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ÂËÀÄÈÌÈÐ ÏÅÒÐÎÂÈ× ØÓÍÊÎÂ

29 èþëÿ 2012 ã. èñïîëíèëîñü 80 ëåò ñî äíÿ ðîæäåíèÿ âûäàþùå-
ãîñÿ ó÷åíîãî Â. Ï. Øóíêîâà, ëèäåðà Êðàñíîÿðñêîé àëãåáðàè÷åñêîé
øêîëû, íàãðàæä¼ííîãî â 1999 ã. ìåäàëüþ îðäåíà "Çà çàñëóãè ïåðåä
Îòå÷åñòâîì". Íåçàäîëãî äî þáèëåÿ, 3 îêòÿáðÿ 2011 ã., åãî ñåðäöå
îñòàíîâèëîñü.
Âëàäèìèð Ïåòðîâè÷ ðîäèëñÿ â ñåëå Áóðà ×èòèíñêîé îáëàñòè â ñå-

ìüå êðåñòüÿíèíà, ïîòîìêà çàáàéêàëüñêèõ êàçàêîâ. Åìó âåçëî c ó÷è-
òåëÿìè. Åùå â øêîëå èç óíèâåðñèòåòñêîãî ó÷åáíèêà Ë. À. Îêóíåâà
îí óçíàë î òåîðèè ãðóïï. Â Ïåðìñêîì óíèâåðñèòåòå åãî êóðñîâîé ðà-
áîòîé ðóêîâîäèë òîãäà åùå ìîëîäîé êàíäèäàò íàóê Ì. È. Êàðãàïî-
ëîâ, ïîçäíåå ñòàâøèé ÷ëåíîì-êîððåñïîíäåíòîì ÀÍ ÑÑÑÐ. Ðóêîâî-
äèòåëü äèïëîìíîé ðàáîòû Øóíêîâà (1959 ã.) ïðîôåññîð Ñ. Í. ×åð-
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íèêîâ ïðèãëàñèë åãî â àñïèðàíòóðó. Ïî ðàñïðåäåëåíèþ Âëàäèìèð
Ïåòðîâè÷ ðàáîòàë äâà ãîäà â âóçàõ ×åëÿáèíñêà, àñïèðàíòóðó îêîí-
÷èë â îòäåëå òåîðèè ãðóïï Ñâåðäëîâñêîãî îòäåëåíèÿ ÌÈ ÀÍ ÑÑÑÐ.
Çàùèòèâ â 1965 ã. êàíäèäàòñêóþ äèññåðòàöèþ, îí ïî ïðèãëàøåíèþ
àêàäåìèêà Ë. Â. Êèðåíñêîãî ïåðååçæàåò â Êðàñíîÿðñê, íàâñåãäà ñâÿ-
çàâ ñâîþ æèçíü ñ ôîðìèðîâàâøèìèñÿ ôèëèàëîì ÑÎ ÀÍ ÑÑÑÐ è
Êðàñíîÿðñêèì óíèâåðñèòåòîì.
Ïåðâóþ ñòàòüþ Âëàäèìèð Ïåòðîâè÷ îïóáëèêîâàë â 1964 ã. â Äî-

êëàäàõ ÀÍ ÑÑÑÐ; â ñëåäóþùèå ÷åòûðå ãîäà îí òàì æå îïóáëèêî-
âàë åùå ïÿòü ðàáîò. Èçâåñòíîñòü è ïðèçíàíèå åìó ïðèíåñëè, ïðåæäå
âñåãî, äîñòèæåíèÿ â òåîðèè áåñêîíå÷íûõ ãðóïï. Â ïåðèîä 1967-72 ãã.
Øóíêîâ ðàçðàáàòûâàåò îñíîâû íîâîãî íàïðàâëåíèÿ èññëåäîâàíèé
ïåðèîäè÷åñêèõ è ñìåøàííûõ ãðóïï ñ óñëîâèÿìè êîíå÷íîñòè, îñëàá-
ëÿþùèìè ëîêàëüíóþ êîíå÷íîñòü. Çà îñíîâó áåðåòñÿ ñâîéñòâî êîíå÷-
íîñòè ïîäãðóïï, ïîðîæäàåìûõ ïàðîé èíâîëþöèé � ýëåìåíòîâ ïîðÿä-
êà äâà. Â 1937 ã. ëîêàëüíóþ êîíå÷íîñòü 2-ãðóïï ñ òàêèì ñâîéñòâîì
è íåêîòîðûì äîïîëíèòåëüíûì óñëîâèåì ìèíèìàëüíîñòè óñòàíîâèë
Î. Þ. Øìèäò, îáðàòèâøèé âíèìàíèå íà íåîáõîäèìîñòü îáîáùåíèÿ
êëàññè÷åñêîé òåîðåìû Ôðîáåíèóñà.
Â 1970 ã. Âëàäèìèð Ïåòðîâè÷ ðåøàåò äâå êëþ÷åâûå ïðîáëåìû ìè-

