñïèñîê ëèòåðàòóðû

1. À. Ô. Âàñèëüåâ, Ò. È. Âàñèëüåâà, Â. Í. Òþòÿíîâ. Î êîíå÷íûõ
ãðóïïàõ ñâåðõðàçðåøèìîãî òèïà // Ñèá. ìàòåì. æóðíàë. 2010.
Ò. 51, � 6. Ñ. 1270�1281.

2. V. S. Monakhov, V. N. Kniahina. Finite group with P-subnormal
subgroups // Ricerche di Matematica. 2013. V. 62, � 2. P. 307�323.

3. Â. È. Ìóðàøêî. Ñâîéñòâà êëàññà êîíå÷íûõ ãðóïï ñ P-ñóá-
íîðìàëüíûìè öèêëè÷åñêèìè ïðèìàðíûìè ïîäãðóïïàìè // Äî-
êë. ÍÀÍ Áåëàðóñè. 2014. Ò. 58, � 1. Ñ. 5�8.

4. V.A. Kovaleva, A.N. Skiba. Finite soluble groups with all n-maximal
subgroups F-subnormal // J. Group Theory. 2014. V. 17.
P. 273�290.

5. Â. Í. Êíÿãèíà, Â. Í. Òþòÿíîâ. Ôàêòîðèçàöèè êîíå÷íûõ ãðóïï
r-ðàçðåøèìûìè ïîäãðóïïàìè ñ çàäàííûì âëîæåíèåì // Óêðàèí.
ìàòåì. æóðí. 2014. Ò. 66, � 10. C. 1431�1435.

6. V. Monakhov, V. Kniahina. Finite factorised groups with partially
solvable P-subnormal subgroups // Lobachevskii J. of Math. 2015.
V. 36, � 4. P. 441�445.

27



Î ìèíèìàëüíî ïîëíûõ ýïèãðóïïàõ

Î. Â. Êíÿçåâ

Îìñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò, Îìñê

Â îáçîðå [1] íàðÿäó ñ ìíîãèìè äðóãèìè ïðîáëåìàìè ñòàâèòñÿ çàäà-
÷à ([1], ïðîáëåìà 3.10) õàðàêòåðèçàöèè ìèíèìàëüíî ïîëíûõ àëãåáð
äàííîãî ìíîãîîáðàçèÿ àëãåáð. Ìû èçó÷àåì ìèíèìàëüíî ïîëíûå ýïè-
ãðóïïû.
Ïóñòü V � ìíîãîîáðàçèå âñåõ ïîëóãðóïï, L(V) � ðåøåòêà ïîä-

ìíîãîîáðàçèé ìíîãîîáðàçèÿ V, X ∈ L(V), S ∈ V. Ïðîèçâîëüíîå
äèçúþíêòíîå ñåìåéñòâî ïîäïîëóãðóïï ïîëóãðóïïû S íàçûâàþò ðîñ-
ñûïüþ ïîëóãðóïïû S, à ïîëóãðóïïû, êîòîðûå åå ñîñòàâëÿþò, � êîì-
ïîíåíòàìè ðîññûïè.
Ïóñòü X(S) åñòü X-âåðáàë ïîëóãðóïïû S, ò.å. ðîññûïü, êîìïî-

íåíòû êîòîðîé â òî÷íîñòè âñå êëàññû X-âåðáàëüíîé êîíãðóýíöèè
ïîëóãðóïïû S, ÿâëÿþùèåñÿ ïîäïîëóãðóïïàìè ïîëóãðóïïû S. Åñëè
X-âåðáàë ïîëóãðóïïû S ñîñòîèò èç îäíîé êîìïîíåíòû, ñîâïàäàþ-
ùåé ñ S, òî ïîëóãðóïïó S íàçûâàþò X-ïîëíîé ïîëóãðóïïîé. Åñëè
ðàâåíñòâî X(S) = S âûïîëíÿåòñÿ äëÿ ëþáîãî àòîìà X èç ðåøåò-
êè L(V), òî ïîëóãðóïïó S íàçûâàþò ïîëíîé ïîëóãðóïïîé. Ïîëó-
ãðóïïà íàçûâàåòñÿ ìèíèìàëüíî ïîëíîé, åñëè îíà ñîäåðæèò áîëåå
îäíîãî ýëåìåíòà è ÿâëÿåòñÿ ïîëíîé, íî ëþáàÿ åå íåîäíîýëåìåíòíàÿ
ñîáñòâåííàÿ ïîäïîëóãðóïïà íå ÿâëÿåòñÿ ïîëíîé.
Ýïèãðóïïîé íàçûâàþò ïîëóãðóïïó, â êîòîðîé ïîäõîäÿùàÿ ñòåïåíü

ëþáîãî åå ýëåìåíòà ÿâëÿåòñÿ ãðóïïîâûì ýëåìåíòîì, ò.å. ëåæèò â
íåêîòîðîé åå ïîäãðóïïå. Ïóñòü S � ïîëóãðóïïà è e = e2 ∈ S. ×åðåç
Ge îáîçíà÷àåòñÿ ìàêñèìàëüíàÿ ïîäãðóïïà ïîëóãðóïïû S, èìåþùàÿ
èäåìïîòåíò e ñâîåé åäèíèöåé. Ñîâîêóïíîñòü ýëåìåíòîâ Ke={x ∈ S |
xn ∈ Ge äëÿ íåêîòîðîãî íàòóðàëüíîãî n} íàçûâàåòñÿ êëàññîì óíèïî-
òåíòíîñòè. Òàêèì îáðàçîì, ïðîèçâîëüíàÿ ýïèãðóïïà S ðàçáèâàåò-
ñÿ íà êëàññû óíèïîòåíòíîñòè. Êëàññ óíèïîòåíòíîñòè ýïèãðóïïû íå
îáÿçàí áûòü ïîäïîëóãðóïïîé. Åñëè â ýïèãðóïïå S âñå êëàññû óíèïî-
òåíòíîñòè ÿâëÿþòñÿ ïîäïîëóãðóïïàìè, òî S íàçûâàþò óíèïîòåíò-
íî ðàçáèâàåìîé. ×åðåç Bn,k îáîçíà÷èì ïîëóãðóïïó, êîòîðóþ â êëàññå
ïîëóãðóïï ñ íóëåì ìîæíî çàäàòü êîïðåäñòàâëåíèåì

Bn,k = 〈a, b | aba = a, bab = b, an = bk = 0〉, ãäå n, k ≥ 2.
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Òåîðåìà 1. Åñëè óíèïîòåíòíî íåðàçáèâàåìàÿ ýïèãðóïïà S ÿâëÿ-
åòñÿ ìèíèìàëüíî ïîëíîé ýïèãðóïïîé, òî S åñòü ãîìîìîðôíûé îá-
ðàç ïîëóãðóïïû Bn,k.

Èññëåäîâàíèå âûïîëíåíî ïðè ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâà-
íèÿ è íàóêè Ðîññèéñêîé Ôåäåðàöèè, çàäàíèå �2014/336.
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Îïèñàíèå êîíå÷íûõ ãðóïï ñ K-U-ñóáíîðìàëüíûìè

òðåòüèìè ìàêñèìàëüíûìè ïîäãðóïïàìè

Â. À. Êîâàëåâà

Ãîìåëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ô. Ñêîðèíû, Ãîìåëü

Âñå ðàññìàòðèâàåìûå â ñîîáùåíèè ãðóïïû ÿâëÿþòñÿ êîíå÷íû-
ìè. Ñèìâîë π(G) îáîçíà÷àåò ìíîæåñòâî ïðîñòûõ äåëèòåëåé ïîðÿäêà
ãðóïïû G.
Ïîäãðóïïà H ãðóïïû G íàçûâàåòñÿ 2-ìàêñèìàëüíîé (âòîðîé ìàê-

ñèìàëüíîé) ïîäãðóïïîé â G, åñëè H ÿâëÿåòñÿ ìàêñèìàëüíîé ïîä-
ãðóïïîé íåêîòîðîé ìàêñèìàëüíîé ïîäãðóïïû èçG. Àíàëîãè÷íî ìîæ-
íî îïðåäåëèòü 3-ìàêñèìàëüíûå ïîäãðóïïû è ò.ä.
Íàïîìíèì, ÷òî ïîäãðóïïà H ãðóïïû G íàçûâàåòñÿ U-ñóá-

íîðìàëüíîé â ñìûñëå Êåãåëÿ [1] èëè K-U-ñóáíîðìàëü-

íîé [2, ñ. 236] â G, åñëè íàéäåòñÿ òàêàÿ öåïü ïîäãðóïï

H = H0 ≤ H1 ≤ · · · ≤ Ht = G,

÷òî ëèáî Hi−1 íîðìàëüíà â Hi, ëèáî Hi/(Hi−1)Hi
ñâåðõðàçðåøèìà

äëÿ âñåõ i = 1, . . . , t.
Êàê ñëåäóåò èç [3, òåîðåìà C], âñå 2-ìàêñèìàëüíûå ïîäãðóïïû

ãðóïïû G ÿâëÿþòñÿ K-U-ñóáíîðìàëüíûìè â G â òîì è òîëüêî â
òîì ñëó÷àå, êîãäà G ëèáî ñâåðõðàçðåøèìà, ëèáî ÿâëÿåòñÿ SDH-
ãðóïïîé (ñì. [4]). Îñíîâûâàÿñü íà ýòîì íàáëþäåíèè, â ðàáîòàõ [4] è
[5] íàìè ïîëó÷åíî ïîëíîå îïèñàíèå ãðóïï, âñå òðåòüè ìàêñèìàëüíûå
ïîäãðóïïû êîòîðûõ ÿâëÿþòñÿ K-U-ñóáíîðìàëüíûìè.
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Çàìåòèì, ÷òî â ñëó÷àå, êîãäà |π(G)| > 4 è êàæäàÿ 3-ìàêñèìàëüíàÿ
ïîäãðóïïà ãðóïïû G ÿâëÿåòñÿ K-U-ñóáíîðìàëüíîé â G, ãðóïïà G
ñâåðõðàçðåøèìà ââèäó [3, òåîðåìà À]. Áîëåå òîãî, óñòàíîâëåíî, ÷òî
â áèïðèìàðíîì ñëó÷àå íåñâåðõðàçðåøèìàÿ ãðóïïà G, ó êîòîðîé âñå
3-ìàêñèìàëüíûå ïîäãðóïïûK-U-ñóáíîðìàëüíû, ìîæåò íå èìåòü íîð-
ìàëüíûõ ñèëîâñêèõ ïîäãðóïï [4, òåîðåìà 1.2]; â ñëó÷àå, êîãäà
|π(G)| = 3, òàêàÿ ãðóïïà G ÿâëÿåòñÿ φ-äèñïåðñèâíîé äëÿ íåêîòî-
ðîãî óïîðÿäî÷åíèÿ φ ìíîæåñòâà π(G) [5, òåîðåìà B]; è, íàêîíåö, â
ñëó÷àå, êîãäà |G| èìååò ÷åòûðå ïðîñòûõ äåëèòåëÿ, G äèñïåðñèâíà
ïî Îðå [5, òåîðåìà C].
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Ïîèñê ñòàáèëüíûõ ýëåìåíòîâ ñ íåîäíîðîäíûì âõîæäåíèåì

îáðàçóþùèõ ãðóïïû F3,12

À. È. Êîâûðøèíà

Èðêóòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Èðêóòñê

Âîïðîñ î ñóùåñòâîâàíèè ñòàáèëüíûõ ýëåìåíòîâ â ñâîáîä-
íûõ íèëüïîòåíòíûõ ãðóïïàõ áûë ïîñòàâëåí À. Ìÿñíèêîâûì â ïðî-
åêòå MAGNUS [1]. Â 1998 ãîäó Â. Â. Áëóäîâ [2] ïðèâåë ïðèìåðû
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òàêèõ ýëåìåíòîâ â ñâîáîäíûõ íèëüïîòåíòíûõ ãðóïïàõ ðàíãà 2. Èç-
âåñòíî [3, 4], ÷òî â ñâîáîäíîé íèëüïîòåíòíîé ãðóïïå ðàíãà 3 ñòó-
ïåíè 12 ñóùåñòâóþò íåòðèâèàëüíûå ñòàáèëüíûå ýëåìåíòû. Â äàí-
íîé ãðóïïå ìîæíî âûäåëèòü 48 ìíîæåñòâ áàçèñíûõ êîììóòàòîðîâ.
Âûïîëíèâ ñîîòâåòñòâóþùèå âû÷èñëåíèÿ ïî êàæäîìó èç ìíîæåñòâ,
îïèñàíû âñå ñòàáèëüíûå ýëåìåíòû, èìåþùèå ïî 4 âõîæäåíèÿ êàæ-
äîãî èç îáðàçóþùèõ (cì. [5]). Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ïîèñêó
ñòàáèëüíûõ ýëåìåíòîâ ñ íåîäíîðîäíûì âõîæäåíèåì îáðàçóþùèõ â
ñâîáîäíîé íèëüïîòåíòíîé ãðóïïå F3,12. Ðàññìîòðåí òðåòèé êîììó-
òàíò ãðóïïû è äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Âñÿêàÿ ëèíåéíàÿ êîìáèíàöèÿ ýëåìåíòîâ, ïðèíàäëå-
æàùèõ òðåòüåìó êîììóòàíòó ãðóïïû F3,12, ó êîòîðûõ âõîäÿùèå
â íèõ ïîäêîììóòàòîðû èìåþò äëèíó 3, ÿâëÿåòñÿ íåñòàáèëüíûì
ýëåìåíòîì.

Ñïèñîê ëèòåðàòóðû

1. Nilpotent groups. Ðåæèì äîñòóïà: http://www.sci.ccny.cuny.edu/
shpil/gworld/problems/probnil.html.

2. Â. Â. Áëóäîâ. Íåïîäâèæíûå òî÷êè îòíîñèòåëüíî âñåõ àâòîìîð-
ôèçìîâ â ñâîáîäíûõ íèëüïîòåíòíûõ ãðóïïàõ // Òðåòèé Ñèá.
êîíãðåññ ïî ïðèêë. è èíäóñòð. ìàòåì: òåç. äîêë. ÷.5. Íîâîñè-
áèðñê, 1998.

3. A. Papistas. A note on �xed points of certain relatively free nilpotent
groups // Communications in algebra. 2001. V. 29. P. 469�4699.

4. E. Formanek. Fixed points and centers of automorphism groups
of free nilpotent groups // Communications in algebra. 2002.
V. 30. P. 1033�1038.

5. À. È. Êîâûðøèíà. Ñòàáèëüíûå ýëåìåíòû â ñâîáîäíûõ íèëüïî-
òåíòíûõ ãðóïïàõ ðàíãà òðè // Âåñòí. Îìñê. óí-òà. 2010. V. 58,
� 4. Ñ. 20�23.
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Óñèëåííàÿ âåðñèÿ ãèïîòåçû Ñèìñà äëÿ ãðóïï

ñ öîêîëåì èñêëþ÷èòåëüíîãî ëèåâà òèïà

À. Ñ. Êîíäðàòüåâ, Â. È. Òðîôèìîâ

Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ, Åêàòåðèíáóðã

Â ñåðåäèíå 1960-õ ãîäîâ ×. Ñèìñ âûäâèíóë ñëåäóþùóþ ãèïîòåçó:
ïîðÿäîê ñòàáèëèçàòîðà òî÷êè äëÿ êîíå÷íîé ïðèìèòèâíîé ãðóïïû
ïîäñòàíîâîê îãðàíè÷åí ñâåðõó ôóíêöèåé îò äëèíû íåêîòîðîé îð-
áèòû ýòîãî ñòàáèëèçàòîðà íà îñòàëüíûõ òî÷êàõ.
Ãèïîòåçà Ñèìñà áûëà äîêàçàíà â [1].
Äëÿ êîíå÷íîé ãðóïïû G, åå ïîäãðóïï M1 è M2 è ëþáîãî íàòó-

ðàëüíîãî ÷èñëà i ïî èíäóêöèè îïðåäåëèì ïîäãðóïïû (M1,M2)
i è

(M2,M1)
i, ïîëàãàÿ (M1,M2)

1 = (M1 ∩ M2)M1
, (M2,M1)

1 =
= (M1 ∩ M2)M2

, (M1,M2)
i+1 = ((M1,M2)

i ∩ (M2,M1)
i)M1

è
(M2,M1)

i+1 = ((M1,M2)
i∩ (M2,M1)

i)M2
. Â [2] àâòîðû ïîëó÷èëè ñëå-

äóþùóþ óñèëåííóþ âåðñèþ ãèïîòåçû Ñèìñà: åñëè G � êîíå÷íàÿ
ãðóïïà è M1, M2 � ðàçëè÷íûå ñîïðÿæåííûå ìàêñèìàëüíûå ïîä-
ãðóïïû â G, òî ïîäãðóïïû (M1,M2)

6 è (M2,M1)
6 ñîâïàäàþò è íîð-

ìàëüíû â G. Ïðåäñòàâëÿåòñÿ èíòåðåñíîé çàäà÷à îïèñàíèÿ ìíîæå-
ñòâà Π âñåõ òðîåê (G,M1,M2) òàêèõ, ÷òî G � êîíå÷íàÿ ãðóïïà è
M1, M2 � ðàçëè÷íûå ñîïðÿæåííûå ìàêñèìàëüíûå ïîäãðóïïû â G,
(M1)G = (M2)G = 1 è 1 < |(M1,M2)

2| ≤ |(M2,M1)
2|. Ïðè ýòîì òðîé-

êè (G,M1,M2) è (G′,M ′
1,M

′
2) èç Π ñ÷èòàþòñÿ ýêâèâàëåíòíûìè, åñëè

ñóùåñòâóåò èçîìîðôèçì G íà G′, îòîáðàæàþùèé M1 íàM ′
1 èM2 íà

M ′
2. Ðåøåíèå ýòîé çàäà÷è ñóùåñòâåííî óñèëèò ðåçóëüòàòû èç [2]. Â

[3] ðàññìîòðåí ñëó÷àé, êîãäà ãðóïïà G íå ÿâëÿåòñÿ ïî÷òè ïðîñòîé
ãðóïïîé, è ñëó÷àé, êîãäà ãðóïïà G èìååò ïðîñòîé çíàêîïåðåìåííûé
öîêîëü. Â äàííîé ðàáîòå äîêàçàíà ñëåäóþùàÿ

Òåîðåìà 1. Ïóñòü G � êîíå÷íàÿ ãðóïïà, M1, M2 � ðàçëè÷íûå ñî-
ïðÿæåííûå ìàêñèìàëüíûå ïîäãðóïïû â G, Soc(G) � ïðîñòàÿ ãðóï-
ïà èñêëþ÷èòåëüíîãî ëèåâà òèïà èM1∩Soc(G) � íåïàðàáîëè÷åñêàÿ
ïîäãðóïïà â Soc(G). Åñëè (G,M1,M2) ∈ Π, òî ñïðàâåäëèâî îäíî èç
ñëåäóþùèõ óòâåðæäåíèé:
(à) G ∼= Eε

6(r) èëè G ∼= Eε
6(r) : 2, ε = ±, r � ïðîñòîå ÷èñëî, r ≥ 5,

9|(r−ε1), M1 = NG(E), ãäå E � èçîìîðôíàÿ Z3×Z3×Z3 ïîäãðóïïà
èç G, CG(E) � ñïåöèàëüíàÿ ãðóïïà ïîðÿäêà 36 ñ öåíòðîì E èëè
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åå ðàñøèðåíèå ïîñðåäñòâîì ãðóïïû ïîðÿäêà 2 ñîîòâåòñòâåííî è
M1/CG(E) ∼= SL3(3);
(á) G ∼= Aut(3D4(2)), M1

∼= Z3 × ((Z3 × Z3) : SL2(3)).
Â êàæäîì ñëó÷àå èç ïóíêòîâ (à) è (á) òðîéêè (G,M1,M2) èç
Π ñóùåñòâóþò è îáðàçóþò îäèí êëàññ ýêâèâàëåíòíîñòè.

Ðàáîòà âûïîëíåíà çà ñ÷åò ãðàíòà ÐÍÔ (ïðîåêò 14-11-00061).

Ñïèñîê ëèòåðàòóðû

1. P. J. Cameron, C. E. Praeger, J. Saxl et al. On the Sims conjecture
and distance transitive graphs // Bull. London Math. Soc. 1983.
V. 15, � 5. P. 499�506.

2. À. Ñ. Êîíäðàòüåâ, Â. È. Tðîôèìîâ. Ñòàáèëèçàòîðû âåðøèí ãðà-
ôîâ è óñèëåííàÿ âåðñèÿ ãèïîòåçû Ñèìñà // Äîêë. ÀÍ. 1999.
Ò. 364, � 6. Ñ. 741�743.

3. À. Ñ. Êîíäðàòüåâ, Â. È. Tðîôèìîâ. Ñòàáèëèçàòîðû âåðøèí ãðà-
ôîâ ñ ïðèìèòèâíûìè ãðóïïàìè àâòîìîðôèçìîâ è óñèëåííàÿ âåð-
ñèÿ ãèïîòåçû Ñèìñà. I // Òð. Èí-òà ìàòåì. è ìåõ. ÓðÎ ÐÀÍ.
2014. Ò. 20, � 4. Ñ. 143�152.