íèìàëüíîñòè â êëàññå ëîêàëüíî êîíå÷íûõ ãðóïï. Â ñëåäóþùèå äâà
ãîäà èì îáîáùåíà òåîðåìà Ôðîáåíèóñà è çàâåðøåíà ðàáîòà íàä ïðî-
áëåìàìè ìèíèìàëüíîñòè Ñ. Í. ×åðíèêîâà. Â 1972 ã. Øóíêîâ äîêàçû-
âàåò ñâîþ çíàìåíèòóþ òåîðåìó î ïî÷òè ðàçðåøèìîñòè è ëîêàëüíîé
êîíå÷íîñòè ïåðèîäè÷åñêîé ãðóïïû ñ ïî÷òè ðåãóëÿðíîé èíâîëþöèåé.
Â ôåâðàëå 1973 ã. îí çàùèùàåò äîêòîðñêóþ äèññåðòàöèþ "Î íåêî-
òîðûõ âîïðîñàõ òåîðèè ëîêàëüíî êîíå÷íûõ ãðóïï". Ïðèìå÷àòåëüíî,
÷òî åå îñíîâíûå ðåçóëüòàòû â òîì æå ãîäó áûëè îòðàæåíû â âûøåä-
øåé çà ðóáåæîì ìîíîãðàôèè Êåãåëÿ è Âåðôðèöà [1].
Êðàñíîÿðñêàÿ àëãåáðî-ëîãè÷åñêàÿ íàó÷íàÿ øêîëà, ñîåäèíÿþùàÿ

àêàäåìè÷åñêèå è óíèâåðñèòåòñêèå èññëåäîâàíèÿ, ðîäèëàñü ïî èíèöè-
àòèâå àêàäåìèêà À. È. Ìàëüöåâà. Ó åå èñòîêîâ ñòîÿëè Â. Ì. Áóñàð-
êèí � ïåðâûé çàâåäóþùèé êàôåäðîé àëãåáðû è ìàòåìàòè÷åñêîé ëî-
ãèêè Êðàñíîÿðñêîãî ãîñóíèâåðñèòåòà, è Þ. Ì. Ãîð÷àêîâ � ïåðâûé â
Êðàñíîÿðñêå äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, âîçãëàâëÿâøèé ñ
1964 ã. â Èíñòèòóòå ôèçèêè ÑÎ ÀÍ ÑÑÑÐ ìàòåìàòè÷åñêóþ ëàáîðà-
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òîðèþ, à ïîñëå åå äåëåíèÿ â 1967 ã. � ëàáîðàòîðèþ àëãåáðû è ìàòåìà-
òè÷åñêîé ëîãèêè. Óæå â 1974 ã. çàùèòèëè êàíäèäàòñêèå äèññåðòàöèè
èõ ïåðâûå ó÷åíèêè. Ñ êîíöà 1960-õ ãã. íà÷àë ðàáîòàòü îáúåäèíåííûé
àëãåáðàè÷åñêèé ñåìèíàð Êðàñíîÿðñêà.
Â. Ï.Øóíêîâ âîçãëàâèë ëàáîðàòîðèþ ïîñëå ïåðåõîäà Â. Ì. Áóñàð-

êèíà â Êðàñíîÿðñêèé ïîëèòåõíè÷åñêèé èíñòèòóò â 1972 ã. è îòúåçäà
èç Êðàñíîÿðñêà Þ. Ì. Ãîð÷àêîâà â 1973 ã. Ðàáîòàòü ñ ó÷åíèêàìè îí
ñòàë ñ 1974 ã., íî íàèáîëåå èíòåíñèâíî - ïîñëå ïðèãëàøåíèÿ åãî â
1975 ã. â óíèâåðñèòåò íà äîëæíîñòü çàâåäóþùåãî êàôåäðîé è àêòè-
âèçàöèè ðàáîòû êðàñíîÿðñêîãî àëãåáðàè÷åñêîãî ñåìèíàðà. Ïîä ðó-
êîâîäñòâîì Â. Ï. Øóíêîâà âûðîñëè 25 êàíäèäàòîâ è 6 äîêòîðîâ
íàóê. Âìåñòå ñ ó÷åíèêàìè îí ðàçðàáîòàë áîëüøèå ôðàãìåíòû "ïî-
ëîæèòåëüíîé" òåîðèè ïåðèîäè÷åñêèõ ãðóïï.
Â ðàçâèòèè íàïðàâëåíèÿ ãðóïï ñ óñëîâèÿìè êîíå÷íîñòè èì áûë