Î íîâûõ íåñâîáîäíûõ òî÷êàõ â ðîìáå Ìåðçëÿêîâà

À. À. Êîðîáîâ

Èíñòèòóò ìàòåìàòèêè èìåíè Ñ. Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê

Ïóñòü

Aµ =

(
1 µ
0 1

)
, Bµ =

(
1 0
µ 1

)
.

Òî÷êà µ êîìïëåêñíîé ïëîñêîñòè íàçûâàåòñÿ ñâîáîäíîé, åñëè
Gµ = ãð(Aµ, Bµ) � ñâîáîäíàÿ ãðóïïà. Âàìáåðã [1] ïîêàçàë, ÷òî äëÿ
ëþáîé íåñâîáîäíîé ãðóïïû ãð(C,D), ãäå

C =

(
1 2
0 1

)
, D =

(
1 0
λ 1

)
,

íàéä¼òñÿ òàêîå íàòóðàëüíîå ÷èñëî n, ÷òî ÷èñëî λ ÿâëÿåòñÿ êîð-
íåì ìíîãî÷ëåíà ñòåïåíè n ñ ðàöèîíàëüíûìè êîýôôèöèåíòàìè èç
ñåìåéñòâà Bn. Åñëè µ � íåñâîáîäíàÿ òî÷êà, òî áóäåì ãîâîðèòü,
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÷òî å¼ ñòåïåíü ðàâíà n, åñëè (∀Bn−1 ∈ Bn−1)Bn−1(
µ2

2 ) 6= 0,

(∃Bn ∈ Bn)Bn(
µ2

2 ) = 0.
Ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû.

Òåîðåìà 1. Ïóñòü äàí ïðîèçâîëüíûé öåëî÷èñëåííûé ïðÿìîóãîëü-
íûé òðåóãîëüíèê. Åñëè µ−1 ðàâíî âûñîòå, îïóùåííîé íà ãèïîòå-
íóçó, òî µ � ðàöèîíàëüíàÿ íåñâîáîäíàÿ òî÷êà ñòåïåíè ≤ 2. Åñëè
âäîáàâîê ãèïîòåíóçà áîëüøå êàòåòà íà åäèíèöó, òî ñïðàâåäëèâû
ñëåäóþùèå óòâåðæäåíèÿ: 1) åñëè µ � îòíîøåíèå íå÷¼òíîãî êàòå-
òà ê ãèïîòåíóçå, òî µ� íåñâîáîäíàÿ òî÷êà ñòåïåíè 1; 2) åñëè µ
èëè µ−1 îòíîøåíèå ãèïîòåíóçû ê ÷¼òíîìó êàòåòó, òî µ � íåñâî-
áîäíàÿ òî÷êà ñòåïåíè ≤ 2.

Ñïèñîê ëèòåðàòóðû

1. J. Bamberg. Non-free points for groups generated by a pair of 2× 2
matrices // J. London Math. Soc. 2000. V. 62, � 2. P. 795�801.

Î äîñòàòî÷íûõ óñëîâèÿõ ðàçðåøèìîñòè ãðóïïû

ñ ïî÷òè ðåãóëÿðíîé èíâîëþöèåé

Î. À. Êîðîáîâ

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê

Èíâîëþöèè â ãðóïïàõ, è â ÷àñòíîñòè öåíòðàëèçàòîðû èíâîëþ-
öèé, ÷àñòî íàêëàäûâàþò æ¼ñòêèå îãðàíè÷åíèÿ íà ñòðîåíèå ãðóïïû.
Îäíîé èç øèðîêî èçâåñòíûõ èëëþñòðàöèé ýòîãî ôàêòà ÿâëÿåòñÿ çà-
ìå÷àòåëüíàÿ òåîðåìà Áðàóýðà � Ôàóëåðà, óòâåðæäàþùàÿ, ÷òî ìíî-
æåñòâî êîíå÷íûõ ïðîñòûõ ãðóïï, ó êîòîðûõ èìååòñÿ öåíòðàëèçàòîð
èíâîëþöèè çàäàííîãî ïîðÿäêà, êîíå÷íî.
Â 1972 ãîäó Âëàäèìèð Ïåòðîâè÷ Øóíêîâ äîêàçàë, ÷òî ïåðèîäè-

÷åñêàÿ ãðóïïà ñ ïî÷òè ðåãóëÿðíîé èíâîëþöèåé ëîêàëüíî êîíå÷íà,
ïî÷òè ðàçðåøèìà è îáëàäàåò 2-ïîëíîé ÷àñòüþ [1]. Òåîðåìó Øóíêîâà
íà êëàññ ãðóïï ñ ïî÷òè ñîâåðøåííîé èíâîëþöèåé îáîáùèë
À. È. Ñîçóòîâ (ñì. [2]).
Ãðóïïû ñ êîíå÷íîé èíâîëþöèåé, ïîðÿäîê öåíòðàëèçàòîðà êîòîðîé

íàèìåíüøèé, èññëåäîâàë Â. Ì. Áóñàðêèí. À. È. Ñîçóòîâ îáîáùèë
ïîëó÷åííûå Â. Ì. Áóñàðêèíûì ðåçóëüòàòû íà êëàññ ãðóïï ñ ïî÷òè
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ñîâåðøåííîé èíâîëþöèåé. Â ÷àñòíîñòè, èì óñòàíîâëåíà ñîïðÿæåí-
íîñòü âñåõ èíâîëþöèé òàêîé ãðóïïû. Ýòî ñâîéñòâî ìíîé ïåðåíåñåíî
íà áîëåå øèðîêèé êëàññ ãðóïï.
Òåîðåìà 1. Ïóñòü G � ãðóïïà, ñîäåðæàùàÿ ïî÷òè ñîâåðøåí-

íóþ èíâîëþöèþ a è ïóñòü |CG(a)| = 2r, ãäå r � íå÷åòíîå ÷èñëî. Òî-
ãäà G � ðàçðåøèìàÿ ãðóïïà, ñîäåðæàùàÿ îäèí êëàññ ñîïðÿæåííûõ
èíâîëþöèé. Êðîìå òîãî, åñëè G � áåñêîíå÷íàÿ ãðóïïà, òî FC(G)
íå ñîäåðæèò èíâîëþöèé è G = CG(a)FC(G).
Íåòðèâèàëüíîñòü íàéäåííîé Â. Ï. Øóíêîâûì 2-ïîëíîé ÷àñòè

FC-öåíòðà îêàçûâàåò ñóùåñòâåííîå âëèÿíèå íà ñòðîåíèå ãðóïïû ñ
ïî÷òè ñîâåðøåííîé èíâîëþöèåé.
Òåîðåìà 2. Ïóñòü G � áåñêîíå÷íàÿ ãðóïïà, ñîäåðæàùàÿ ïî-

÷òè ñîâåðøåííóþ èíâîëþöèþ a è ïóñòü |CG(a)|2 ≤ 2r+1, ãäå r �
ðàíã 2-ïîëíîé ÷àñòè â ãðóïïå, ïîðîæäåííîé ïåðèîäè÷åñêîé ÷àñòüþ
FC-öåíòðà è èíâîëþöèåé a. Òîãäà ãðóïïà G ðàçðåøèìà è FC(G) �
ñîäåðæèò ðîâíî 2r − 1 èíâîëþöèé.
Íàêîíåö íà÷àòî èññëåäîâàíèå ãðóïï, ñîäåðæàùèõ ïî÷òè ñîâåð-

øåííóþ èíâîëþöèþ, ó êîòîðûõ ñèëîâñêàÿ 2-ïîäãðóïïà â FC-öåíòðå
êîíå÷íà.
Òåîðåìà 3. Ïóñòü G � ãðóïïà, ñîäåðæàùàÿ ïî÷òè ñîâåðøåí-

íóþ èíâîëþöèþ a è ïóñòü |CG(a)| = 4r, ãäå r � íå÷åòíîå ÷èñëî.
Åñëè ñèëîâñêàÿ 2-ïîäãðóïïà â FC(G) êîíå÷íà è FC(G) ëîêàëüíî ðàç-
ðåøèìà, òî ãðóïïà G ðàçðåøèìà.

Ñïèñîê ëèòåðàòóðû
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èíâîëþöèåé // Àëãåáðà è ëîãèêà. 1972. T. 11, � 4. C. 470�494.

2. À. È. Ñîçóòîâ. Î ãðóïïàõ ñ ïî÷òè ðåãóëÿðíîé èíâîëþöèåé
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Î çàìêíóòîñòè êîâðîâ àääèòèâíûõ ïîäãðóïï

íàä ëîêàëüíî êîíå÷íûì ïîëåì

C. Ê. Êóêëèíà, À. Î. Ëèõà÷åâà, ß. Í. Íóæèí

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Äàëåå Φ � ïðèâåäåííàÿ íåðàçëîæèìàÿ ñèñòåìà êîðíåé ðàíãà l,
E(Φ, K) � ýëåìåíòàðíàÿ ãðóïïà Øåâàëëå òèïà Φ íàä êîììóòàòèâ-
íûì êîëüöîì K. Ãðóïïà E(Φ, K) ïîðîæäàåòñÿ ñâîèìè êîðíåâûìè
ïîäãðóïïàìè xr(K) = {xr(t) | t ∈ K}, r ∈ Φ. Ïîäãðóïïû xr(K)
àáåëåâû è äëÿ êàæäîãî r ∈ Φ è ëþáûõ t, u ∈ K ñïðàâåäëèâû ñîîò-
íîøåíèÿ

xr(t)xr(u) = xr(t+ u). (1)

Íàçîâåì (ýëåìåíòàðíûì) êîâðîì òèïà Φ ðàíãà l íàä K âñÿêèé
íàáîð àääèòèâíûõ ïîäãðóïï A = {Ar | r ∈ Φ} êîëüöà K ñ óñëîâèåì

Cij,rsA
i
rA

j
s ⊆ Air+js, r, s, ir + js ∈ Φ, i, j > 0, (2)

ãäå Ai
r = {ai | a ∈ Ar}, à êîíñòàíòû Cij,rs = ±1,±2,±3 îïðåäåëÿþòñÿ

êîììóòàòîðíîé ôîðìóëîé Øåâàëëå[
xs(u), xr(t)

]
=
∏
i,j>0

xir+js
(
Cij,rs(−t)iuj

)
, r, s, ir + js ∈ Φ. (3)

Âñÿêèé êîâåð A òèïà Φ íàä K îïðåäåëÿåò êîâðîâóþ ïîäãðóïïó
E(Φ,A) =

〈
xr(Ar) | r ∈ Φ

〉
ãðóïïû Øåâàëëå E(Φ, K), ãäå 〈M〉 �

ïîäãðóïïà, ïîðîæäåííàÿ ïîäìíîæåñòâîìM ãðóïïû E(Φ, K). Êîâåð
A òèïà Φ íàä êîëüöîì K íàçûâàåòñÿ çàìêíóòûì, åñëè åãî êîâðî-
âàÿ ïîäãðóïïà E(Φ,A) íå èìååò íîâûõ êîðíåâûõ ýëåìåíòîâ, ò. å.
E(Φ,A)∩xr(K) = xr(Ar), r ∈ Φ. Íàçîâåì êîâåð A íåïðèâîäèìûì,
åñëè âñå Ar íåíóëåâûå.

Òåîðåìà 1. Ïóñòü A = {Ar | r ∈ Φ} � íåïðèâîäèìûé êîâåð òèïà
Φ ðàíãà l ≥ 2 íàä ëîêàëüíî êîíå÷íûì ïîëåì K. Òîãäà ñ òî÷íîñòüþ
äî ñîïðÿæåíèÿ äèàãîíàëüíûì ýëåìåíòîì èç ðàñøèðåííîé ãðóïïû
Øåâàëëå G(Φ, K) âñå àääèòèâíûå ïîäãðóïïû Ar, r ∈ Φ, ñîâïàäàþò
ñ íåêîòîðûì ïîäïîëåì P ïîëÿ K, â ÷àñòíîñòè êîâåð A çàìêíóò.

Èçâåñòíàÿ òåîðåìà Ë. Äèêñîíà î ïîðîæäåíèè ñïåöèàëüíîé ëèíåé-
íîé ãðóïïû ñòåïåíè 2 íàä êîíå÷íûì ïîëåì äâóìÿ òðàíñâåêöèÿìè
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ïîêàçûâàåò, ÷òî îãðàíè÷åíèå l ≥ 2 â òåîðåìå ÿâëÿåòñÿ ñóùåñòâåí-
íûì. Îòìåòèì òàêæå, ÷òî óòâåðæäåíèå òåîðåìû 1 îòìå÷àåòñÿ â ([1],
ñëåäñòâèå 3.2) â êà÷åñòâå ñëåäñòâèÿ èç áîëåå îáùåãî ðåçóëüòàòà, èñ-
êëþ÷àÿ ñëåäóþùèå ñëó÷àè: 1) Φ òèïà Bl (l ≥ 2), Cl (l ≥ 2), F4 è
charK = 2; 2) Φ òèïà G2 è charK ðàâíà 2 èëè 3.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 16�
01�00707�a).

Ñïèñîê ëèòåðàòóðû

1. Â. Ì. Ëåâ÷óê. Î ïîðîæäàþùèõ ìíîæåñòâàõ êîðíåâûõ ýëåìåí-
òîâ ãðóïï Øåâàëëå íàä ïîëåì // Àëãåáðà è ëîãèêà. 1983. Ò. 22,
� 5. Ñ. 504�517.

Ïîëóöåïíûå ãðóïïîâûå êîëüöà êîíå÷íûõ

ñèìïëåêòè÷åñêèõ ãðóïï

À. Â. Êóõàðåâ

Âèòåáñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ï. Ì. Ìàøåðîâà, Âèòåáñê

Ã. Å. Ïóíèíñêèé

Áåëîðóññêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ìèíñê

À. À. Ëîïàòèí

Èíñòèòóò ìàòåìàòèêè èìåíè Ñ. Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê

Êîëüöî íàçûâàåòñÿ ïîëóöåïíûì, åñëè îíî êàê ëåâûé è êàê ïðà-
âûé ìîäóëü íàä ñîáîé ÿâëÿåòñÿ ïðÿìîé ñóììîé öåïíûõ ìîäóëåé.
×àñòíûì ñëó÷àåì âîïðîñà 16.9 èç ìîíîãðàôèè [1, ñ. 452] ÿâëÿåòñÿ
ñëåäóþùàÿ ïðîáëåìà, íå èìåþùàÿ â íàñòîÿùåå âðåìÿ îêîí÷àòåëü-
íîãî ðåøåíèÿ: îïèñàòü âñå ïàðû (F,G), ãäå F � ïîëå, G � êîíå÷íàÿ
ãðóïïà, òàêèå, ÷òî ãðóïïîâîå êîëüöî FG ïîëóöåïíîå.
Ïîñêîëüêó âñÿêîå ïîëóïðîñòîå êîëüöî ÿâëÿåòñÿ ïîëóöåïíûì, òî

èíòåðåñ äëÿ èçó÷åíèÿ ïðåäñòàâëÿåò òîëüêî p-ìîäóëÿðíûé ñëó÷àé,
ò. å. êîãäà õàðàêòåðèñòèêà ïîëÿ F äåëèò ïîðÿäîê ãðóïïû G. Êðî-
ìå òîãî, åñëè G � p-ðàçðåøèìàÿ ãðóïïà ñ öèêëè÷åñêîé ñèëîâñêîé
p-ïîäãðóïïîé, òî FG ïîëóöåïíîå. Îäíàêî ýòî óñëîâèå íå ÿâëÿåòñÿ
íåîáõîäèìûì. Íàïðèìåð, ãðóïïîâîå êîëüöî ãðóïïû SL2(5) íàä ïî-
ëåì GF(3) ïîëóöåïíîå. Â ðàáîòå [2] íàéäåí ñïèñîê âñåõ êîíå÷íûõ
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ëèíåéíûõ ãðóïï âèäà GLn(q), SLn(q) è PSLn(q), ÷üè íåïîëóïðîñòûå
ãðóïïîâûå êîëüöà ïîëóöåíûå. Â íàñòîÿùåì äîêëàäå ïðåäñòàâëåíû
ðåçóëüòàòû èññëåäîâàíèÿ àíàëîãè÷íîãî âîïðîñà äëÿ ñèìïëåêòè÷å-
ñêèõ ãðóïï Spn(q), ïðîåêòèâíûõ ñèìïëåêòè÷åñêèõ ãðóïï PSpn(q) è
êîíôîðìàëüíûõ ñèìïëåêòè÷åñêèõ ãðóïï CSpn(q).
Ïîñêîëüêó äëÿ ãðóïï Sp2(q)

∼= SL2(q) îòâåò èçâåñòåí, òî ìîæíî
îãðàíè÷èòüñÿ ðàññìîòðåíèåì ãðóïï ìàòðèö ðàçìåðà n ≥ 4. Îñíîâ-
íûì ðåçóëüòàòîì ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Ïóñòü G � ëþáàÿ èç ãðóïï Spn(q), PSpn(q) èëè CSpn(q),
ãäå q � ñòåïåíü ïðîñòîãî ÷èñëà. Ïóñòü F � ïîëå õàðàêòåðèñòè-
êè, äåëÿùåé ïîðÿäîê ãðóïïû G. Åñëè n ≥ 4, òî ãðóïïîâîå êîëüöî
FG íå ïîëóöåïíîå.

Ïåðâûé àâòîð ïîääåðæàí ãðàíòîì ÁÐÔÔÈ (ïðîåêò Ô15ÐÌ-025).
Òðåòèé àâòîð ïîääåðæàí ãðàíòîì ÐÔÔÈ (ïðîåêò 15-01-04099).

Ñïèñîê ëèòåðàòóðû

1. À. À. Òóãàíáàåâ. Òåîðèÿ êîëåö. Àðèôìåòè÷åñêèå ìîäóëè è êîëü-
öà. Ì.: ÌÖÍÌÎ, 2009.

2. A. Kukharev, G. Puninski. Serial group rings of �nite groups.
General linear and close groups // Algebra Discr. Math. 2015. V. 20,
� 1. P. 115�125.

Êîíå÷íûå ãðóïïû, êðèòè÷åñêèå îòíîñèòåëüíî ñïåêòðà

ïðîñòîé ãðóïïû U3(3)

Þ. Â. Ëûòêèí

Cèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

òåëåêîììóíèêàöèé è èíôîðìàòèêè, Íîâîñèáèðñê

Â ðàáîòå ðàññìàòðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû. Ïóñòü
G � ãðóïïà. Îáîçíà÷èì ÷åðåç ω(G) ñïåêòð ãðóïïû G, ò. å. ìíî-
æåñòâî âñåõ ïîðÿäêîâ ýëåìåíòîâ G. Ãðóïïû ñ îäèíàêîâûì ñïåêòðîì
áóäåì íàçûâàòü èçîñïåêòðàëüíûìè. Ïîä ñåêöèåé ãðóïïû G áóäåì
ïîíèìàòü ôàêòîðãðóïïó H/N , ãäå N,H ≤ G è N �H.
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Ñêàæåì, ÷òî ãðóïïàG ðàñïîçíàâàåìà (áîëåå òî÷íî, ðàñïîçíàâàåìà
ïî ñïåêòðó â êëàññå êîíå÷íûõ ãðóïï), åñëè ëþáàÿ êîíå÷íàÿ ãðóï-
ïà, èçîñïåêòðàëüíàÿ G, èçîìîðôíà G. Ãðóïïà G ïî÷òè ðàñïîçíà-
âàåìà, åñëè ñóùåñòâóåò ëèøü êîíå÷íîå ÷èñëî ïîïàðíî íå èçîìîðô-
íûõ ãðóïï, èçîñïåêòðàëüíûõ G. Â ïðîòèâíîì ñëó÷àå îíà íàçûâàåòñÿ
íåðàñïîçíàâàåìîé.
Ïóñòü ω � íåêîòîðîå ïîäìíîæåñòâî ìíîæåñòâà íàòóðàëüíûõ ÷è-

ñåë. Ñëåäóÿ [1], íàçîâ¼ì ãðóïïó G êðèòè÷åñêîé îòíîñèòåëüíî ω
(èëè ω-êðèòè÷åñêîé), åñëè ω ñîâïàäàåò ñî ñïåêòðîì ãðóïïû G è íå
ñîâïàäàåò ñî ñïåêòðîì ëþáîé ñîáñòâåííîé ñåêöèè ãðóïïû G (ò. å.
ñåêöèè, îòëè÷íîé îò G).
Äëÿ ðåøåíèÿ ïðîáëåìû ðàñïîçíàâàíèÿ ïðîñòûõ ãðóïï ïî ñïåêòðó

àêòóàëüíîé ÿâëÿåòñÿ çàäà÷à îïèñàíèÿ ãðóïï (â ÷àñòíîñòè êðèòè÷å-
ñêèõ), èçîñïåêòðàëüíûõ íåðàñïîçíàâàåìûì ïðîñòûì ãðóïïàì. Ðàíåå
àâòîðîì [2, 3] áûëî äàíî ïîëíîå îïèñàíèå ãðóïï, êðèòè÷åñêèõ îòíî-
ñèòåëüíî ñïåêòðîâ çíàêîïåðåìåííûõ ãðóïï A6 è A10, à òàêæå ñïîðà-
äè÷åñêîé ãðóïïû J2. Ïî ìîäóëþ óæå èçâåñòíûõ ðåçóëüòàòîâ èç ýòîãî
ñëåäóåò, ÷òî âñå ãðóïïû, êðèòè÷åñêèå îòíîñèòåëüíî ñïåêòðîâ íåàáå-
ëåâûõ ïðîñòûõ çíàêîïåðåìåííûõ è ñïîðàäè÷åñêèõ ãðóïï, èçâåñòíû.
Â ÷àñòíîñòè, êîëè÷åñòâî òàêèõ ïîïàðíî íå èçîìîðôíûõ ãðóïï íå
ïðåâîñõîäèò 3.
Â íàñòîÿùåé ðàáîòå äà¼òñÿ îïèñàíèå ãðóïï, èçîñïåêòðàëüíûõ

íåðàñïîçíàâàåìîé ïðîñòîé óíèòàðíîé ãðóïïå U3(3) = PSU(3, 3).
Â ÷àñòíîñòè, äîêàçûâàåòñÿ, ÷òî åñëè G � ãðóïïà, èçîñïåêòðàëü-
íàÿ U3(3), òî G ÿâëÿåòñÿ ëèáî ãðóïïîé Ôðîáåíèóñà, ëèáî óäâîåí-
íîé ãðóïïîé Ôðîáåíèóñà, ëèáî ðàñøèðåíèåì 2-ãðóïïû N ñ ïîìîùüþ
L2(7), PGL2(7), U3(3) èëè Aut(U3(3)), è âñå ýòè ñëó÷àè ðåàëèçóþò-
ñÿ. Ñóùåñòâóåò ïî ìåíüøåé ìåðå 7 ïîïàðíî íå èçîìîðôíûõ ãðóïï,
êðèòè÷åñêèõ îòíîñèòåëüíî ìíîæåñòâà ω(U3(3)).

Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ â
ðàìêàõ íàó÷íîãî ïðîåêòà � 16�31�00147 ìîë_à.

Ñïèñîê ëèòåðàòóðû

1. Â. Ä. Ìàçóðîâ, Â. Äæ. Øè. Ïðèçíàê íåðàñïîçíàâàåìîñòè
êîíå÷íîé ãðóïïû ïî ñïåêòðó // Àëãåáðà è ëîãèêà. 2012. Ò. 51,
� 2. Ñ. 239�243.

39



2. Y. V. Lytkin. On groups critical with respect to a set of natural
numbers // Sib. electron. math. reports. 2013. V. 10. P. 666�675.

3. Þ. Â. Ëûòêèí. Ãðóïïû, êðèòè÷åñêèå îòíîñèòåëüíî ñïåêòðîâ çíà-
êîïåðåìåííûõ è ñïîðàäè÷åñêèõ ãðóïï // Ñèá. ìàòåì. æóðí. 2015.
Ò. 56, � 1. Ñ. 122�128.

Õàðàêòåðèçàöèè ëîêàëüíî êîíå÷íûõ ïðîñòûõ ãðóïï

ëèåâà òèïà â êëàññå ïåðèîäè÷åñêèõ ãðóïï

Ä. Â. Ëûòêèíà

Ñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

òåëåêîììóíèêàöèé è èíôîðìàòèêè, Íîâîñèáèðñê

Â. Ä. Ìàçóðîâ

Èíñòèòóò ìàòåìàòèêè èìåíè Ñ. Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê

Ëþáàÿ ïðîñòàÿ ãðóïïà G ëèåâà òèïà X íàä ëîêàëüíî êîíå÷íûì
ïîëåì F îáëàäàåò òåì ñâîéñòâîì, ÷òî êàæäàÿ å¼ êîíå÷íàÿ ïîäãðóï-
ïà ñîäåðæèòñÿ â êîíå÷íîé ïîäãðóïïå, èçîìîðôíîé ïðîñòîé ãðóïïå
ëèåâà òèïà X íàä íåêîòîðûì ïîäïîëåì ïîëÿ F , è ýòèì ñâîéñòâîì G
õàðàêòåðèçóåòñÿ â êëàññå ëîêàëüíî êîíå÷íûõ ãðóïï. Ãèïîòåçà î òîì,
÷òî G õàðàêòåðèçóåòñÿ ýòèì ñâîéñòâîì â êëàññå âñåõ ïåðèîäè÷åñêèõ
ãðóïï, â íàñòîÿùåå âðåìÿ ïîäòâåðæäåíà (â áîëåå îáùåì êîíòåêñòå)
òîëüêî äëÿ ãðóïï ëèåâà òèïà ëèåâà ðàíãà 1 è ãðóïï òèïà A2 [1, 2].
Äîêëàä ïîñâÿù¼í îáñóæäåíèþ ýòîé ãèïîòåçû.
Â ÷àñòíîñòè, àíîíñèðóþòñÿ ñëåäóþùèå ðåçóëüòàòû.

Òåîðåìà 1. Ïóñòü M � íåêîòîðîå ìíîæåñòâî êîíå÷íûõ ïðîñòûõ
ãðóïï, îïðåäåë¼ííûõ íàä ïîëÿìè íå÷¼òíûõ õàðàêòåðèñòèê, è G �
ïåðèîäè÷åñêàÿ ãðóïïà, ëþáàÿ êîíå÷íàÿ ïîäãðóïïà êîòîðîé ñîäåð-
æèòñÿ â ïîäãðóïïå, èçîìîðôíîé íåêîòîðîìó ýëåìåíòó èç M.

(1) Åñëè M ñîñòîèò èç ãðóïï òèïà B2, òî G ëîêàëüíî êîíå÷íà.

(2) Åñëè M ñîñòîèò èç ãðóïï ëèåâà òèïà îãðàíè÷åííîãî ëèåâà ðàí-
ãà, òî ñèëîâñêèå 2-ïîäãðóïïû èç G ëîêàëüíî êîíå÷íû.
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Ñïèñîê ëèòåðàòóðû

1. À. À. Êóçíåöîâ, Ê. À. Ôèëèïïîâ. Ãðóïïû, íàñûùåííûå çàäàí-
íûì ìíîæåñòâîì ãðóïï // Ñèá. ýëåêòðîí. ìàòåì. èçâ. 2011. � 8.
Ñ. 230�246.

2. Ä. Â. Ëûòêèíà, À. À. Øë¼ïêèí. Ïåðèîäè÷åñêèå ãðóïïû, íàñû-
ùåííûå êîíå÷íûìè ïðîñòûìè ãðóïïàìè òèïîâ U3 è L3 // Àëãåá-
ðà è ëîãèêà (â ïå÷àòè).

Î ãèïîòåçå Ëîêåòòà

â òåîðèè π-íîðìàëüíûõ êëàññîâ Ôèòòèíãà

À. Â. Ìàðöèíêåâè÷, Í. Ò. Âîðîáü¼â

Âèòåáñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ï. Ì. Ìàøåðîâà, Âèòåáñê

Âñå ðàññìàòðèâàåìûå ãðóïïû êîíå÷íû è ðàçðåøèìû. Ëîêåòòîì
[1] áûëè îïðåäåëåíû îïåðàòîðû ¾∗¿ è ¾∗¿. Íàïîìíèì, ÷òî äëÿ êàæ-
äîãî íåïóñòîãî êëàññà Ôèòòèíãà F ÷åðåç F∗ îáîçíà÷àþò íàèìåíüøèé
èç êëàññîâ Ôèòòèíãà, ñîäåðæàùèé F òàêîé, ÷òî äëÿ âñåõ ãðóïï G è
H ñïðàâåäëèâî ðàâåíñòâî (G×H)F∗=GF∗×HF∗. Êëàññ F∗ îïðåäåëÿ-
åòñÿ êàê ïåðåñå÷åíèå âñåõ òàêèõ êëàññîâ Ôèòòèíãà X, äëÿ êîòîðûõ
F∗ = X∗. Â [1] ñôîðìóëèðîâàíà ïðîáëåìà, èçâåñòíàÿ â íàñòîÿùåå âðå-
ìÿ êàê ãèïîòåçà Ëîêåòòà.
Ãèïîòåçà [1]. Êàæäûé ëè êëàññ Ôèòòèíãà F ìîæíî ïðåäñòàâèòü

êàê ïåðåñå÷åíèå äâóõ êëàññîâ Ôèòòèíãà F∗ è N(F), ãäå N(F) � íàè-
ìåíüøèé íîðìàëüíûé êëàññ Ôèòòèíãà, ñîäåðæàùèé F.
Ïóñòü P � ìíîæåñòâî âñåõ ïðîñòûõ ÷èñåë è ∅ 6= π ⊆ P. Êëàññ

Ôèòòèíãà F 6= (1) íàçûâàþò íîðìàëüíûì â êëàññå Sπ âñåõ π-ãðóïï
èëè π-íîðìàëüíûì [2], åñëè F ⊆ Sπ è äëÿ ëþáîé G ∈ Sπ å¼
F-ðàäèêàë ÿâëÿåòñÿ ìàêñèìàëüíîé èç ïîäãðóïï G, ïðèíàäëåæàùèõ
F. Â ñëó÷àå, êîãäà π = P êëàññ Ôèòòèíãà F ÿâëÿåòñÿ íîðìàëüíûì.
Â ñâÿçè ñ ýòèì âîçíèêàåò çàäà÷à îïèñàíèÿ êëàññîâ Ôèòòèíãà, óäî-

âëåòâîðÿþùèõ îáîáùåííîé ãèïîòåçå Ëîêåòòà, ò.å. îïðåäåëåíèÿ óñëî-
âèé, ïðè êîòîðûõ F = F∗∩Nπ(F), ãäå Nπ(F) � ïåðåñå÷åíèå âñåõ π-
íîðìàëüíûõ êëàññîâ Ôèòòèíãà, ñîäåðæàùèõ F.

Òåîðåìà 1. Ïóñòü F � êëàññ Ôèòòèíãà π-ãðóïï è ∅ 6= π ⊆ P.
Òîãäà ñëåäóþùèå óòâåðæäåíèÿ ðàâíîñèëüíû:
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1) F = F∗∩Nπ(F);
2) F∗ = (Sπ)∗ ∩ F∗;
3) åñëè X ∈ L(F), òî X = F∗ ∩ ((Sπ)∗ ∨X), ãäå L(F) = {X : X �

êëàññ Ôèòòèíãà è X∗ = F∗}.

Ñëåäñòâèå 1. Äëÿ ëþáîãî êëàññà Ôèòòèíãà X ∈ L(F) âåðíî, ÷òî
X óäîâëåòâîðÿåò ãèïîòåçå Ëîêåòòà òîãäà è òîëüêî òîãäà, êîãäà
F∗ = S∗ ∩ F∗ [3, 4].
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Àâòîìîðôèçìû ìîíñòðà Êàìåðîíà ñ ïàðàìåòðàìè

(6138, 1197, 156, 252)

À. À. Ìàõíåâ

Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè èìåíè Í. Í. Êðàñîâñêîãî ÓðÎ ÐÀÍ,

Åêàòåðèíáóðã

Â. Â. Áèòêèíà

Ñåâåðî-Îñåòèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Âëàäèêàâêàç

Êâàçèñèììåòðè÷íîé ñõåìîé ñ ÷èñëàìè ïåðåñå÷åíèé x < y íàçûâà-
åòñÿ 2-ñõåìà D = (X,B), â êîòîðîé äëÿ ëþáûõ äâóõ áëîêîâ B,C ∈ B
èìååì |B ∩ C| ∈ {x, y}. Áëî÷íûé ãðàô êâàçèñèììåòðè÷íîé ñõåìû
(X,B) â êà÷åñòâå âåðøèí èìååò áëîêè ñõåìû, è äâà áëîêà B,C ∈ B
ñìåæíû, åñëè |B ∩ C| = y.
Ïðîèçâîäíîé ñõåìîé äëÿ t-(v, k, λ) ñõåìû D = (X,B) â òî÷êå

x ∈ X íàçûâàåòñÿ ñõåìà Dx ñ ìíîæåñòâîì òî÷åê Xx = X − {x}
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è ìíîæåñòâîì áëîêîâ Bx = {B−{x} | x ∈ B ∈ B}. Ñõåìà E íàçûâà-
åòñÿ ðàñøèðåíèåì ñõåìû D, åñëè ïðîèçâîäíàÿ ñõåìû E â íåêîòîðîé
òî÷êå èçîìîðôíàD. Ï. Êàìåðîí [1, òåîðåìà 1.35] îïèñàë ðàñøèðåíèÿ
ñèììåòðè÷íûõ 2-ñõåì. Ïóñòü 3-(v, k, λ) ñõåìà E ÿâëÿåòñÿ ðàñøèðå-
íèåì ñèììåòðè÷íîé 2-ñõåìû. Òîãäà ëèáî (1) E ÿâëÿåòñÿ àäàìàðîâîé
3-(4λ + 4, 2λ + 2, λ) ñõåìîé, ëèáî (2) v = (λ + 1)(λ2 + 5λ + 5) è
k = (λ+ 1)(λ+ 2), ëèáî (3) v = 496, k = 40 è λ = 3.
Â ñëó÷àå (3) äîïîëíèòåëüíûé ãðàô Γ ê áëî÷íîìó ãðàôó ñõåìû

ñèëüíî ðåãóëÿðåí ñ ïàðàìåòðàìè (6138, 1197, 156, 252), à îêðåñòíî-
ñòè âåðøèí â Γ ñèëüíî ðåãóëÿðåí ñ ïàðàìåòðàìè (1197, 156, 15, 21).
Äîïîëíèòåëüíûé ãðàô ê áëî÷íîìó ãðàôó êâàçèñèììåòðè÷íîé
3−(496, 40, 3) ñõåìû íàçîâåì ìîíñòðîì Êàìåðîíà. Â [2] íàéäåíû âîç-
ìîæíûå àâòîìîðôèçìû ñèëüíî ðåãóëÿðíîãî ãðàôà ñ ïàðàìåòðàìè
(1197, 156, 15, 21). Â äàííîé ðàáîòå èçó÷åíû àâòîèîðôèçìû ñèëüíî
ðåãóëÿðíîãî ãðàôà ñ ïàðàìåòðàìè (6138, 1197, 156, 252), â êîòîðîì
îêðåñòíîñòè âåðøèí ñèëüíî ðåãóëÿðíû ñ ïàðàìåòðàìè
(1197, 156, 15, 21).

Òåîðåìà 1. Ïóñòü Γ � ñèëüíî ðåãóëÿðíûé ãðàô ñ ïàðàìåòðàìè
(6138, 1197, 156, 252), â êîòîðîì îêðåñòíîñòè âåðøèí ñèëüíî ðåãó-
ëÿðíû ñ ïàðàìåòðàìè (1197, 156, 15, 21), G = Aut(Γ), g � ýëåìåíò
èç G ïðîñòîãî ïîðÿäêà p è Ω = Fix(g). Òîãäà âûïîëíÿþòñÿ ñëåäó-
þùèå óòâåðæäåíèÿ:

1) åñëè Ω � ïóñòîé ãðàô, òî p = 3, 11, 31;
2) åñëè Ω ÿâëÿåòñÿ n-êëèêîé, òî ëèáî p = 19, n = 1, ëèáî p = 13,

n = 2, ëèáî p = 5, n = 3, 8, ëèáî p = 2, n = 10, 12;
3) åñëè Ω ÿâëÿåòñÿ m-êîêëèêîé, òî p = 3, m = 3t, t ≤ 165 èëè

p = 7, m = 7t− 1, t ≤ 70;
4) åñëè Ω ñîäåðæèò ðåáðî è ÿâëÿåòñÿ îáúåäèíåíèåì m èçîëèðî-

âàííûõ êëèê, m ≥ 2, òî p = 2 è ïîðÿäêè èçîëèðîâàííûõ êëèê ðàâíû
10 èëè 12;

5) åñëè Ω ñîäåðæèò ãåîäåçè÷åñêèé 2-ïóòü, òî p ≤ 13.

Ðàáîòà ïîääåðæàíà ãðàíòîì ÐÍÔ (ïðîåêò 15-11-10025).
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Î ðåãóëÿðíîñòè öåíòðà êîëüöà ýíäîìîðôèçìîâ

àáåëåâûõ ãðóïï

Â. Ì. Ìèñÿêîâ

Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Òîìñê

Îñíîâíûå èññëåäîâàíèÿ ïî èçó÷åíèþ àáåëåâûõ ãðóïï, èìåþùèõ
ðåãóëÿðíîå êîëüöî ýíäîìîðôèçìîâ, ñâÿçàíû ñ ðàáîòàìè
K. M. Rangaswamy [1], L. Fuchs è K. M. Rangaswamy [2], êîòîðûå
ñâåëè èçó÷åíèå òàêèõ ãðóïï ê ðåäóöèðîâàííûì ãðóïïàì. Â òåîðåìå
1 äàííîé ðàáîòû ìû ðàññìàòðèâàåì ýòîò ñëó÷àé. Èíòåðåñ ê èññëåäî-
âàíèþ àáåëåâûõ ãðóïï, èìåþùèõ ðåãóëÿðíûõ öåíòð êîëüöà ýíäîìîð-
ôèçìîâ, ñâÿçàí ñ ïðîáëåìîé 16 [3]: ¾Öåíòðû êîëåö ýíäîìîðôèçìîâ
êàêèõ ãðóïï ðåãóëÿðíû, ñàìîèíúåêòèâíû?¿. Â ðàáîòå [4] èçó÷åíèå
òàêèõ ãðóïï áûëî ñâåäåíî ê ðåäóöèðîâàííîìó ñëó÷àþ, à â òåîðåìå
2 äàííûõ òåçèñîâ ðàññìàòðèâàåòñÿ ýòîò ñëó÷àé.
Âñå ãðóïïû, ðàññìàòðèâàåìûå çäåñü, ÿâëÿþòñÿ àáåëåâûìè,

à âñå êîëüöà � óíèòàëüíûìè ïðåäêîëüöàìè [5]. Ââåäåì
ñëåäóþùèå îáîçíà÷åíèÿ: E(G) � êîëüöî ýíäîìîðôèçìîâ ãðóïïû G;
C(E(G)) � öåíòð êîëüöà E(G); T (G) � ïåðèîäè÷åñêàÿ ÷àñòü
ãðóïïû G.
Íàïîìíèì, ÷òî ïðåäêîëüöî A íàçûâàåòñÿ ðåãóëÿðíûì, åñëè

A � ðåãóëÿðíàÿ ìóëüòèïëèêàòèâíàÿ ïîëóãðóïïà (ò.å. åñëè a ∈ aAa
äëÿ ëþáîãî a ∈ A [5]. Ïîäêîëüöî B êîëüöà A íàçîâ¼ì ðåãóëÿðíî ðàç-
ðåøèìûì â A, åñëè äëÿ ëþáîãî b ∈ B èç òîãî, ÷òî b ∈ bAb, ñëåäóåò,
÷òî b ∈ bBb.

Òåîðåìà 1. Ïóñòü G � ðåäóöèðîâàííàÿ ãðóïïà, òî E(G) � ðåãó-
ëÿðíîå êîëüöî òîãäà è òîëüêî òîãäà, êîãäà âûïîëíÿþòñÿ ñëåäóþ-
ùèå óñëîâèÿ:
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1) T (G) � ýëåìåíòàðíàÿ ãðóïïà;

2) E(G) èçîìîðôíî ðåãóëÿðíî ðàçðåøèìîìó ïîäêîëüöó
êîëüöà E(T (G)).

Òåîðåìà 2. Ïóñòü G � ðåäóöèðîâàííàÿ ãðóïïà, òî C(E(G)) �
ðåãóëÿðíîå êîëüöî òîãäà è òîëüêî òîãäà, êîãäà âûïîëíÿþòñÿ ñëå-
äóþùèå óñëîâèÿ:

1) T (G) � ýëåìåíòàðíàÿ ãðóïïà;

2) C(E(G)) èçîìîðôíî ðåãóëÿðíî ðàçðåøèìîìó ïîäêîëüöó
êîëüöà E(T (G)).
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Î ñâåðõðàçðåøèìîì êîðàäèêàëå ïðîèçâåäåíèÿ

ñóáíîðìàëüíûõ ñâåðõðàçðåøèìûõ ïîäãðóïï

Â. Ñ. Ìîíàõîâ

Ãîìåëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ô. Ñêîðèíû, Ãîìåëü

È. Ê. ×èðèê

Ãîìåëüñêèé èíæåíåðíûé èíñòèòóò Ì×Ñ Ðåñïóáëèêè Áåëàðóñü, Ãîìåëü

Ðàññìàòðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû. Ãðóïïà, ó êîòîðîé
ãëàâíûå ôàêòîðû èìåþò ïðîñòûå ïîðÿäêè, íàçûâàåòñÿ ñâåðõðàç-
ðåøèìîé. Ñâåðõðàçðåøèìûì (íèëüïîòåíòíûì) êîðàäèêàëîì ãðóï-
ïû G íàçûâàþò íàèìåíüøóþ íîðìàëüíóþ â G ïîäãðóïïó K, äëÿ êî-
òîðîé ôàêòîð-ãðóïïà G/K ñâåðõðàçðåøèìà (ñîîòâåòñòâåííî íèëü-
ïîòåíòíà). Ñâåðõðàçðåøèìûé êîðàäèêàë ãðóïïû G îáîçíà÷àþò ÷å-
ðåç GU, à íèëüïîòåíòíûé � GN. Çäåñü U è N � ôîðìàöèè âñåõ
ñâåðõðàçðåøèìûõ è íèëüïîòåíòíûõ ãðóïï ñîîòâåòñòâåííî. Äëÿ ôîð-
ìàöèè A âñåõ àáåëåâûõ ãðóïï àáåëåâûé êîðàäèêàë GA ñîâïàäàåò ñ
êîììóòàíòîì G′ ãðóïïû G. Âçàèìíûé êîììóòàíò ïîäãðóïï A è B
îáîçíà÷àåòñÿ ÷åðåç

[
A,B

]
= 〈[a, b] | a ∈ A, b ∈ B〉. Äîêàçàíà

Òåîðåìà 1. Ïóñòü ãðóïïà G = AB ÿâëÿåòñÿ ïðîèçâåäåíèåì ñóá-
íîðìàëüíûõ ñâåðõðàçðåøèìûõ ïîäãðóïï A è B. Òîãäà GU = (G′)N =[
A,B

]N
.

Â êà÷åñòâå ñëåäñòâèé ïîëó÷àþòñÿ èçâåñòíûå ïðèçíàêè ñâåðõðàç-
ðåøèìîñòè ôàêòîðèçóåìûõ ãðóïï, óñòàíîâëåííûå â [1�3].
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Îãðàíè÷åííûå ãîìîìîðôèçìû ãðóïï ëèåâñêîãî òèïà

À. È. Ìóðñååâà

Áàøêèðñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò

èìåíè Ì. Àêìóëëû, Óôà

Ïóñòü P � ïîäïîëå â ïîëå êîìïëåêñíûõ ÷èñåë, ñîäåðæàùåå âñå
êîðíè èç åäèíèöû, n � öåëîå ÷èñëî, n 6= 0.

Gn = {
(

1 β
0 αn

)
|α, β ∈ P, α 6= 0}. (1)

ßñíî, ÷òî Gn � ãðóïïà.
Ñêàæåì, ÷òî àññîöèàòèâíàÿ àëãåáðà R ñ 1 íàä ïîëåì P îãðàíè÷å-

íà, åñëè ñóùåñòâóþò íàòóðàëüíîå m è íèëüïîòåíòíûé èäåàë I â R
òàêèå, ÷òî ôàêòîðêîëüöî R/I ÿâëÿåòñÿ ïîäïðÿìîé ñóììîé êîëåö Ri,
â êàæäîì èç êîòîðûõ íåò îðòîãîíàëüíîé ñèñòåìû íåíóëåâûõ èäåì-
ïîòåíòîâ e1, e2, ..., em.

Òåîðåìà 1. Ïóñòü R � îãðàíè÷åííàÿ àëãåáðà, ϕ : Gn → U(R)
ãîìîìîðôèçì ãðóïï, u(R) � ãðóïïà îáðàòèìûõ ýëåìåíòîâ êîëüöà

R. Òîãäà äëÿ ëþáîãî β ∈ P ýëåìåíò ϕ

(
1 β

0 1

)
� óíèïîòåíòû,

ò.å. (ϕ

(
1β
01

)
− 1)k = 0 äëÿ íåêîòîðîãî íàòóðàëüíîãî k.

Äàííàÿ òåîðåìà ïðèìåíÿåòñÿ äëÿ îïèñàíèÿ ãîìîìîðôèçìîâ ãðóïï
ëèåâñêîãî òèïà.

Î ðàçáèåíèè íà ïðàâèëüíîãðàííûå ïèðàìèäû

ïðàâèëüíîãðàííèêîâ

Å. Ñ. Îêëàäíèêîâà, A. Â. Òèìîôååíêî

Êðàñíîÿðñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò

èìåíè Â. Ï. Àñòàôüåâà, Êðàñíîÿðñê

Ïðàâèëüíîãðàííèêîì íàçûâàåòñÿ ìíîãîãðàííèê, ãðàíè êîòîðîãî
ïðàâèëüíûå èëè ñîñòàâëåíû èç ïðàâèëüíûõ ìíîãîóãîëüíèêîâ òàê,
÷òî âåðøèíû ýòèõ ìíîãîóãîëüíèêîâ ñëóæàò è âåðøèíàìè ìíîãî-
ãðàííèêà. Êðîìå ïðàâèëüíûõ ãðàíåé åù¼ ïÿòü ïàðêåòíûõ ìíîãî-
óãîëüíèêîâ ñëóæàò ãðàíÿìè íåêîòîðûõ ïðàâèëüíîãðàííèêîâ [1, 2].
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Òåîðåìà 1. Åñëè âûïóêëûé ïðàâèëüíîãðàííèê íèêàêîé ïëîñêîñòüþ
íå ðàññåêàåòñÿ íà ïðàâèëüíîãðàííèêè, íî ñóùåñòâóåò ïëîñêîñòü,
äåëÿùàÿ åãî íà ìíîãîãðàííèêè ñ ïðàâèëüíûìè èëè ñîñòàâëåííû-
ìè èç ïðàâèëüíûõ ìíîãîóãîëüíèêîâ ãðàíÿìè, òî îí ñîñòàâëåí èç
ïðàâèëüíîãðàííûõ ïèðàìèä òîãäà è òîëüêî òîãäà, êîãäà ÿâëÿåòñÿ
îäíèì èç ïÿòè òåë: òð¼õñêàòíûé êóïîë M4, óñå÷¼ííûé òåòðàýäð
M10, óñå÷¼ííûé îêòàýäð M16, íàêëîííàÿ ïðèçìà Q1, äâåíàäöàòè-
ãðàííèê Èâàíîâà Q2.

Êðîìå ãðàíåé ïðàâèëüíîãðàííèêîâ, ñóùåñòâóåò åù¼ 14 òèïîâ ïàð-
êåòíûõ ìíîãîóãîëüíèêîâ. Â ïóòè ê íàõîæäåíèþ âñåõ òèïîâ ìíîãî-
ãðàííèêîâ ñ òàêèìè ãðàíÿìè ïîëó÷åí ðÿä ðåçóëüòàòîâ, êîòîðûå áó-
äóò ïðåäñòàâëåíû â äîêëàäå.

Âòîðîé àâòîð ïîääåðæàí ãðàíòîì ÐÔÔÈ (ïðîåêò 15-01-04897).

Ñïèñîê ëèòåðàòóðû

1. À. Â. Òèìîôååíêî. Ê ïåðå÷íþ âûïóêëûõ ïðàâèëüíîãðàííèêîâ
// Ñîâðåìåííûå ïðîáëåìû ìàòåìàòèêè è ìåõàíèêè. Ê 100-ëåòèþ
Í. Â. Åôèìîâà. 2011. V. 6. Ìàòåìàòèêà. � 3. Ñ. 155�170.

2. R. Tupelo-Schneck. Convex regular-faced polyhedra with conditional
edges. Ðåæèì äîñòóïà: http://tupelo-schneck.org/polyhedra/.

Î ìàêñèìàëüíûõ ïîäãðóïïàõ êîíå÷íûõ ãðóïï

Ñ. Â. Ïóòèëîâ

Áðÿíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè È. Ã. Ïåòðîâñêîãî, Áðÿíñê

Ïîä G ïîíèìàåòñÿ êîíå÷íàÿ ãðóïïà. Òåîðåìà 1 ïðîäîëæàåò èñ-
ñëåäîâàíèÿ, íà÷àòûå â [1]. Òåîðåìà 2 óñèëèâàåò òåîðåìó 1.1.1 èç [2].
Ïîäãðóïïà H èç G, ñëåäóÿ Î. Êåãåëþ, íàçûâàåòñÿ êâàçèñóáíîðìàëü-
íîé â G, åñëè äëÿ êàæäîé ñèëîâñêîé p-ïîäãðóïïû P èç G, ãäå p �
ëþáîå èç π(G), ïåðåñå÷åíèå H ∩ P � ñèëîâñêàÿ p-ïîäãðóïïà â H.

Òåîðåìà 1. Åñëè êàæäàÿ íåíîðìàëüíàÿ ìàêñèìàëüíàÿ ïîäãðóïïà
â G íèëüïîòåíòíàÿ èëè ïðîñòà, òî G ìåòàíèëüïîòåíòíàÿ èëè
ãðóïïà Øìèäòà.

Òåîðåìà 2. Åñëè â G âñå íåêâàçèñóáíîðìàëüíûå íåíèëüïîòåíòíûå
ìàêñèìàëüíûå ïîäãðóïïû èìåþò îäèí è òîò æå ïîðÿäîê, òî G
ðàçðåøèìà.
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Ñïèñîê ëèòåðàòóðû

1. Â. Ñ. Ìîíàõîâ, Â. Í. Òþòÿíîâ. Î êîíå÷íûõ ãðóïïàõ ñ çàäàííûìè
ìàêñèìàëüíûìè ïîäãðóïïàìè // Ñèá. ìàòåì. æóðí. 2014. Ò. 55,
� 3. Ñ. 553�561.

2. Ñ. Â. Ïóòèëîâ. Ê òåîðèè êîíå÷íûõ ãðóïï. Áðÿíñê: Ãðóïïà êîì-
ïàíèé ¾Äåñÿòî÷êà¿, 2009.

Êîììóòàòîðíîå óñëîâèå äëÿ ãðóïï

ëèåâñêîãî òèïà

È. Ð. Ñàëèõîâà

Óôèìñêèé àâòîòðàíñïîðòíûé êîëëåäæ, Óôà

Ïóñòü g = ⊕α∈Kgα � ñòàíäàðòíî ãðàäóèðîâàííàÿ àëãåáðà Ëè
h = g[x] (ñì. [1]), E(g), E(h) � ýëåìåíòàðíûå ãðóïïû ëèåâñêîãî
òèïà äëÿ àëãåáð Ëè g è h. G � ïîäãðóïïà â Aut(g) è G ⊇ E(g).
Ãîâîðÿò, ÷òî äëÿ G âûïîëíåíî óñëîâèå (1).

[C(G, x2), E(h)] ⊆ E(hx2), (1)

ãäå C(G, x2) = {A ∈ [E(h,G] | AyA−1 − y ∈ x2g äëÿ âñåõ y ∈ h.
Óñëîâèå (1) ïðèìåíÿåòñÿ äëÿ îïèñàíèÿ èçîìîðôèçìîâ ãðóïï G. Â

ðàáîòå äîêàçàíî, ÷òî óñëîâèå (1) âûïîëíåíî äëÿ ñïåöèàëüíûõ àëãåáð
Ëè g.

Ñïèñîê ëèòåðàòóðû

1. È. Ç. Ãîëóá÷èê. Ýïèìîðôèçì ãðóïï ëèåâñêîãî òèïà // IV Ìåæ-
äóíàð. àëãåáð. êîíô. Íîâîñèáèðñê, 2000. Ñ. 61.
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Òåîðåòèêî-ãðóïïîâîé àíàëèç êàòèîííîãî óïîðÿäî÷åíèÿ

â ñëîèñòûõ ïåðîâñêèòàõ A2BX4

Ð. Ã. Ñåâðþêîâ, È. Í. Ñàôîíîâ, Ñ. Â. Ìèñþëü

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Ì. Ñ. Ìîëîêååâ

Èíñòèòóò ôèçèêè èìåíè Ë. Â. Êèðåíñêîãî ÑÎ ÐÀÍ, Êðàñíîÿðñê

Ñëîèñòûå ïåðîâñêèòîïîäîáíûå êðèñòàëëû ñ õèìè÷åñêîé ôîðìó-
ëîé A2BX4, êðèñòàëëèçóþùèåñÿ â ïðîñòðàíñòâåííîé ãðóïïå
I4/mmm, èìåþò âàæíûå â ïðàêòè÷åñêîì îòíîøåíèè ñâîéñòâà. Ïðè
èçìåíåíèè âíåøíèõ óñëîâèé ýòè ñîåäèíåíèÿ èñïûòûâàþò ìíîãî÷èñ-
ëåííûå ôàçîâûå ïåðåõîäû (ÔÏ) [1]. Îñíîâíîé ñòðóêòóðîîáðàçóþùåé
åäèíèöåé â òàêèõ ñîåäèíåíèÿõ ÿâëÿþòñÿ îêòàýäðûBX6. Ñèììåòðèé-
íûé àíàëèç ÔÏ òàêèõ êðèñòàëëîâ ïðîâîäèëñÿ ðàíåå [2]. Â ýòèõ ðà-
áîòàõ ïðåäïîëàãàëîñü, ÷òî ïðè ÔÏ ïðîèñõîäÿò ïîâîðîòû îêòàýäðîâ
BX6, êîòîðûå è îïðåäåëÿþò ñòðóêòóðû èñêàæåííûõ (äèññèììåò-
ðè÷íûõ) ôàç. Îäíàêî ñóùåñòâóåò äîñòàòî÷íîå êîëè÷åñòâî ïðèìåðîâ
ïîäîáíûõ êðèñòàëëîâ, â êîòîðûõ ÔÏ ñâÿçàíû ñ óïîðÿäî÷åíèåì êà-
òèîíîâ A è B. Ê òàêèì êðèñòàëëàì îòíîñÿòñÿ, íàïðèìåð, îêèñíûå
ñîåäèíåíèÿ A1A2B1

1/2B
2
1/2O4 ñ êðóïíûìè êàòèîíàìè A = Âà, Sr, Ca,

Nd, Sm, Eu, Dy è B = Y, Ta, In, Nb.
Ïðè èçó÷åíèè ÔÏ õîðîøî çàðåêîìåíäîâàëà ñåáÿ ñõåìà, íà ïåðâîì

ýòàïå êîòîðîé ïðîâîäèòñÿ òåîðåòèêî-ãðóïïîâîé àíàëèç âîçìîæíûõ
èñêàæåíèé ñòðóêòóðû êðèñòàëëîâ. Àíàëèçèðóÿ âîçìîæíûå èñêàæå-
íèÿ èñõîäíîé ñòðóêòóðû, ðàññìàòðèâàþò, êàê ïðàâèëî, îäèí ïàðà-
ìåòð ïîðÿäêà (ÏÏ) è îäíî íåïðèâîäèìîå ïðåäñòàâëåíèå (ÍÏ), êîòî-
ðûå îïèñûâàþò èçìåíåíèå ñèììåòðèè ïðè ÔÏ.
Òàêèå ÏÏ è ÍÏ íàçûâàþòñÿ êðèòè÷åñêèìè. Îäíàêî èñêàæåíèå

ñòðóêòóðû èñõîäíîé ôàçû G0 â ðÿäå ñëó÷àåâ íåâîçìîæíî îïèñàòü
òîëüêî êðèòè÷åñêèìè ÏÏ. Â èñêàæ¼ííîé (äèññèììåòðè÷íîé) ôàçå
Gi ìîãóò îñóùåñòâèòüñÿ ñìåùåíèÿ èëè óïîðÿäî÷åíèÿ àòîìîâ, ñîâ-
ìåñòèìûå ñ ñèììåòðèåé ýòîé ôàçû, è êîòîðûå çàäàþòñÿ íåêðèòè÷å-
ñêèìè ÏÏ è ÍÏ.
Â ðàáîòå ðàññìîòðåíî óïîðÿäî÷åíèå êàòèíîâ A (ïîçèöèÿ 4e) è B

(ïîçèöèÿ 2a), âîçíèêàþùåå â êðèñòàëëàõ îäíîñëîéíûõ ïåðîâñêèòîâ
A2BX4 ïðè ÔÏ òèïà ïîðÿäîê-áåñïîðÿäîê. Èç êðèòè÷åñêèõ ÍÏ ðàñ-
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ñìàòðèâàëèñü ÍÏ òî÷åê K11 � N , K12 � P , K13 � X, K15 � M
çîíû Áðèëëþýíà ãðóïïû I4/mmm, òàê êàê â ðåàëüíûõ ñòðóêòóðàõ
ðåàëèçóþòñÿ òîëüêî òàêèå êàòèîííûå óïîðÿäî÷åíèÿ. Â õîäå ðàáîòû
ïîëó÷åíà 41 äèññèììåòðè÷íàÿ ôàçà.

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíèñòåð-
ñòâà îáðàçîâàíèÿ è íàóêè ÐÔ Ñèáèðñêîìó ôåäåðàëüíîìó óíèâåðñè-
òåòó íà âûïîëíåíèå ÍÈÐ â 2016 ãîäó (çàäàíèå � 3.2534.2016/K).

Ñïèñîê ëèòåðàòóðû

1. Ê. Ñ. Àëåêñàíäðîâ, Á. Â. Áåçíîñèêîâ. Ïåðîâñêèòû. Íàñòîÿùåå è
áóäóùåå. Ìíîãîîáðàçèå ïðàôàç, ôàçîâûå ïðåâðàùåíèÿ, âîçìîæ-
íîñòè ñèíòåçà íîâûõ ñîåäèíåíèé. Íîâîñèáèðñê: ÑÎ ÐÀÍ, 2004.
231 ñ.

2. D. M. Hatch, H. T. Stokes, K. S. Aleksandrov et al. Phase transitions
in the perovskite-like A2BX4 structure // Phys. Rev. B. 1989. V. 39,
� 13. P. 9282�9288.

Êîíå÷íûå ãðóïïû ñ îáîáùåííî ñóáíîðìàëüíûìè

ñèëîâñêèìè ïîäãðóïïàìè

Â. Í. Ñåìåí÷óê

Ãîìåëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ô. Ñêîðèíû, Ãîìåëü

Ðàññìàòðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû. Âàæíóþ ðîëü ïðè èçó-
÷åíèè ñòðîåíèÿ êîíå÷íûõ ãðóïï èãðàþò ñèëîâñêèå ïîäãðóïïû. Íà-
ïðèìåð, ãðóïïà, ó êîòîðîé âñå ñèëîâñêèå ïîäãðóïïû ñóáíîðìàëüíû,
íèëüïîòåíòíà.
Â òåîðèè êëàññîâ êîíå÷íûõ ãðóïï îáîáùåíèåì ïîíÿòèÿ ñóáíîð-

ìàëüíîñòè ÿâëÿåòñÿ ïîíÿòèå F-äîñòèæèìîñòè, ââåäåííîå Êåãåëåì â
ðàáîòå [1].
Îïðåäåëåíèå 1. Ïóñòü F � íåïóñòàÿ ôîðìàöèÿ. Íàçîâåì ïîä-

ãðóïïó H F-äîñòèæèìîé â ãðóïïå G, åñëè ñóùåñòâóåò öåïü ïîä-
ãðóïï

G = H0 ⊇ H1 ⊇ . . . ⊇ Hm = H

òàêàÿ, ÷òî äëÿ ëþáîãî i = 1, 2, . . . ,m ëèáî ïîäãðóïïà Hi íîðìàëüíà
â Hi−1, ëèáî (Hi−1)

F ⊆ Hi.

51



Â íàñòîÿùåì ñîîáùåíèè ðàññìàòðèâàåòñÿ çàäà÷à èçó÷åíèÿ ñòðîå-
íèÿ êîíå÷íûõ ãðóïï, ó êîòîðûõ ñèëîâñêèå ïîäãðóïïû F-äîñòèæèìû.
Òåîðåìà. Ïóñòü F � íåïóñòàÿ íàñëåäñòâåííàÿ ôîðìàöèÿ, ó êî-

òîðîé ëþáàÿ ìèíèìàëüíàÿ íå F-ãðóïïà ðàçðåøèìà. Òîãäà ñëåäóþ-
ùèå óòâåðæäåíèÿ ýêâèâàëåíòíû:
1) ëþáàÿ ãðóïïà G, ó êîòîðîé âñå ñèëîâñêèå ïîäãðóïïû F-äîñòè-

æèìû è ïðèíàäëåæàò F, òàêæå ïðèíàäëåæèò F;
2) ëþáàÿ ìèíèìàëüíàÿ íå F-ãðóïïà G ëèáî áèïðèìàðíàÿ p-çàì-

êíóòàÿ (p ∈ π(G)) ãðóïïà, ëèáî ïðèìàðíàÿ ãðóïïà.
Ñëåäñòâèå 1. Ïóñòü F � ôîðìàöèÿ âñåõ p-íèëüïîòåíòíûõ

ãðóïï. Ãðóïïà ÿâëÿåòñÿ p-íèëüïîòåíòíîé òîãäà è òîëüêî òîãäà,
êîãäà ó íåå âñå ñèëîâñêèå ïîäãðóïïû F-äîñòèæèìû â G.
Ñëåäñòâèå 2. Ïóñòü F � ôîðìàöèÿ âñåõ p-ðàçëîæèìûõ ãðóïï.

Ãðóïïà ÿâëÿåòñÿ p-ðàçëîæèìîé òîãäà è òîëüêî òîãäà, êîãäà ó íåå
âñå ñèëîâñêèå ïîäãðóïïû F-äîñòèæèìû â G.
Ñëåäñòâèå 3. Ãðóïïà ÿâëÿåòñÿ àáåëåâîé òîãäà è òîëüêî òîãäà,

êîãäà âñå åå ñèëîâñêèå ïîäãðóïïû àáåëåâû è ñóáíîðìàëüíû.

Ñïèñîê ëèòåðàòóðû

1. O. H. Kegel. Untergruppenverb�ande endlicher Gruppen, die
Subnormalteilorverband echt enthalten // Arch. Math. 1978. V. 30.
P. 225�228.

Àïåðèîäè÷åñêèå ñëîâà

Â. È. Ñåíàøîâ

Èíñòèòóò âû÷èñëèòåëüíîãî ìîäåëèðîâàíèÿ ÑÎ ÐÀÍ,

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Îïðåäåëåíèå. Ïîä ïåðèîäè÷åñêèì ñëîâîì ñ ïåðèîäîì H ïîíè-
ìàåòñÿ ëþáîå ïîäñëîâî íåêîòîðîé ñòåïåíè Hp, p > 0.
Â ýòîì ñìûñëå ababa � ïåðèîäè÷åñêîå ñëîâî ñ ïåðèîäîì ab èëè ba.
Ïîä l-àïåðèîäè÷åñêèì ñëîâîì ïîíèìàþò ñëîâî Õ, åñëè â íåì íåò

íåïóñòûõ ïîäñëîâ âèäà Y l.
Â ìîíîãðàôèè [1] äîêàçàíà òåîðåìà î áåñêîíå÷íîñòè ìíîæåñòâà

6-àïåðèîäè÷åñêèõ ñëîâ è ïîëó÷åíà îöåíêà ñíèçó ôóíêöèè î êîëè÷å-
ñòâå òàêèõ ñëîâ äëèíû n: â àëôàâèòå {a, b} ñóùåñòâóåò ñêîëü óãîäíî
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äëèííûå 6�àïåðèîäè÷åñêèå ñëîâà. Áîëåå òîãî, ÷èñëî òàêèõ ñëîâ äëè-
íû n áîëüøå, ÷åì (3/2)n.
Â äîêëàäå äàåòñÿ óòî÷íåíèå îöåíêè êîëè÷åñòâà 6-àïåðèîäè÷åñêèõ

ñëîâ â äâóõáóêâåííîì àëôàâèòå.

Ñïèñîê ëèòåðàòóðû

1. À. Þ. Îëüøàíñêèé. Ãåîìåòðèÿ îïðåäåëÿþùèõ ñîîòíîøåíèé
â ãðóïïàõ. Ì.: Íàóêà, 1989. 300 ñ.

Î ãðóïïàõ Øóíêîâà

Â. È. Ñåíàøîâ

Èíñòèòóò âû÷èñëèòåëüíîãî ìîäåëèðîâàíèÿ ÑÎ ÐÀÍ,

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Â ðàáîòå Â. Ï. Øóíêîâà [1] ïîÿâèëñÿ êëàññ ãðóïï, ñòàâøèé òåïåðü
êëàññîì ãðóïï Øóíêîâà. Îêîí÷àòåëüíîå àâòîðñêîå îïðåäåëåíèå âû-
ãëÿäèò ñëåäóþùèì îáðàçîì:

Îïðåäåëåíèå 1. Ãðóïïà G íàçûâàåòñÿ ñîïðÿæåííî q-áèïðèìè-
òèâíî êîíå÷íîé, åñëè äëÿ ëþáîé åå êîíå÷íîé ïîäãðóïïû H â ôàêòîð-
ãðóïïå NG(H)/H ëþáàÿ ïàðà ñîïðÿæåííûõ ýëåìåíòîâ ïðîñòîãî ïî-
ðÿäêà q ïîðîæäàåò êîíå÷íóþ ïîäãðóïïó.

Â íàñòîÿùåå âðåìÿ ãðóïïû Øóíêîâà âñòðå÷àþòñÿ â ðàáîòàõ
À. À. Äóæ, Ë. Ãàìóäè, Â. Î. Ãîìåðà, Ì. Í. Èâêî, À. Í. Èçìàé-
ëîâà, Àë. Í. Îñòûëîâñêîãî, À. Í. Îñòûëîâñêîãî, È. È. Ïàâëþêà,
À. Ì. Ïîïîâà, À. Â. Ðîæêîâà, À. Ã. Ðóáàøêèíà, Å. È. Ñåäîâîé,
Â. È. Ñåíàøîâà, À. È. Ñîçóòîâà, Í. Ã. Ñó÷êîâîé, À. Â. Òèìîôååíêî,
Ã. À. Òðîÿêîâîé, Ê. À. Ôèëèïïîâà, À. À. ×åðåïà, Í. Ñ. ×åðíèêîâà,
À. À. Øàôèðî, À. Ê. Øëåïêèíà, Â. Ï. Øóíêîâà.
Â äîêëàäå äàåòñÿ îáçîð ðåçóëüòàòîâ, êàñàþùèõñÿ êëàññà ãðóïï

Øóíêîâà.

Ñïèñîê ëèòåðàòóðû

1. Â. Ï. Øóíêîâ. Îá îäíîì êëàññå p-ãðóïï // Àëãåáðà è ëîãèêà.
1970. Ò. 9, � 4. Ñ. 484�486.
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Ðàçðåøèìûå ãðóïïû ñ îãðàíè÷åííûì ÷èñëîì äåëèòåëåé

ïîðÿäêîâ ñîáñòâåííûõ ïîäãðóïï

È. Ë. Ñîõîð

Ãîìåëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ô. Ñêîðèíû, Ãîìåëü

Ðàññìàòðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû. Ãðóïïà, ïîðÿäîê êî-
òîðîé äåëèòñÿ íà ïðîñòîå ÷èñëî p, íàçûâàåòñÿ pd-ãðóïïîé. Ïîëó-
ïðÿìîå ïðîèçâåäåíèå ñ íîðìàëüíîé ïîäãðóïïîé A îáîçíà÷àåòñÿ ÷å-
ðåç A h X. Ìíîæåñòâî âñåõ ïðîñòûõ äåëèòåëåé ïîðÿäêà ãðóïïû G
îáîçíà÷àåòñÿ ÷åðåç π(G), à |π(G)| � èõ ÷èñëî. Åñëè |π(G)| = k, òî
ãðóïïó G íàçûâàåì k-ïðèìàðíîé, ïðè |π(G)| ≤ k � íå áîëåå ÷åì
k-ïðèìàðíîé.
Ãðóïïó G áóäåì íàçûâàòü êâàçè-k-ïðèìàðíîé, åñëè |π(G)| > k

è äëÿ êàæäîé ìàêñèìàëüíîé ïîäãðóïïû M èç G âûïîëíåíî
|π(M)| ≤ k.
Äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Çàôèêñèðóåì íàòóðàëüíîå ÷èñëî k è ïðîñòîå ÷èñëî p.
Â ðàçðåøèìîé pd-ãðóïïå G êàæäàÿ ñîáñòâåííàÿ pd-ïîäãðóïïà íå
áîëåå ÷åì k-ïðèìàðíà òîãäà è òîëüêî òîãäà, êîãäà ëèáî G íå áîëåå
÷åì k-ïðèìàðíà, ëèáî G = N h M , ãäå N � ìèíèìàëüíàÿ íîð-
ìàëüíàÿ è ñèëîâñêàÿ q-ïîäãðóïïà äëÿ íåêîòîðîãî q ∈ π(G), M �
ìàêñèìàëüíàÿ è k-ïðèìàðíàÿ ïîäãðóïïà, êàæäàÿ ñîáñòâåííàÿ ïîä-
ãðóïïà êîòîðîé íå áîëåå ÷åì (k − 1)-ïðèìàðíà.

Ñëåäñòâèå 1. Ðàçðåøèìàÿ ãðóïïà G êâàçè-k-ïðèìàðíà òîãäà è
òîëüêî òîãäà, êîãäà G = N hM , ãäå N � ìèíèìàëüíàÿ íîðìàëü-
íàÿ è ñèëîâñêàÿ p-ïîäãðóïïà äëÿ íåêîòîðîãî p ∈ π(G), à ïîäãðóïïà
M � ìàêñèìàëüíàÿ è êâàçè-(k − 1)-ïðèìàðíàÿ.

Ñ.Ñ. Ëåâèùåíêî [1] èññëåäîâàë ãðóïïû ïðè óñëîâèè, ÷òî âñå ñîá-
ñòâåííûå ïîäãðóïïû ïðèìàðíû èëè áèïðèìàðíû. Ñòðîåíèå òàêèõ
ðàçðåøèìûõ ãðóïï ñëåäóåò èç òåîðåìû 1 ïðè k = 2.

Ñïèñîê ëèòåðàòóðû

1. Ñ.Ñ. Ëåâèùåíêî. Êîíå÷íûå êâàçèáèïðèìàðíûå ãðóïïû // Ãðóï-
ïû, îïðåäåëÿåìûå ñâîéñòâàìè ñèñòåìû ïîäãðóïï: ñá. Èí-òà ìà-
òåì. ÀÍ ÓÑÑÐ. Êèåâ, 1979. Ñ. 83�97.
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Î ïðèñîåäèíåííûõ ãðóïïàõ àññîöèàòèâíûõ íèëüàëãåáð

À. È. Ñîçóòîâ, È. Î. Àëåêñàíäðîâà

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Ïî À. È. Ìàëüöåâó [1], ãðóïïà G íàçûâàåòñÿ îáîáùåííî íèëü-
ïîòåíòíîé, åñëè ïåðåñå÷åíèå âñåõ ÷ëåíîâ åå íèæíåãî öåíòðàëüíî-
ãî ðÿäà ðàâíî åäèíèöå; àññîöèàòèâíàÿ àëãåáðà A íàçûâàåòñÿ îáîá-
ùåííî íèëüïîòåíòíîé, åñëè ïåðåñå÷åíèå âñåõ åå êîíå÷íûõ ñòåïåíåé
ðàâíî íóëþ. Ïîñòðîåííûå Å. Ñ. Ãîëîäîì [2] êîíå÷íîïîðîæäåííûå
áåñêîíå÷íîìåðíûå íèëüàëãåáðû è èõ ïðèñîåäèíåííûå ãðóïïû îáîá-
ùåííî íèëüïîòåíòíû. Äàëüíåéøåå ðàçâèòèå ìåòîäà èç [2] ïðèâåëî
ê ïîñòðîåíèþ êîíå÷íîïîðîæäåííûõ íå ôèíèòíî àïïðîêñèìèðóåìûx
àññîöèàòèâíûõ íèëüàëãåáð è ãðóïï [3] (ñì. [4], ñ. 56�61) è äàæå
ïðîñòûõ ñ÷åòíîïîðîæäåííûõ íèëüàëãåáð [5]. Îêàçûâàåòñÿ, ïðèñî-
åäèíåííûå ãðóïïû àññîöèàòèâíûõ íèëüàëãåáð óäîâëåòâîðÿþò áîëåå
ñëàáîìó óñëîâèþ, ÷åì ôèíèòíàÿ àïïðîêñèìèðóåìîñòü, ââåäåííîìó
Ñ. Í. ×åðíèêîâûì [6]:

Òåîðåìà 1. Ïðèñîåäèíåííûå ãðóïïû àññîöèàòèâíûõ íèëüàëãåáð ëî-
êàëüíî ñòóïåí÷àòû.

Êðîìå òîãî, äëÿ ëîêàëüíî ñòóïåí÷àòûõ p-ãðóïï ïîëîæèòåëüíî ðå-
øåí âîïðîñ 13.53 è ïîëó÷åíû ÷àñòè÷íûå ðåøåíèÿ âîïðîñîâ 8.67 è
9.76 èç Êîóðîâñêîé òåòðàäè [7].
Ðàáîòà ïîääåðæàíà ãðàíòîì ÐÔÔÈ (ïðîåêò � 15-01-04897-a).

Ñïèñîê ëèòåðàòóðû

1. À. È. Ìàëüöåâ. Îáîáùåííî íèëüïîòåíòíûå àëãåáðû è èõ ïðèñî-
åäèíåííûå ãðóïïû // Ìàòåì. ñá. 1949. Ò. 25. Ñ. 347�366.

2. Å. Ñ. Ãîëîä. Î íèëü-àëãåáðàõ è ôèíèòíî àïïðîêñèìèðóåìûõ
ãðóïïàõ // Èçâ. ÀÍ ÑÑÑÐ. Ñåð. Ìàòåì. 1964. Ò. 28, � 2.
Ñ. 273�276.

3. À. Ç. Àíàíüèí. Íèëü-àëãåáðà ñ íåðàäèêàëüíûì òåíçîðíûì êâàä-
ðàòîì // Ñèá. ìàòåì. æóðí. 1985. Ò. 26, � 2. Ñ. 192�194.

4. Â. È. Ñåíàøîâ, Â. Ï. Øóíêîâ. Ãðóïïû ñ óñëîâèÿìè êîíå÷íîñòè.
Íîâîñèáèðñê: ÑÎ ÐÀÍ, 2001. 336 ñ.
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5. A. Smoktunowicz. Simple nil ring exits // Comm. Algebra. 2002.
V. 30. P. 27�59.

6. Ñ. Í. ×åðíèêîâ. Î ïðîèçâåäåíèè ãðóïï êîíå÷íîãî ðàíãà // Àë-
ãåáðà è ëîãèêà. 1981. Ò. 20, � 3. Ñ. 315�329.

7. Êîóðîâñêàÿ òåòðàäü. 15-å èçä. Íîâîñèáèðñê, 2002.

Î ãðóïïàõ Øóíêîâà ðàíãà 1

À. È. Ñîçóòîâ, Ì. Â. ßí÷åíêî

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Íååäèíè÷íûé ýëåìåíò a ãðóïïû G íàçûâàåòñÿ êîíå÷íûì, åñëè
â G êîíå÷íû âñå ïîäãðóïïû âèäà 〈a, ag〉. Åñëè â ãðóïïå G â êàæäîì
ñå÷åíèè ïî êîíå÷íîé ïîäãðóïïå êàæäûé ýëåìåíò ïðîñòîãî ïîðÿäêà
êîíå÷åí, òî G íàçûâàåòñÿ ãðóïïîé Øóíêîâà. Êëàññ ãðóïï Øóíêîâà
çàìêíóò îòíîñèòåëüíî îïåðàöèé âçÿòèÿ ïîäãðóïï è ãîìîìîðôíûõ
îáðàçîâ ïî êîíå÷íûì, ÷åðíèêîâñêèì è öåíòðàëüíûì ïåðèîäè÷åñêèì
ïîäãðóïïàì. Ãðóïïà îáëàäàåò ïåðèîäè÷åñêîé ÷àñòüþ, åñëè âñå åå
ýëåìåíòû êîíå÷íûõ ïîðÿäêîâ ñîñòàâëÿþò ïîäãðóïïó. Èçâåñòåí ïðè-
ìåð 3-ñòóïåííî ðàçðåøèìîé ãðóïïû Øóíêîâà, íå îáëàäàþùåé ïåðè-
îäè÷åñêîé ÷àñòüþ [1]. Â [2] äîêàçàíî, ÷òî ãðóïïà Øóíêîâà ðàíãà 1
ñ ðàçðåøèìûìè êîíå÷íûìè ïîäãðóïïàìè îáëàäàåò ëîêàëüíî êîíå÷-
íîé ïåðèîäè÷åñêîé ÷àñòüþ. Èññëåäóþòñÿ ãðóïïû Øóíêîâà ðàíãà 1,
ñîäåðæàùèå êîíå÷íûå íåðàçðåøèìûå ïîäãðóïïû. Â ÷àñòíîñòè, äëÿ
òàêèõ ãðóïï G, íå îáëàäàþùèõ ëîêàëüíî êîíå÷íîé ïåðèîäè÷åñêîé
÷àñòüþ (ñì. âîïðîñ 6.59 èç Êîóðîâñêîé òåòðàäè [3]), óñòàíîâëåíî,
÷òî

1) ëîêàëüíî êîíå÷íûé ðàäèêàë R â G ëèáî ëîêàëüíî öèêëè÷åñêàÿ
ãðóïïà, ëèáî R = A h C, ãäå A è C � õîëëîâñêèå ëîêàëüíî
öèêëè÷åñêèå ïîäãðóïïû;

2) G ñîäåðæèò åäèíñòâåííóþ èíâîëþöèþ z è 〈z〉 � ñèëîâñêàÿ
2-ïîäãðóïïà â R;

3) êîììóòàíò ëþáîé êîíå÷íîé íåðàçðåøèìîé ïîäãðóïïû èç G ÿâ-
ëÿåòñÿ ïðÿìûì ïðîèçâåäåíèåì ïîäãðóïïû èçîìîðôíîé SL2(p),
ãäå p � íåêîòîðîå ïðîñòîå íå÷åòíîå ÷èñëî ≥ 5 è ëèáî åäèíè÷-
íîé, ëèáî öèêëè÷åñêîé õîëëîâñêîé ïîäãðóïïû;
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4) ôàêòîð-ãðóïïà G = G/R ÿâëÿåòñÿ ãðóïïîé Øóíêîâà è
π(R) ∩ π(G) = {2};

5) ìíîæåñòâî π(G) áåñêîíå÷íî è ñèëîâñêèå p-ïîäãðóïïû â G
ïðè p = 2 (ëîêàëüíî) äèýäðàëüíû, à ïðè p 6= 2 � (ëîêàëüíî)
öèêëè÷åñêèå;

6) ëþáîé ýëåìåíò ïðîñòîãî ïîðÿäêà â ôàêòîð-ãðóïïå G ñîäåðæèò-
ñÿ â áåñêîíå÷íîì ìíîæåñòâå êîíå÷íûõ íåðàçðåøèìûõ ïîäãðóïï.

Ðàáîòà ïîääåðæàíà ãðàíòîì ÐÔÔÈ (ïðîåêò � 15-01-04897-a).

Ñïèñîê ëèòåðàòóðû

1. À. À. ×åðåï. Î ìíîæåñòâå ýëåìåíòîâ êîíå÷íîãî ïîðÿäêà â áè-
ïðèìèòèâíî êîíå÷íîé ãðóïïå // Àëãåáðà è ëîãèêà. 1987. Ò. 26,
� 4. C. 518�521.

2. À. È. Ñîçóòîâ. Î ãðóïïàõ Øóíêîâà, äåéñòâóþùèõ ñâîáîäíî íà
àáåëåâûõ ãðóïïàõ // Ñèá. ìàòåì. æóðí. 2013. Ò. 54, � 1.
Ñ. 188�198.

3. Êîóðîâñêàÿ òåòðàäü. 15-å èçä. Íîâîñèáèðñê, 2002.

Áîëüøèå àáåëåâû ïîäàëãåáðû àëãåáð Øåâàëëå íàä ïîëåì

Ã. Ñ. Ñóëåéìàíîâà

Õàêàññêèé òåõíè÷åñêèé èíñòèòóò � ôèëèàë

Ñèáèðñêîãî ôåäåðàëüíîãî óíèâåðñèòåòà, Àáàêàí

Àëãåáðó Øåâàëëå LΦ(K) íàä ïîëåì K àññîöèèðîâàííóþ ñ ñèñòå-
ìîé êîðíåé Φ õàðàêòåðèçóþò áàçîé Øåâàëëå, ñîñòîÿùåé èç ýëåìåí-
òîâ er (r ∈ Φ) âìåñòå ñ ïîäõîäÿùåé áàçîé ïîäàëãåáðû Êàðòàíà [1].
Ýëåìåíòû er (r ∈ Φ+) îáðàçóþò áàçó ìàêñèìàëüíîé íèëüïîòåíòíîé
ïîäàëãåáðû NΦ(K).
Â ðàáîòå ðàññìàòðèâàþòñÿ ñëåäóþùèå çàäà÷è, çàïèñàííûå â [1] è

èññëåäîâàííûå ïðè K = C â [2]:

Îáîáùåííàÿ çàäà÷à À. È. Ìàëüöåâà: îïèñàòü àáåëåâû ïî-
äàëãåáðû íàèâûñøåé ðàçìåðíîñòè àëãåáðû LΦ(K) íàä ïðîèçâîëü-
íûì ïîëåì K.
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Îáîáùåííàÿ ðåäóêöèîííàÿ çàäà÷à: îïèñàòü àáåëåâû ïîäàë-
ãåáðû íàèâûñøåé ðàçìåðíîñòè â ïîäàëãåáðå NΦ(K) àëãåáðû Øå-
âàëëå LΦ(K).

Ñ èñïîëüçîâàíèåì [1] äîêàçàíà

Òåîðåìà 1. Â àëãåáðå Øåâàëëå LΦ(K) êëàññè÷åñêîãî òèïà íàä ïî-
ëåì êàæäàÿ áîëüøàÿ àáåëåâà ïîäàëãåáðà ïîäàëãåáðû NΦ(K) ïåðåâî-
äèòñÿ àâòîìîðôèçìîì àëãåáðû LΦ(K) â èäåàë ïîäàëãåáðû NΦ(K).

Ðàáîòà ïîääåðæàíà ãðàíòîì ÐÔÔÈ (ïðîåêò 16-01-00707).

Ñïèñîê ëèòåðàòóðû

1. V. M. Levchuk, G. S. Suleimanova. The generalized Mal'cev problem
on abelian subalgebras of the Chevalley algebras // Lobachevskii J.
of Math. 2015. V. 86. � 4. P. 384�388.

2. À. È. Ìàëüöåâ À. Êîììóòàòèâíûå ïîäàëãåáðû ïîëóïðîñòûõ àë-
ãåáð Ëè // Èçâ. ÀÍ ÑÑÑÐ. Ñåð. Ìàòåì. 1945. Ò. 9, � 4.
Ñ. 291�300.

Î ãðóïïå îãðàíè÷åííûõ ïîäñòàíîâîê

Í. Ì. Ñó÷êîâ, Í. Ã. Ñó÷êîâà

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Ïóñòü S(N) � ãðóïïà âñåõ ïîäñòàíîâîê ìíîæåñòâà íàòóðàëüíûõ
÷èñåë N . Ïîäñòàíîâêà g ∈ S(N) íàçûâàåòñÿ îãðàíè÷åííîé, åñëè
w(g) = maxα∈N |α−αg| <∞. Âñå òàêèå ïîäñòàíîâêè îáðàçóþò ãðóï-
ïó G. Â ðàáîòå [1] ïîêàçàíî, ÷òî G = AB , ãäå A, B � ëîêàëüíî
êîíå÷íûå ïîäãðóïïû. Óñòàíîâëåíî òàêæå, ÷òî

G = 〈x|x ∈ S(N), w(x) = 1〉 .

Â [2] íà÷àòî èçó÷åíèå íîðìàëüíîãî ñòðîåíèÿ ãðóïïû G. Â ÷àñòíî-
ñòè, ïîëó÷åí êðèòåðèé ïðèíàäëåæíîñòè ëîêàëüíî êîíå÷íîìó ðàäè-
êàëó R ïîäñòàíîâêè t, äëÿ êîòîðîé w(t) = 1.
Ðàññìîòðèì ëþáîå ïîäìíîæåñòâî L = {µ1, µ2, . . . , µn, . . .} ìíîæå-

ñòâà N , ãäå µ1 < µ2 < . . . < µn < . . .; m � ôèêñèðîâàííîå íàòó-
ðàëüíîå ÷èñëî. Áóäåì ãîâîðèòü, ÷òî ýëåìåíòû µi è µj ýêâèâàëåíòíû,
åñëè ëèáî i = j, ëèáî i < j (j < i) è âûïîëíÿþòñÿ âñå íåðàâåíñòâà:
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µk+1 − µk ≤ m; i ≤ k ≤ j − 1 (j ≤ k ≤ i − 1). Ýòî îòíîøåíèå ýê-
âèâàëåíòíîñòè èíäóöèðóåò ðàçáèåíèå L íà êëàññû ýêâèâàëåíòíîñòè.
Äàííîå ðàçáèåíèå áóäåì íàçûâàòü m-ðàçáèåíèåì. Ïóñòü Bm(L) �
ìíîæåñòâî âñåõ êëàññîâ ýêâèâàëåíòíîñòè ýëåìåíòîâ ìíîæåñòâà L.

Îïðåäåëåíèå 1. Ìíîæåñòâî L íàçûâàåòñÿ m-ðàññåÿííûì, åñëè
âñå êëàññû ìíîæåñòâà Bm(L) êîíå÷íû, è âïîëíåm-ðàññåÿíûì, åñëè

max
A∈Bm(L)

|A| <∞.

Ìíîæåñòâî L íàçûâàåòñÿ (âïîëíå) ðàññåÿííûì, åñëè îíî (âïîëíå)
m-ðàññåÿííîå ïðè ëþáîì íàòóðàëüíîì m.

Òåîðåìà 1. Ïîäñòàíîâêà g ãðóïïû G òîãäà è òîëüêî òîãäà ñîäåð-
æèòñÿ â R, êîãäà Lg = {α|α ∈ N,αg 6= α} � âïîëíå ðàññåÿííîå
ìíîæåñòâî. Åñëè ìíîæåñòâî Lg íå âïîëíå ðàññåÿííîå, òî íîð-
ìàëüíîå çàìûêàíèå g â ãðóïïå G ñîäåðæèò ýëåìåíò áåñêîíå÷íîãî
ïîðÿäêà.

Òåîðåìà 2. Ìíîæåñòâî ëîêàëüíî êîíå÷íûõ íîðìàëüíûõ ïîäãðóïï
ãðóïïû G êîíòèíóàëüíî.

Àâòîðû ïîääåðæàíû ãðàíòîì ÐÔÔÈ (ïðîåêò � 15-01-04897 À).

Ñïèñîê ëèòåðàòóðû

1. Í. Ì. Ñó÷êîâ, Í. Ã. Ñó÷êîâà. Î ãðóïïàõ îãðàíè÷åííûõ ïîäñòà-
íîâîê // Æóðí. ÑÔÓ. Ñåð. Ìàòåì. è ôèç. 2010. � 2. Ñ. 262�266.

2. Í. Ì. Ñó÷êîâ, Í. Ã. Ñó÷êîâà. Î íîðìàëüíûõ ïîäãðóïïàõ ãðóïï
îãðàíè÷åííûõ ïîäñòàíîâîê // Ñèá. ýëåêòðîí. ìàòåì. èçâ. 2015.
Ò. 12. Ñ. 344�353.

Î íîðìàëüíîì çàìûêàíèè èíâîëþöèé

â ãðóïïå îãðàíè÷åííûõ ïîäñòàíîâîê

Þ. Ñ. Òàðàñîâ

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Ïóñòü G−Lim(N) � ãðóïïà âñåõ îãðàíè÷åííûõ ïîäñòàíîâîê ìíî-
æåñòâà íàòóðàëüíûõ ÷èñåë N , ò.å. òàêèõ ïîäñòàíîâîê g ìíîæåñòâà
N , äëÿ êîòîðûõ

w(g) = max
α∈N
|α− αg| <∞.
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Ïðîäîëæåíî èçó÷åíèå íîðìàëüíîãî ñòðîåíèÿ ãðóïïû G,
íà÷àòîå â [1].
Ðàññìîòðèì ëþáîå áåñêîíå÷íîå ïîäìíîæåñòâî

L = {µ1, µ2, ..., µn, ...}
ìíîæåñòâà N , ãäå µ1 < µ2 < ... < µn < .... Ïî îïðåäåëåíèþ,
ïðè ôèêñèðîâàííîì m ∈ N ýëåìåíòû µi è µj ýêâèâàëåíòíû, åñëè
ëèáî i = j, ëèáî ïðè i < j(j < i) âûïîëíÿþòñÿ âñå íåðàâåíñòâà:
µk+1− µk 6 m; i 6 k 6 j − 1(j 6 k 6 i− 1). Äàííîå îòíîøåíèå äåé-
ñòâèòåëüíî ÿâëÿåòñÿ îòíîøåíèåì ýêâèâàëåíòíîñòè. Ïóñòü Bm(L) �
ìíîæåñòâî âñåõ òàêèõ êëàññîâ ýêâèâàëåíòíîñòè ìíîæåñòâà L. Â ðà-
áîòå [1] äàíî ñëåäóþùåå

Îïðåäåëåíèå 1. Ìíîæåñòâî L íàçûâàåòñÿ m-ðàññåÿííûì,
åñëè âñå êëàññû ìíîæåñòâà Bm(L) êîíå÷íû, è âïîëíåm-ðàññåÿííûì,
åñëè

cm = max
A∈Bm(L)

|A| <∞.

Ìíîæåñòâî L íàçûâàåòñÿ (âïîëíå) ðàññåÿííûì, åñëè îíî (âïîëíå)
m-ðàññåÿííîå ïðè ëþáîì íàòóðàëüíîì m.

Ïóñòü µn + 1 < µn+1(n = 1, 2, ...) è

a = (µ1 µ1 + 1)(µ2 µ2 + 1)...(µn µn + 1)...−
ðàçëîæåíèå èíâîëþöèè a ∈ G íà íåçàâèñèìûå òðàíñïîçèöèè. Îñ-
íîâíûì ðåçóëüòàòîì ðàáîòû [1] ÿâëÿåòñÿ òåîðåìà, ñîãëàíî êîòîðîé
íîðìàëüíîå çàìûêàíèå èíâîëþöèè a â ãðóïïåG òîãäà è òîëüêî òîãäà
ëîêàëüíî êîíå÷íî, êîãäà L � âïîëíå ðàññåÿííîå ìíîæåñòâî. Äîêà-
çàíà îäíà èç ãèïîòåç, ñôîðìóëèðîâàííàÿ â ýòîé ðàáîòå.

Òåîðåìà 1. Èíâîëþöèÿ a òîãäà è òîëüêî òîãäà ñîäåðæèòñÿ â ñîá-
ñòâåííîé íîðìàëüíîé ïîäãðóïïå ãðóïïû G, êîãäà L � ðàññåÿííîå
ìíîæåñòâî. Åñëè L � ðàññåÿííîå, íî íå âïîëíå ðàññåÿííîå ìíî-
æåñòâî, òî 〈ag|g ∈ G〉 � ñìåøàííàÿ ãðóïïà.

Ñïèñîê ëèòåðàòóðû

1. Í. Ì. Ñó÷êîâ, Í. Ã. Ñó÷êîâà. Î íîðìàëüíûõ ïîäãðóïïàõ ãðóïï
îãðàíè÷åííûõ ïîäñòàíîâîê // Ñèá. ýëåêòðîí. ìàòåì. èçâ. 2015.
Ò. 12. C. 344�353.
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Ê âîïðîñó îá èçîìîðôèçìå ïåðèîäè÷åñêèõ AT-ãðóïï

è ïîäãðóïï ãðóïï Ãîëîäà

A. Â. Òèìîôååíêî

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Ôèíèòíî àïïðîêñèìèðóåìûå íå ëîêàëüíî êîíå÷íûå p-ãðóïïû ñòðî-
ÿòñÿ ñåãîäíÿ íà îñíîâå äâóõ êîíñòðóêöèé: Å. Ñ. Ãîëîäà [1, 2] è
À. Â. Ðîæêîâà [3]. Ïåðâàÿ èç íèõ ïðèâîäèò ñêîðåå ê äîêàçàòåëüñòâó
ñóùåñòâîâàíèÿ òàêèõ ãðóïï, ÷åì ê ñàìèì ãðóïïàì, ïîñêîëüêó îïèðà-
åòñÿ íà äîñòàòî÷íûå óñëîâèÿ èõ íåíèëüïîòåíòíîñòè â âèäå îãðàíè÷å-
íèÿ êîëè÷åñòâà ìíîãî÷ëåíîâ êàæäîé ñòåïåíè, ïîðîæäàþùèõ îäíî-
ðîäíûé èäåàë ñîîòâåòñòâóþùåé ñâîáîäíîé àññîöèàòèâíîé àëãåáðû
íàä ïîëåì õàðàêòåðèñòèêè p. Âòîðàÿ êîíñòðóêöèÿ AT -ãðóïï âûðîñ-
ëà èç ãðóïï ïðåîáðàçîâàíèé ñ óêàçàííûìè â ÿâíîì âèäå ñèñòåìà-
ìè ïîðîæäàþùèõ è áîëåå ïðèñïîñîáëåíà ê ïîñòðîåíèþ êîíêðåòíûõ
ïðèìåðîâ.
Ïðîäâèæåíèåì ê îòâåòó íà âîïðîñ î ñóùåñòâîâàíèè ãðóïïû Ãîëî-

äà èçîìîðôíîé AT-ãðóïïå (Êîóðîâñêàÿ òåòðàäü, âîïðîñ 13.55) ÿâ-
ëÿåòñÿ

Òåîðåìà 1. Ïóñòü p � ïðîñòîå ÷èñëî. Ñóùåñòâóþò òàêèå ïîä-
ãðóïïà G p-ãðóïïû Ãîëîäà, AT -ãðóïïà A è òàêèå êîíå÷íûå ãðóïïû
Gk è Ak, k = 1, 2, . . ., ÷òî ãðóïïà G àïïðîêñèìèðóåòñÿ ãðóïïàìè
Gk, ãðóïïà A àïïðîêñèìèðóåòñÿ ãðóïïàìè Ak è êàæäàÿ ãðóïïà Ak

åñòü ãîìîìîðôíûé îáðàç ãðóïïû Gk.

Àâòîð ïîääåðæàí ãðàíòîì ÐÔÔÈ (ïðîåêò 15-01-04897).

Ñïèñîê ëèòåðàòóðû

1. Å. Ñ. Ãîëîä, È. Ð. Øàôàðåâè÷. Î áàøíå ïîëåé êëàññîâ // Èçâ.
ÀÍ ÑÑÑÐ. Ñåð. Ìàòåì. 1964. Ò. 28, � 2. Ñ. 273�276.

2. Å. Ñ. Ãîëîä. Î íåêîòîðûõ ïðîáëåìàõ áåðíñàéäîâñêîãî òèïà
// Òð. ìåæäóíàð. êîíãð. ìàòåìàòèêîâ. Ì.: Ìèð, 1968.
Ñ. 284�289.

3. À. Â. Ðîæêîâ. Ê òåîðèè ãðóïï àë¼øèíñêîãî òèïà // Ìàòåì. çà-
ìåòêè. 1986. T. 40. � 5. Ñ. 572�589.
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Ïîðîæäàåìîñòü ãðóïï Øåâàëëå òèïà El
íàä êîëüöîì öåëûõ ÷èñåë òðåìÿ èíâîëþöèÿìè,

äâå èç êîòîðûõ ïåðåñòàíîâî÷íû

È. À. Òèìîôååíêî

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Òåîðåìà 1. Ïðèñîåäèíåííûå ãðóïïû Øåâàëëå òèïà El íàä êîëüöîì
öåëûõ ÷èñåë ïîðîæäàþòñÿ òðåìÿ èíâîëþöèÿìè, äâå èç êîòîðûõ
ïåðåñòàíîâî÷íû.

Èñïîëüçóÿ ìåòîä âûáîðà ïîðîæäàþùèõ òðîåê èíâîëþöèé â ãðóï-
ïàõ ëèåâà òèïà íàä êîíå÷íûìè ïîëÿìè, ðàçðàáîòàííûé â ñòàòüÿõ ß.
Í. Íóæèíà [1�3], ìû óêàçûâàåì ÿâíî ïîðîæäàþùèå òðîéêè èíâî-
ëþöèé, äâå èç êîòîðûõ ïåðåñòàíîâî÷íû, äëÿ ïðèñîåäèíåííûõ ãðóïï
Øåâàëëå òèïà El íàä êîëüöîì öåëûõ ÷èñåë. Äëÿ ãðóïïû Øåâàëëå
òèïà G2 òàêèå ïîðîæäàþùèå óêàçàíû àâòîðîì â [4]. Òàêèì îáðàçîì,
ïîëó÷åí ïîëîæèòåëüíûé îòâåò äëÿ âñåõ èñêëþ÷èòåëüíûõ ãðóïï Øå-
âàëëå, êðîìå òèïà F4, íà ñëåäóþùèé âîïðîñ èç Êîóðîâñêîé òåòðàäè

(À) Êàêèå ïðèñîåäèíåííûå ãðóïïû Øåâàëëå (íîðìàëüíîãî òèïà)
íàä êîëüöîì öåëûõ ÷èñåë ïîðîæäàþòñÿ òðåìÿ èíâîëþöèÿìè, äâå
èç êîòîðûõ ïåðåñòàíîâî÷íû?

Äëÿ ãðóïï Øåâàëëå êëàññè÷åñêèõ òèïîâ ïî âîïðîñó (À) ðàíåå
áûëè ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû.
Â ðàáîòå [6] Ì. Ñ. Òàìáóðèíè è Ï. Öóêêà óñòàíîâëåíî, ÷òî ñïå-

öèàëüíàÿ ëèíåéíàÿ ãðóïïà SLn(Z) íàä êîëüöîì öåëûõ ÷èñåë Z ïðè
n ≥ 14 ïîðîæäàåòñÿ òðåìÿ èíâîëþöèÿìè, äâå èç êîòîðûõ ïåðåñòàíî-
âî÷íû. Ñëåäîâàòåëüíî, è ïðîåêòèâíàÿ ñïåöèàëüíàÿ ëèíåéíàÿ ãðóïïà
PSLn(Z) ïðè n ≥ 14 îáëàäàåò òàêîé òðîéêîé ïîðîæäàþùèõ èíâî-
ëþöèé. Áîëåå òîãî, ß. Í. Íóæèí [7] äîêàçàë, ÷òî äëÿ PSLn(Z) îòâåò
íà âîïðîñ (À) ïîëîæèòåëüíûé òîãäà è òîëüêî òîãäà, êîãäà n ≥ 5. Íà
ñàìîì äåëå, â [7] ïðè n 6= 4k + 2 ïîðîæäàþùèå òðîéêè èíâîëþöèé
âûáèðàëèñü èç SLn(Z), ïîýòîìó äëÿ ãðóïïû SLn(Z) îòâåò íà àíàëîã
âîïðîñà (À) íåèçâåñòåí òîëüêî äëÿ n = 6, 10.
Â ñèëó ãîìîìîðôèçìà PSpn(Z)→ PSpn(Zp) èç íåïîðîæäàåìîñòè

òðåìÿ èíâîëþöèÿìè, äâå èç êîòîðûõ ïåðåñòàíîâî÷íû, ïðîåêòèâíîé
ñèìïëåêòè÷åñêîé ãðóïïû PSp4(Z3) [3] ñëåäóåò îòðèöàòåëüíûé îòâåò
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íà âîïðîñ (À) äëÿ ãðóïïû PSp4(Z), êîòîðàÿ èçîìîðôíà ïðèñîåäè-
íåííîé ãðóïïå Øåâàëëå B2(Z).
Îòìåòèì òàêæå, ÷òî íàä Z êàæäàÿ ïðèñîåäèíåííàÿ ãðóïïà Øå-

âàëëå èñêëþ÷èòåëüíîãî òèïà, îòëè÷íîãî îò E7, ñîâïàäàåò ñ óíèâåð-
ñàëüíîé. Çäåñü ïîðîæäàþùèå òðîéêè èíâîëþöèé äëÿ òèïà E7 âûáè-
ðàþòñÿ èìåííî â ïðèñîåäèíåííîé ãðóïïå. Òàêèì îáðàçîì, îòâåò íà
âîïðîñ (À) äëÿ óíèâåðñàëüíîé ãðóïïû Øåâàëëå òèïà E7 îñòàåòñÿ
îòêðûòûì.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 16�
01�00707).
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7. ß. Í. Íóæèí. Î ïîðîæäàåìîñòè ãðóïïû PSLn(Z) òðåìÿ èíâîëþ-
öèÿìè äâå èç êîòîðûõ ïåðåñòàíîâî÷íû // Âëàäèêàâêàç. ìàòåì.
æóðí. 2008. Ò. 10, � 1. C. 68�74.

63



Ôàêòîðèçàöèè ïðîñòûõ íåàáåëåâûõ ãðóïï

ïîäãðóïïàìè íå÷åòíûõ èíäåêñîâ

Â.Í. Òþòÿíîâ

Ãîìåëüñêèé ôèëèàë Ìåæäóíàðîäíîãî óíèâåðñèòåòà ¾ÌÈÒÑÎ¿, Ãîìåëü

Ñòðîåíèå êîíå÷íîé ôàêòîðèçóåìîé ãðóïïû ñóùåñòâåííî çàâèñèò
îò ñòðîåíèÿ ñîìíîæèòåëåé è ñïîñîáà èõ âëîæåíèÿ â ãðóïïó. Ë. Ñ. Êà-
çàðèí [1] óñòàíîâèë, ÷òî êîíå÷íàÿ ãðóïïà, ôàêòîðèçóåìàÿ äâóìÿ ðàç-
ðåøèìûìè ïîäãðóïïàìè íå÷åòíûõ èíäåêñîâ, ÿâëÿåòñÿ ðàçðåøèìîé.
Â ðàáîòå [2] ïîêàçàíî, ÷òî åñëè êîíå÷íàÿ íåðàçðåøèìàÿ ãðóïïà G
ïðåäñòàâèìà â âèäå ïðîèçâåäåíèÿ äâóõ ðàçðåøèìûõ ïîäãðóïï, èí-
äåêñû êîòîðûõ âçàèìíî ïðîñòû ñ 3, òîãäà ïðîñòûå íåàáåëåâû êîì-
ïîçèöèîííûå ôàêòîðû ãðóïïû G èçîìîðôíû PSL2(7).
Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ íàõîæäåíèå êîíå÷íûõ ïðî-

ñòûõ íåàáåëåâûõ ãðóïï, ïðåäñòàâèìûõ â âèäå ïðîèçâåäåíèÿ äâóõ
ïîäãðóïï íå÷åòíûõ èíäåêñîâ. Äîêàçàí ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 1. Ïóñòü G = AB ÿâëÿåòñÿ ïðîñòîé íåàáåëåâîé ãðóïïîé,
ãäå A è B � ñîáñòâåííûå ïîäãðóïïû ãðóïïû G. Åñëè (|G : A|, 2) =
(|G : B|, 2) = 1, òî G ∼= A7.

Çàìå÷àíèå. Ïóñòü N åñòü ëþáàÿ ïðîñòàÿ íåàáåëåâà ãðóïïà,
r, t /∈ π(N) è r 6= t. Ðàññìîòðèì ãðóïïó G = 〈x〉 × N × 〈y〉, ãäå
〈x〉 ∼= Zr, 〈y〉 ∼= Zt. Òîãäà G = AB, ãäå A = 〈x〉 × N , B = N × 〈y〉
è |G : A| = t, |G : B| = r, áóäóò íå÷åòíûìè ÷èñëàìè. Ãðóïïà G
ñîäåðæèò ïðîñòîé íåàáåëåâ êîìïîçèöèîííûé ôàêòîð, èçîìîðôíûé
N . Ýòî ïîêàçûâàåò, ÷òî êîìïîçèöèîííûì ôàêòîðîì â íåïðîñòîé
ãðóïïå, óäîâëåòâîðÿþùåé óñëîâèþ òåîðåìû, ìîæåò áûòü ëþáàÿ
ïðîñòàÿ íåàáåëåâà ãðóïïà.
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Î âïîëíå êâàçèòðàíçèòèâíûõ àáåëåâûõ ãðóïïàõ

À. Ð. ×åõëîâ

Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Òîìñê

Âñå ãðóïïû ïðåäïîëàãàþòñÿ àáåëåâûìè. Ïîäãðóïïà H ãðóïïû A
íàçûâàåòñÿ âïîëíå èíâàðèàíòíîé, åñëè fH ⊆ H äëÿ âñÿêîãî f èç
êîëüöà ýíäîìîðôèçìîâ E(A) ãðóïïû A; åñëè nH = H ∩ nA äëÿ
âñÿêîãî íàòóðàëüíîãî n, òî ïîäãðóïïà H íàçûâàåòñÿ ÷èñòîé. Ãðóï-
ïà íàçûâàåòñÿ íåïðèâîäèìîé, åñëè îíà íå îáëàäàåò íåòðèâèàëüíûìè
÷èñòûìè âïîëíå èíâàðèàíòíûìè ïîäãðóïïàìè. ×åðåç Π(A) îáîçíà-
÷àåòñÿ ìíîæåñòâî âñåõ ïðîñòûõ ÷èñåë p ñî ñâîéñòâîì pA 6= A
Ãðóïïà áåç êðó÷åíèÿ A íàçûâàåòñÿ âïîëíå òðàíçèòèâíîé, åñëè

äëÿ ëþáûõ 0 6= a, b ∈ A èç óñëîâèÿ íà èõ õàðàêòåðèñòèêè χ(a) 6
χ(b) ñëåäóåò, ÷òî αa = b äëÿ íåêîòîðîãî α ∈ E(A). Åñëè æå èç
óñëîâèÿ íà òèïû t(a) 6 t(b) ñëåäóåò ñóùåñòâîâàíèå β ∈ E(A) è
íåêîòîðîãî íàòóðàëüíîãî ÷èñëà k ñî ñâîéñòâîì βa = kb, òî ãðóïïó
áåç êðó÷åíèÿ A íàçîâåì âïîëíå êâàçèòðàíçèòèâíîé. Âïîëíå òðàí-
çèòèâíûå è íåïðèâîäèìûå ãðóïïû áåç êðó÷åíèÿ ÿâëÿþòñÿ âïîëíå
êâàçèòðàíçèòèâíûìè ãðóïïàìè.
Èçó÷åíèå âïîëíå êâàçèòðàíçèòèâíûõ ãðóïï ñâåäåíî ê ðåäóöèðî-

âàííîìó ñëó÷àþ. Íàéäåíû êðèòåðèè âïîëíå êâàçèòðàíçèòèâíîñòè
ïðÿìûõ ñóìì ãðóïï. Â ÷àñòíîñòè, ïîëó÷åíà

Òåîðåìà 1. Åñëè A � âïîëíå êâàçèòðàíçèòèâíàÿ ãðóïïà ñ ëèíåé-
íî óïîðÿäî÷åííûì ìíîæåñòâîì òèïîâ åå íåíóëåâûõ ýëåìåíòîâ, òî⊕
α
A ÿâëÿåòñÿ âïîëíå êâàçèòðàíçèòèâíîé ãðóïïîé äëÿ ëþáîãî êàð-

äèíàëüíîãî ÷èñëà α.

Ãðóïïà áåç êðó÷åíèÿ G íàçûâàåòñÿ ñâÿçíîé, åñëè äëÿ âñÿêîé åå
÷èñòîé ïîäãðóïïû A 6= 0 ôàêòîðãðóïïà G/A äåëèìà.

Òåîðåìà 2. Âñÿêàÿ ñâÿçíàÿ âïîëíå êâàçèòðàíçèòèâíàÿ ãðóïïà ÿâ-
ëÿåòñÿ âïîëíå òðàíçèòèâíîé.

Êëàññ âñåõ ðåäóöèðîâàííûõ ãðóïï áåç êðó÷åíèÿ G òàêèõ, ÷òî
|G/pG | 6 p äëÿ êàæäîãî ïðîñòîãî p, îáîçíà÷èì ÷åðåç E . Êîëüöî R
íàçûâàåòñÿ ñèëüíî îäíîðîäíûì, åñëè âñÿêèé åãî ýëåìåíò åñòü öåëîå
êðàòíîå íåêîòîðîãî îáðàòèìîãî â R ýëåìåíòà; à åñëè ôàêòîðêîëüöî
R/pR èçîìîðôíî ïîëþ èç p ýëåìåíòîâ äëÿ êàæäîãî p ∈ Π(R), òî
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òàêîå ñèëüíî îäíîðîäíîå êîëüöî R áåç êðó÷åíèÿ (èìååòñÿ ââèäó, ÷òî
åãî àääèòèâíàÿ ãðóïïà � ãðóïïà áåç êðó÷åíèÿ) íàçûâàåòñÿ ñïåöè-
àëüíûì. Ïñåâäîöîêîëåì SocA ãðóïïû áåç êðó÷åíèÿ A íàçûâàåòñÿ
÷èñòàÿ ïîäãðóïïà, ïîðîæäåííàÿ âñåìè åå ìèíèìàëüíûìè ÷èñòûìè
âïîëíå èíâàðèàíòíûìè ïîäãðóïïàìè.

Òåîðåìà 3. Ñëåäóþùèå ñâîéñòâà ãðóïïû G ∈ E ýêâèâàëåíòíû:
a) G � âïîëíå êâàçèòðàíçèòèâíàÿ ãðóïïà è G = SocG;
b) G � âïîëíå òðàíçèòèâíàÿ ãðóïïà è G = SocG;
c) G =

⊕
i∈I
Gi, ãäå Π(Gl) ∩ Π(Gk) = ∅ ïðè l 6= k ∈ I, âñå êîëüöà

E(Gi) ÿâëÿþòñÿ ñïåöèàëüíûìè, à ãðóïïû Gi � ñâÿçíûìè è âïîëíå
òðàíçèòèâíûìè.

Some Conditions for a Finite Group to be a Schmidt Group

V. A. Belonogov

Institute of Mathematics and Mechanics UB RAS, Ekaterinburg

A Schmidt group is a �nite non-nilpotent group whose all maximal
subgroups are nilpotent. Let G be a �nite group and π a set of primes. A
group G is called π-decomposable if it is the direct product of a π-group
and a π′-group.
The following statement was known for the �nite groups specialists

as the conjecture of S. A. Chunikhin.

Proposition 1. A �nite π-indecomposable group G whose all maximal
subgroups are π-decomposable is a Schmidt group.

A initial result was obtained in the paper [1] for π = {p}. The proof
of Proposition 1 may be obtained from [2] and [3]. A new proof of this
proposition obtained in [4, Proposition 2].
A group G is called π-closed if G = A h B where A is a π-group

and B is a π′-group. We write (G, π) ∈ (∗) if G is not π-closed and
all maximal subgroups are π-closed, i. e. G is a minimal non-π-closed
group.

Proposition 2. If (G, π) ∈ (∗) and G/Φ(G) is not a simple non-abelian
group then G is a Schmidt group [5].
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In particular a �nite solvable non-π-closed group G whose all maximal
subgroups are π-closed is a Schmidt group (for any given π).
Now using in particular Proposition 2 and [6, Theorem 1] we obtaine

following

Theorem 1. If (G, π) ∈ (∗) and 2 ∈ π then G is a Schmidt group.

The work is supported by the Complex Program of UBRAS (project
15-16-1-5).
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Automorphism Group of Finite Semi�eld Plane

B. K. Durakov, O. V. Kravtsova

Siberean Federal University, Krasnoyarsk

It is well-known hypothesis [1, p. 178] that full collineation group
(automorphism group) of any �nite non-desarguesian semi�eld plane
is solvable (see also [2], question 11.76, 1990). Now this hypothesis is

67



con�rmed only for several classes of semi�eld planes ([3, 4] and so on). It
is proved in [1, p.174] that solvability hypothesis for automorphism group
of �nite non-desarguesian semi�eld plane may be reduced
to solvability for autotopism group. If autotopism group is of odd order
then it is solvable according Feit�Thompson theorem. So it is necessary
to consider only semi�eld planes that admit the autotopisms of order 2.
If we suppose that full collineation group is non-solvable then simple

composition factors must be isomorphic to well-known simple groups.
Immediate consideration of all variants from the list of simple non-
abelian groups leads to vast calculations. So we suggest to consider an
existance of autotopism subgroup that is isomorphic to A5 (which is a
subgroup of many simple non-abelian groups). We received a number of
technical results.

The second author was funded by RFBR (project 16-01-00707).
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Finite Almost Simple Groups Whose Gruenberg � Kegel

Graphs Don't Contain 3-cocliques

I. B. Gorshkov

N. N. Krasovskii Institute of Mathematics and Mechanics UB RAS, Yekaterinburg

N. V. Maslova

N. N. Krasovskii Institute of Mathematics and Mechanics UB RAS,

Ural Federal University, Yekaterinburg

Let G be a �nite group. Denote by π(G) the set of all prime divisors
of the order of G and by ω(G) the spectrum of G, i.e., the set of all
element orders of G. The set ω(G) de�nes the Gruenberg�Kegel graph
(or the prime graph) Γ(G) of G; in this graph, the vertex set is π(G)
and di�erent vertices p and q are adjacent if and only if pq ∈ ω(G).
Finite simple groups whose Gruenberg�Kegel graphs don't contain

3-cocliques are known [1]. We prove the following theorem.

Theorem 1. Let q = pm and G be a �nite almost simple group such
that S = Soc(G) is isomorphic to one of the following simple groups:
An, where n ≥ 5; PSLn(q), where n ≥ 2 and (n, q) 6= (2, 2), (2, 3);
PSUn(q), where n ≥ 3 and (n, q) 6= (3, 2); PSpn(q), where n ≥ 4
is even; PΩn(q), where n ≥ 7 is odd; PΩ±n (q), where n ≥ 8 is even;
an exceptional group of Lie type over the �eld of order q; a sporadic
simple group. Let f be the standard �eld automorphism of S and g be
the standard graph automorphism of S. Then Γ(G) doesn't contain a
3-coclique if and only if one of the following conditions holds:

1) S is isomorphic to one of the following groups: A9, A10, A12,
3D4(2), PSU3(9), PSU4(2), PSp6(2), PΩ+

8 (2);
2) G isomorphic to one of the following groups: S5, S6, PGL2(9),

M10, Aut(A6), S8, Aut(PSL2(8)), Aut(PSL3(2)), PGL3(4)〈f〉,
PGL3(4)〈g〉, Aut(PSL3(4)), PSL4(4)〈f〉, PSL4(4)〈g〉, Aut(PSL4(4)),
Aut(PSU5(2));

3) G ∼= PGL2(p), p is a Fermat or Mersenne prime;
4) S ∼= PSL2(2

m), m ≥ 4 is even and {2} ⊆ π(G/S) ⊂ π(S);
5) S ∼= PSL3(p), p is a Mersenne prime and (p− 1)3 6= 3;
6) S ∼= PSL3(p), p is a Fermat or Mersenne prime, (p − 1)3 = 3

and Inndiag(S) ≤ G ≤ Aut(S);
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7) S ∼= PSL3(2
m), m ≥ 3, (2m − 1)3 = 3, π(G) = π(S) and

Inndiag(S)〈g〉 ≤ G ≤ Aut(PSL3(2
m));

8) S ∼= PSL3(2
m), m ≥ 3, (2m − 1)3 6= 3, π(G) = π(S) and S〈g〉 ≤

G ≤ Aut(PSL3(2
m));

9) S ∼= PSL4(2
m), m ≥ 3, π(G) = π(S) and S〈g〉 ≤ G ≤

≤ Aut(PSL4(2
m));

10) S ∼= PSU3(p), p is a Fermat prime and (p+ 1)3 6= 3;
11) S ∼= PSU3(p), p is a Fermat prime, (p + 1)3 = 3 and

Inndiag(S) ≤ G ≤ Aut(S);
12) S ∼= PSU3(2

m), m ≥ 2, (2m − 1)3 = 3, {2} ⊆ π(G/S) = π(S)
and Inndiag(S) ≤ G ≤ Aut(S);

13) S ∼= PSU3(2
m), m≥2, (2m − 1)3 6=3 and {2}⊆ π(G/S) = π(S);

14) S ∼= PSU4(2
m), m ≥ 2 and {2} ⊆ π(G/S) = π(S);

15) S ∼= PSp4(q) and π(G) = π(S).

The work is supported by the grant of the President of Russian
Federation for young scientists (grant no. MK-6118.2016.1), by the
Integrated Program for Fundamental Research of the Ural Branch of the
Russian Academy of Sciences (project no. 15-16-1-5), by the Program
of the State support of leading universities of the Russia (agreement
no. 02.A03.21.0006 of 27.08.2013). The second author is a winner of the
competition of the Dmitry Zimin Foundation �Dynasty� for support of
young mathematicians in 2013 year.
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Products of Pairwise Permutable Finite Groups

and Classes Groups

D. M. Hydyrov, A. F. Vasil'ev

Francisk Skorina Gomel State University, Gomel

A group G is said to be the product of its pairwise permutable
subgroups G1, G2, ..., Gn if G = G1G2 · · ·Gn and GiGj = GjGi for
all i and j with i, j ∈ {1, 2, ..., n}.
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In [1] Amberg, H�o�ing and Kazarin studied �nite groups that can be
expressed as a product of pairwise permutable subgroups with certain
restrictions on factors and its partial products of subgroups.
In [2, 3] we looked soluble subgroup-closed formations closed with respect
taking products of two abnormal (contrnormal) subgroups of soluble
�nite groups.
In our report we discuss a further development of the main results of

the works [2, 3].
Recall that a subgroup H of G is abnormal in G, if x belongs to

< H,Hx > for every element x ∈ G and H is contranormal in G if the
normal closure HG is equal to G.

Theorem 1. Let F be a Fitting formation of soluble groups. Then the
following statements are equivalent:

1) Let the soluble group G = G1G2 · · ·Gn be the product of the
pairwise permutable F-subgroups s.t. Gi is abnormal in GiGj and Gj is
abnormal in GiGj for all i and j with i, j ∈ {1, 2, ..., n}. Then G ∈ F;

2) Let the soluble group G = G1G2 · · ·Gn be the product of the
pairwise permutable F-subgroups such that Gi is contrnormal in GiGj

and Gj is contrnormal in GiGj for all i and j with i, j ∈ {1, 2, ..., n}.
Then G ∈ F;

3) F is a subgroup-closed saturated formation and F = D0(∪i∈ISπi),
where ∪i∈Iπi = π(F) and πl ∩ πk = ∅ for all l 6= k from I.

Corollary 1. Let the group G = G1G2 · · ·Gn be the product of the
pairwise permutable nilpotent subgroups such that Gi is abnormal
(contrnormal) in GiGj and Gj is abnormal (contrnormal) in GiGj for
all i and j with i, j ∈ {1, 2, ..., n}. Then G is nilpotent.

Corollary 2. Let the soluble group G = G1G2 · · ·Gn be the product
of the pairwise permutable π-decomposable subgroups such that Gi is
abnormal (contrnormal) in GiGj and Gj is abnormal (contrnormal) in
GiGj for all i and j with i, j ∈ {1, 2, ..., n}. Then G is π-decomposable.
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Rings on Torsion Free Abelian Groups of Finite Rank

E. I. Kompantseva

Moscow Pedagogical State University,

Financial university under the government of RF, Moscow

A ring is said to be a ring on an abelian group G, if its additive group
coincides with the group G. A subgroup of the group G is called the
absolute ideal of G, if it is an ideal of every ring on the group G. The
notion of absolute ideal has been introduced in [1]. If every ideal of a
ring is an absolute ideal of its additive group, then the ring is called
the AI-ring. If there exists at least one AI-ring on a group G, then the
group G is called the RAI-group. L. Fuchs formulated the problem on
description of RAI-group [2, problem 93].
We consider rings on almost completely decomposable abealian groups

(acd-groups) in the present paper. The almost completely
decomposable groups have been researched by many autors for a long
time. A torsion free abelian group is an acd-group, if it contains a
completely decomposable subgroup of �nite rank and of �nite index.
If the regulator quotient [3] of an acd-group is cyclic, then the group is
called the crq-group. If the types of the direct rank-1 summands of the
regulator A are pairwise incomparable, then the groups A and G are
called rigid. If all these types are idempotent, then the group G is called
of the ring type.
The main result of the present paper is that every rigid crq-group

of the ring type is an RAI-group. Let G be a rigid crq-group of the
ring type. A subgroup A is the regulator of the group G, the quotient
G/A = 〈d+ A〉 is the regulator quotient and n is the regulator index.

Theorem 1. Every rigid crq-group G of the ring type is an RAI-group.
In this case, for every integer α coprime to n there exists an AI-ring
(G,×) such that the equality d×d = αd takes place in the quotient ring
(G/A,×), where d = d+ A ∈ G/A.
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Every description of RAI-group is bases on a description of principal
absolute ideals of the groups. The least absolute ideal 〈g〉AI containing
an element g is called the principal absolute ideal generating by g.
Principal absolute ideals of the rigid crq-group of the ring type are
completely described in this paper.
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Nilpotent Unitary K1-group of Rings with Involution

V. I. Kopeyko

Kalmyk State University, Elista

Let (R, λ,Λ) be an unitary ring (alias form ring), where R is a ring
with an involution x → x̄, λ is a central element of R such that λ ·
λ̄ = 1, and Λ is a form parameter in R. Let K1U

λ(R,Λ) denote the
unitary K1−group of (R,Λ). The kernel of the group homomorphism
K1U

λ(R[X],Λ[X])→ K1U
λ(R,Λ) induces by the ring homomorphism

R[X]→ R : X → 0 is called nilpotent unitary K1−group and denoted
by NK1U

λ(R,Λ). Also we denoted by W1U
λ(R,Λ) the cokernel of the

hyperbolic homomorphism H : K1(R)→ K1U
λ(R,Λ), while the kernel

of the homomorphism K1U
λ(R,Λ) → K1(R) induces by the forgetful

functor denoted by W ′
1U

λ(R,Λ).
The purpose of this talk is the following unitary K1−analogies of

Farrell's theorem (see [1]) from algebraic K−theory.

Theorem 1. IfW ′
1U

λ(R[X],Λ[X])∩NK1U
λ(R,Λ) 6= 0, then the group

W ′
1U

λ(R[X],Λ[X]) ∩NK1U
λ(R,Λ) is not �nitely generated.
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Theorem 2. Let p : K1U
λ(R[X],Λ[X]) → W1U

λ(R[X],Λ[X]) is the
natural projection. If p(NK1U

λ(R,Λ)) 6= 0, then the group
p(NK1U

λ(R,Λ)) is not �nitely generated.

The author was funded by RFBR (project 16-01-00148).
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Centralizers in Limit Monomial Groups

Mahmut Kuzucuo�glu

Department of Mathematics, Middle East Technical University, Ankara

There are three principal study of group representations. Permutation
representation, matrix (linear) representation, monomial representation
of groups. Although the monomial representations appear very naturally
in group theory it has been relatively less studied. Here we are interested
in conjugacy of elements, centralizers of elements in direct limits of
monomial groups and classi�cation of such direct limits of monomial
groups. H ∼= Z2 is studied in [1].
Let H be a group and denote the complete monomial group of degree

m over H by Σm(H). Let ξ = (p1, p2, . . .) be an in�nite sequence of
not necessarily distinct primes. The homogeneous monomial group with
respect to the above sequence is denoted by Σξ(H) and it is obtained as
a direct limit of the groups Σni(H) embedded into Σni+1

(H) by strictly
diagonal embeddings where ni = p1p2 . . . pi. We prove the following

Lemma 1. Two elements of Σξ(H) are conjugate in Σξ(H) if and only
if they have the same cycle type in Σni(H) for some ni dividing ξ.

For the centralizers of elements we have the following.

Theorem 1. (Kuzucuo�glu, Oliynyk, Sushchanskii) Let ρ be an element
of Σξ(H) with principal beginning is in Σnk(H) with its normal form
ρ = λ1 . . . λl, where λi = γi1 . . . γiri where for a �xed i the γij are
the normalized cycles of the same length mi and the determinant class
ai. Then the centralizer CΣξ(H)(ρ) ∼= Ca1(Σξ1(Ca1)) × Ca2(Σξ2(Ca2)) ×
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. . .×Cal(Σξl(Cal)) where Cai is the centralizer of a single element γij in
Σmi

(H). The group Cai consists of elements of the form κ = [ci]γ
j
i1 where

the element ci belongs to the group CH(ai) and Char(ξi) = Char(ξ)
nk

ri.

Observe that homogenous monomial group overH becomes homogenous
symmetric group when H = {1}. Therefore our results are compatible
with centralizers of elements in homogenous symmetric groups see [2].

Theorem 2. (G�uven, Kegel, Kuzucuo�glu [2])
Let ξ be an in�nite sequence, g ∈ S(ξ) and the type of principal

beginning g0 ∈ Snk be t(g0) = (r1, r2, . . . , rnk). Then CS(ξ)(g) ∼=
nk
Dr
i=1

Ci(Cīo S(ξi)) where Char(ξi) = Char(ξ)
nk

ri for i = 1, . . . , nk. If ri = 0,
then we assume that corresponding factor is {1}.
Theorem 3. (Kuzucuo�glu, Oliynyk, Sushchanskii) Let H be any �nite
group. The groups Σξ1(H) and Σξ2(H) are isomorphic if and only if
Char(ξ1) = Char(ξ2).

This work is joint with B. V. Oliynyk, V. I. Sushchanskii.
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The canonical form of elements of Chevalley groups

over semilocal rings without unity

V. M. Levchuk, T. Yu. Voitenko

Siberian Federal University, Krasnoyarsk

The well-known Bruhat decomposition BNB =
⋃
ω∈W

BnωU
−
ω

Chevalley group G(K) over a �eld K [1] (see the notation ibid) gives
the canonical form

bnωu (b ∈ B, ω ∈ W, u ∈ U−ω ).
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When K is a semilocal ring with Jacobson radical J = radK, we denote
by V +

ω,J the congruence subgroup of level J in the group
V +
ω = 〈Xr|r, ω(r) ∈ Φ−〉. The following theorem gives the canonical
form (see also [2, Theorem 3.6]).

Theorem 1. The group G(K) admits the factorization
⋃
ω∈W

B · V +
ω,J ·

nωU
−
ω and each its element is uniquely expressible in the form

bvnωu (ω ∈ W, v ∈ V +
ω,J , u ∈ U

−
ω , b ∈ B).

By using this theorem, the problem of constructing a canonical form
and de�ning relations of the generalized Chevalley groups over semilocal
rings (not necessary with a unity) is being solved.

References

1. R. Carter. Simple groups of Lie type. New York: Wiley and Sons,
1972. 331 p.

2. V. M. Levchuk. Model-theoretic and structural issues algebras and
Chevalley groups // Math. forum (Itogi nauki. The South of Russia).
Vladikavkaz: SMI VSC RAN. 2012. V. 6. P. 75�84.

On the Generalized Hypercenter of a Finite Group

V. I. Murashka

Francisk Skorina Gomel State University, Gomel

All considered groups are �nite. In [1] R. Baer showed that on one
hand the hypercenter Z∞(G) of a groupG coincides with the intersection
of all maximal nilpotent subgroups of G and on the other hand Z∞(G)
coincides with the intersection of normalizers of all Sylow subgroups of
G.
The concept of hypercenter was extended on classes of groups. Let X

be a class of groups. A chief factor H/K of a group G is called X-central
if (H/K) h G/CG(H/K) ∈ X. A normal subgroup N of G is said to
be X-hypercentral in G if N = 1 or N 6= 1 and every chief factor of
G below N is X-central. The X-hypercenter ZX(G) is the product of all
normal X-hypercentral subgroups of G. So if X = N is the class of all
nilpotent groups then Z∞(G) = ZN(G) for every group G.
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Let F be the canonical local de�nition of a nonempty local formation
F. Then F is said to satisfy the boundary condition [2] if F contains every
group G whose all maximal subgroups belong to F (p) for some prime
p. Recall that IntF(G) is the intersection of all F-maximal subgroups of
a group G. A.N. Skiba [2] showed that the equality IntF(G) = ZF(G)
holds for every group G if and only if a hereditary saturated formations
F satis�es the boundary condition.
Let X be a class of groups and G be a group. Denote the intersection

of all normalizers of X-maximal subgroups of G by NIX(G).

Lemma 1. Let F be a hereditary saturated formation and π = π(F).
Then Oπ′(NIF(G)) = IntF(G) for every group G.

The following theorem generalizes two above mentioned Baer's
theorems about the hypercenter:

Theorem 1. Let σ = {πi|i ∈ I} be a partition of P into mutually
disjoint subsets, Fi be a hereditary saturated formation such that π(Fi) =
πi and F = ×

i∈I
Fi. The following statements are equivalent:

1) Fi satis�es the boundary condition in the universe of all πi-groups
for all i ∈ I.

2) for every group G holds
⋂
i∈I

NIFi(G) = ZF(G).

Corollary 1. [1] The hypercenter of a group G is the intersection of all
normalizers of all Sylow subgroups of G.

Corollary 2. [1] The hypercenter of a group G is the intersection of all
maximal nilpotent subgroups of G.
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Finite Local Nearrings with Multiplicative Schmidt Group

I. Yu. Raievska, M. Yu. Raievska, Ya. P. Sysak

Institute of Mathematics NAS of Ukraine, Kyiv

Recall that the Schmidt (Miller � Moreno) group is a minimal non-
nilpotent (non-abelian) �nite group. Clearly every non-primary Miller �
Moreno group is a Schmidt group. The structure of the Schmidt groups
was described by O. Yu. Schmidt in [1].
In this abstract we classify �nite local nearrings with multiplicative

Schmidt groups. Note that no local nearring with the additive Schmidt
group exists. The �nite near�elds with such multiplicative groups were
described in [2]. Finite local nearrings with Miller�Moreno multiplicative
group are considered in [3].

Theorem 1. Let R be a local nearring whose multiplicative group R∗ is
a Schmidt group and let L be the subgroup of all non-invertible elements
of R. If R is of order pn where p is a prime number, then the following
statements hold:

I) if R is a near�eld, then either R∗ is isomorphic to SL(2, 3) or it is
one of the Miller � Moreno groups of orders 24, 63 and 80;

II) if p = 2 and n ≥ 4, then |R : L| > 2, the additive group R+ is
of order 22q and of exponent 2 or 4, where q is a prime for which
2q − 1 is a Mersenne prime, R∗ is the Miller � Moreno group of
order 2q(2q−1) and L is the elementary abelian 2-group with xy = 0
for all x, y ∈ L;

III) if p > 2, then p is a Fermat prime and |R| = p2, the additive group
R+ is elementary abelian and there exists a non-inverible element
a ∈ R, such that

R+ =<i> + <a>,

where i is an identity of R, a2 = 0 and (ik)a = −ak for a primitive
root k modulo p. Moreover, for each Fermat prime p there exists
a unique local nearring of order p2 whose multiplicative group is a
Miller � Moreno group.
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Algebraic Sets with Fully Characteristic Radicals

M. Shahryari

University of Tabriz, Tabriz

Let G be a group and S be a system of group equations with
coe�cients in G. We denote by RadG(S) the set of all group equations
which are logical consequences of S in G. In general, one can not give a
deductive description of RadG(S), because it depends on the
axiomatizablity of the prevariety generated by G. In this direction,
any good description of the radicals is important from the algebraic
geometric point of view.
In this talk, we give a necessary and su�cient condition for RadG(S)

to be fully characteristic (invariant under all endomorphisms). We apply
our main result to obtain connections between radicals, identities,
coordinate algebras and relatively free groups. Although most of the
results can be formulate in the general frame of arbitrary algebraic
structures, we mainly focus on groups in what follows. As a summary, we
give here some results in the case of coe�cient free algebraic geometry
of groups.
LetE ⊆ Gn be an algebraic set (with no coe�cients). Then the radical

Rad(E) is a fully characteristic (equivalently verbal) subgroup of the
free group Fn, if and only if, there exists a family {Ki} of n-generator
subgroups of G such that E =

⋃
iK

n
i . As a result, we will show that

if RadG(S) is a verbal subgroup of Fn, then there exists a family X of
n-generator subgroups of G such that RadG(S) is exactly the set of all
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group identities valid in X. We also see that under this conditions, there
exists a variety W of groups, such that the n-generator relatively free
group in W is the coordinate group of S. We will prove also that if G is
a nilpotent group of class at most n and E ⊆ Gn is an algebraic set, then
Rad(E) is a characteristic subgroup of Fn, if and only if E =

⋃
iK

n
i for

some family {Ki} of n-generator subgroups of G.
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On Ideals of K-ordered Rings

E. E. Shirshova

Moscow Pedagogical State University, Moscow

Let R be a ring. A ring R =< R,+, ·,≤> is called a partially
K-ordered ring if < R,+,≤> is a partially ordered group [1], and the
following condition holds: if 0 ≤ a ∈ R, then ab, ba ≤ a for all b ∈ R.

Theorem 1. If R is a partially K-ordered ring, then there is the convex
directed ideal Ia for each element a > 0 in R, and every element u ∈ Ia
has a representation u = b − c, where 0 6 b 6 ka and 0 6 c 6 la for
some integers k > 0 and l > 0.

Suppose R and S are partially K-ordered rings and f is a homo-
morphism of the ring R to the ring S. f is said to be an o-homomorphism
if an inequality r 6 s implies f(r) 6 f(s) for all elements r, s ∈ R.

Theorem 2. Suppose R =< R,+, ·,≤> is a partially K-ordered ring
and I is a convex directed subgroup of the group G =< R,+,≤>, and
ε is the natural homomorphism of the group G to the quotient-group
G/I. Then there exists the partially K-ordered ring R/I, and ε is an
o-homomorphism of the partially K-ordered ring R to the partially K-
ordered ring R/I.
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On Hσ-normally Embedded Subgroups of Finite Groups

D. A. Sinitsa

Francisk Skorina Gomel State University, Gomel

Let G be a �nite group. If n is an integer, the symbol π(n) denotes
the set of all primes dividing n; as usual, π(G) = π(|G|), the set of all
primes dividing the order of G. We use the symbol P to denote the set
of all primes.
In what follows, σ = {σi|i ∈ I} is some partition of P, that is, P =

∪i∈Iσi and σi∩σj = ∅ for all i 6= j. We write σ(n) = {σi|σi∩π(n) 6= ∅}
and σ(G) = σ(|G|).
A set 1 ∈ H of subgroups of G is said to be a complete Hall σ-

set of G [1] if every member of H \ {1} is a Hall σi-subgroup of G
for some σi and H contains exact one Hall σi-subgroup of G for every
σi ∈ σ(G). A subgroup H of G is called a σ-Hall subgroup of G [2] if
σ(|H|) ∩ σ(|G : H|) = ∅.
We say that a subgroup A of G is Hσ-normally embedded in G if

A is a σ-Hall subgroup of some normal subgroup of G. In the special
case, when σ = {{2}, {3}, . . .}, the de�nition of Hσ-normally embedded
subgroups is equivalent to the concept of Hall normally embedded
subgroups in [3].

Theorem 1. Suppose that G possesses a complete Hall σ-set H =
{1, H1, . . . , Ht} such that Hi is nilpotent for all i = 1, . . . , t. Then G
has an Hσ-normally embedded subgroup of order |H| for each subgroup
H of G if and only if the nilpotent residual D = GN of G is cyclic of
square-free order and |σ(D)| = |π(D)|.

In the case when σ = {{2}, {3}, . . .} we get from Theorem 1 the
following known result.

Corollary 1. (Ballester-Bolinches, Qiao [4]) G has a Hall normally
embedded subgroup of order |H| for each subgroup H of G if and only
if the nilpotent residual GN of G is cyclic of square-free order.
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A Note on the p-rank of a Finite p-soluble Group

A. N. Skiba

Francisk Skorina Gomel State University, Gomel

In what follows, G is a �nite group and σ = {σi|i ∈ I} is some
partition of the set of all primes P. A set H of subgroups of G is said to
be a complete Hall σ-set of G if every member ofH is a Hall σi-subgroup
of G for some i ∈ I and H contains exact one Hall σi-subgroup of G for
every i such that σi ∩ π(G) 6= ∅.
A subgroup A of G is called σ-quasinormal or σ-permutable in G if

G possesses a complete Hall σ-set set H such that AHx = HxA for all
H ∈ H and all x ∈ G.
If there is a chain 1 = H0 < H1 < . . . < Hn−1 < Hn = H, where

Hi−1 is a minimal subgroup of Hi for all i = 1, . . . , n, then H is called
an n-minimal subgroup of G.
Recall also that the p-rank rp(G) of a p-soluble group G 6= 1 is the

maximal integer k such that G has a chief factor of order pk; if G = 1,
then rp(G) = 0.

Theorem 1. Suppose that G 6= 1 possesses a complete Hall σ-set H =
{1, H1, . . . , Ht} such that p ∈ π(H1) \ {2} and H1 is p-soluble. Let 1 ≤
n ≤ r = rp(H1). If every n-minimal p-subgroup of G is σ-permutable
in G, then G is p-soluble and rp(G) ≤ r.
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Note that if G is p-soluble with rp(G) = 1, then G is p-supersoluble,
so G′ is p-nilpotent. Therefore, in the case when σ = {{2}, {3}, . . .}, we
get from Theorem 1 the following

Corollary 1. If every minimal subgroup of G of odd order permutes with
all Sylow subgroups of G, then G is 2′-supersoluble and the
commutator subgroup G′ of G is 2-closed.

Corollary 2. (Gasch�utz and Ito) If every minimal subgroup of G is
normal in G, then the commutator subgroup G′ of G is 2-closed.

Corollary 3. (Buckley) If G is of odd order and every minimal
subgroup of G is normal in G, then G is supersoluble.

Centralizers Dimensions and Universal Theories of Partially

Commutative Metabelian Groups

E. I. Timoshenko

Novosibirsk State Technical University, Novosibirsk

If S is a subset of a group G then the centralizer of S in G is C(S) =
{g ∈ G | gs = sg, for all s ∈ S}. If Ci is a centralizer, for i = 1, . . . , n,
with C1 > . . . > Cn then we call C1, . . . , Cn a centralizer chain of length
n. If there exists an integer c such that the group G has a centralizer
chain of length c and no centralizer chain of length greater then c then
G is said to have centralizer dimension Cdim(G) = c. If no such integer
c exists de�ne Cdim(G) =∞.
We compute exactly the centralizer dimensions of partially

commutative metabelian groups SΓ where a de�ning graph Γ is a tree.
Also, we compare the universal theories of two partially commutative

metabelian groups de�ned by cycles ∆ or linear graphs Γ. These theories
are di�erent if the numbers of vertexes of graphs Γ and ∆ greater than 4.
But there is unexpected exclusion. The universal theories of the groups
SΓ and S∆ coincide if ∆ is the cycle of the length 4 and Γ is the linear
graph of length 4.
Finally, we are interesting one conjecture due to V.N.Remeslennikov

for (absolutely) partially commutative groups FΓ. More exactly, let T
be a simple undirected �nite graph with the vertex set {x1, . . . , xn}.We
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associate with T the sentence

Φ(T ) = ∃z1 . . . zn(
∧

(xi,xj)∈T

[zi, zj] =

= 1 ∧
∧

(xi,xj)/∈T

[zi, zj] 6= 1 ∧
∧
i 6=j

zi 6= zj ∧
n∧
i=1

zi 6= 1). (1)

The set of all formulas of the form (1) satis�ed on FΓ is denoted by
Φ(FΓ).
Remeslennikov's Conjecture. The groups FΓ and F∆ are universal

equivalent i� the sets of formulas Φ(FΓ) and Φ(F∆) coincide.
We study this Conjecture for partially commutative metabelian groups.
The author was funded by RFBR (project � 15-01-01485) and Russian

Ministry of Education and Science (gov. contract 2014/138, project
� 1052).

Frattini Theory for Functor-closed Composition Formations

A. A. Tsarev

Vitebsk State University named after P. M. Masherov, Vitebsk

All classes considered are subclasses of the class G of all �nite groups.
S is the class of all soluble groups. All unexplained notations and
terminologies are standard. The reader is refereed to [1, 2] if necessary.
A formation F is a class of groups which is closed under homomorphic
images and also every group G has smallest normal subgroup with
quotient in F. We consider only subgroup functors τ (in Skiba's sense)
such that for any group G all subgroups of τ(G) are subnormal in G.
The set of all primes is denoted by P, and p will always denote a prime.

Consider a function f : P∪{0} → {formations of groups}, which we call
a composition satellite. Let G be a group. We denote by π(G) the set
of all prime divisors of |G|. The subgroup Cp(G) is the intersection of
the centralizers of all the abelian p-chief factors of G with Cp(G) = G

if G has no abelian p-chief factors. For any composition satellite f ,
we denote by CLF (f) the class of groups G satisfying the following
conditions: G/R(G) ∈ f(0) where R(G) is the S-radical GS of G;
G/Cp(G) ∈ f(p) for any prime p ∈ π(Com(G)) where Com(G) is the
class of all simple abelian groups isomorphic to composition factors of G.
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The class CLF (f) is a formation, and it is called composition formation
[3]. According to the concept of multiple localisation of composition
formations proposed by Skiba and Shemetkov, every formation
is 0-multiply composition by de�nition. For n > 0, a formation F is
called n-multiply composition if F = CLF (f) and all non-empty values
of f are (n− 1)-multiply composition formations [3].
Let F and H be τ -closed n-multiply composition formations with

H ⊆ F. We denote by F/τnH the lattice of all τ -closed n-multiply
composition formations M such as H ⊆ M ⊆ F. If M ⊂ F and the
lattice F/τnM consists only two elements then M is called a maximal
τ -closed n-multiply composition subformation of F [3]. Denote the
intersection of all maximal n-multiply composition subformations of F
by Φτ

n(F) and call it the Frattini subformation of F. We set Φτ
n(F) = F

if there are no such subformations.
The lattice of all τ -closed n-multiply formations is modular by [4]. As

an application of this fact we obtain the following result.

Theorem 1. Let n be non-negative integer and F1, F2 be non-empty
τ -closed n-multiply composition formations. If F1 ⊆ F2 6= (1) then
Φτ
n(F1) ⊆ Φτ

n(F2).

The author was funded by the Belarusian Republican Foundation for
Fundamental Research (project F15RM-025).
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On Products of Finite Groups with Submodular

Sylow Subgroups

V. A. Vasilyev

Francisk Skorina Gomel State University, Gomel

Throughout this report, all groups are �nite. Recall that a subgroup
M of a group G is said to be modular in G if M is a modular element
of the lattice of all subgroups of G [1]. It means that the following
conditions are ful�lled:
1) 〈X,M∩Z〉 = 〈X,M〉∩Z for all X ≤ G,Z ≤ G such that X ≤ Z,

and
2) 〈M,Y ∩Z〉 = 〈M,Y 〉∩Z for all Y ≤ G,Z ≤ G such thatM ≤ Z.
Note that every normal subgroup, every quasinormal subgroup

(a subgroup of a group that is permutable with every subgroup of the
group) is modular. The example of a symmetric group S3 on 3 items
shows that in general case the converse is not ful�lled.
In the paper [2] I. Zimmermann introduced the notion of a submodular

subgroup which generalizes the notion of a subnormal subgroup. Recall
that a subgroupH of a groupG is said to be submodular inG [2], if there
exists a chain of subgroups H = H0 ≤ H1 ≤ . . . ≤ Hs−1 ≤ Hs = G

such that Hi−1 is a modular subgroup in Hi for i = 1, . . . , s.
In [2] the properties of submodular subgroups were found and the

study of groups with given submodular subgroups, in particular, with
submodular Sylow subgroups, was begun. In the paper [3] the class smU

of all groups with submodular Sylow subgroups was investigated and
some of its properties were found. For instance, it was proved in [3]
that smU forms a hereditary saturated formation, its local function was
found, criteria of the membership of a group to the class smU were
established.
This report is devoted to the further development of results of the

paper [3]. In particular, we obtained the following result.

Theorem 1. Let a group G = AB be a product of its submodular
subgroups A and B. If A ∈ smU, B ∈ smU and G has a nilpotent
subgroup K such that K is the smallest normal subgroup of G for
which G/K is a group with elementary abelian Sylow subgroups, then
G ∈ smU.
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On Fω-normalizers of Finite Groups

V. A. Vedernikov
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M. M. Sorokina

Bryansk State University I.G. Petrovsky, Bryansk

Considered only �nite groups. Let ω be a non-empty set of primes,
f : ω∪{ω′} → { formations of groups } is an ωF -function. A formation
F = (G : G/Oω(G) ∈ f(ω′) and G/Fp(G) ∈ f(p) for all p ∈ ω ∩ π(G))
is called an ω-local formation with the ω-satellite f . Following [1] (see
de�nitions 13.1, 13.2, 21.1 [1]), we state the following de�nition.

De�nition 1. Let F be a non-empty formation.
1) A normal subgroup R of the group G is called an Fω-limited normal

subgroup of G if R ≤ GF and R/R ∩Φ(G)∩Oω(G) is a chief factor of
the group G. A maximal subgroup M of G is called Fω-critical in G if
G = MR for some Fω-limited normal subgroup R of G.
2) An F-subgroup H of the group G is called an Fω-normalizer of G

if there exists a maximal chain H = Ht ⊂ Ht−1 ⊂ · · · ⊂ H1 ⊂ H0 = G
where t ≥ 0 and Hi is an Fω-critical subgroup of Hi−1 for each i ∈
{1, 2, . . . , t}.
Theorem 1. Let F be a non-empty ω-local formation, let G be a group
and let an F-residual GF of G be an ω-group. Then there exists an Fω-
normalizer H of the group G and G = GFH.

Theorem 2. Let F be a non-empty ω-local formation, let G be a group
and let GF be a π(F)-soluble ω-group. Then any two Fω-normalizers of
G are conjugate.
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Theorem 3. Let F be a non-empty ω-local formation with an inner
ω-satellite f and π = π(F). An Fω-normalizer H of the group G covers
every fω-central chief factor of G and avoids every fω-eccentral chief
factor of G if one of two following conditions is satis�ed:
1) GF is a π-soluble group;
2) GF is an ω-soluble group.

Theorem 4. Let F be a non-empty ω-local Fitting formation and let
G = A1A2 · · ·An be a group where Ai is a subnormal subgroup of G
for each i ∈ {1, 2, . . . , n} and π = π(F). If an F-residual AF

i of Ai is

a π-soluble ω-group and for every p ∈ ω Sylow p-subgroups of AF
i is

abelian for each i ∈ {1, 2, . . . , n}, then every Fω-normalizer of G is a
complement for GF in G.

Theorems 2 and 3 implies the known results of Carter, Hawkes and
L.A. Shemetkov on F-normalizers in �nite groups (see [1, 2]). Theorem
4 is a generalization of the theorem of S.F. Kamornikov from [3].
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