âûäåëåí ðÿä êëàññîâ ãðóïï (íåêîòîðûå ñåé÷àñ íîñÿò åãî èìÿ), ïðî-
ìåæóòî÷íûõ ìåæäó êëàññàìè ëîêàëüíî êîíå÷íûõ è ïåðèîäè÷åñêèõ
ãðóïï. Òåîðåìû Øóíêîâà íàõîäÿò ñâÿçè ñ ðàçëè÷íûìè ãëóáîêèìè
ïðîáëåìàìè; ÿðêî ýòî èëëþñòðèðóåò ñòàòüÿ [2]. Â 1990 ã. Âëàäè-
ìèð Ïåòðîâè÷ íàïèñàë ïåðâóþ ìîíîãðàôèþ [3], à âñåãî îïóáëèêîâàë
(îäèí èëè ñ ó÷åíèêàìè) 5 ìîíîãðàôèé è ñâûøå 150 ñòàòåé.
Çíà÷èòåëüíóþ ÷àñòü ñâîèõ ðàáîò Øóíêîâ îïóáëèêîâàë â æóðíàëå

"Àëãåáðà è ëîãèêà". Çà àêòèâíîå ó÷àñòèå â ðàáîòå îäíîèìåííîãî ñå-
ìèíàðà îí â ÷èñëå ïåðâûõ áûë íàãðàæäåí ñåðåáðÿíûì çíà÷êîì. Åìó
ïðèñóæäàëàñü ãîñóäàðñòâåííàÿ ñòèïåíäèÿ äëÿ âûäàþùèõñÿ ó÷åíûõ
Ðîññèè, à â 1994 ã. Âëàäèìèð Ïåòðîâè÷ ñòàë ëàóðåàòîì ïðåìèè èìå-
íè À. È. Ìàëüöåâà ÐÀÍ.
Íåñîìíåííà çàñëóãà Âëàäèìèðà Ïåòðîâè÷à â òîì, ÷òî ñ 1970-õ ãã.

ïðîøëîãî âåêà â Êðàñíîÿðñêå ñòàëè ïðîâîäèòüñÿ âñåñîþçíûå è âñå-
ðîññèéñêèå êîíôåðåíöèè, ñèìïîçèóìû, øêîëû, à ñ 1990-õ ãã. � ìåæ-
äóíàðîäíûå êîíôåðåíöèè. Åãî ïàìÿòè ïîñâÿùåíû Ìàëüöåâñêèå ÷òå-
íèÿ â Íîâîñèáèðñêå (íîÿáðü 2012 ã.) è î÷åðåäíàÿ ìåæäóíàðîäíàÿ
êîíôåðåíöèÿ "Àëãåáðà è ëîãèêà: òåîðèÿ è ïðèëîæåíèÿ"(Êðàñíîÿðñê,
èþëü 2013 ã.).

[1] Kegel O. H., Wehrfritz B. A. F. Locally Finite Groups. Amsterdam
� London: North Holland Publ. Co., 1973.
[2] Àäÿí Ñ. È. Åùå ðàç î ïåðèîäè÷åñêèõ ïðîèçâåäåíèÿõ è ïðîáëåìå
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À. È. Ìàëüöåâà // Ìàò. çàìåòêè. 2010. Ò. 88. � 6. Ñ. 803�810.
[3] Øóíêîâ Â. Ï. Mp-ãðóïïû. Ì.: Íàóêà, 1990.

Ñ. Ñ. Ãîí÷àðîâ, Þ. Ë. Åðøîâ, Â. Ì. Ëåâ÷óê, Â. Ä. Ìàçóðîâ,
Â. È. Ñåíàøîâ, À. È. Ñîçóòîâ, Í. Ñ. ×åðíèêîâ
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I∗0 -ìîäóëè

À. Í. Àáûçîâ
Êàçàíñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êàçàíü

Âñå êîëüöà ïðåäïîëàãàþòñÿ àññîöèàòèâíûìè è ñ åäèíèöåé, à ìî-
äóëè � óíèòàðíûìè.
ÌîäóëüM íàçûâàåòñÿ I0-ìîäóëåì, åñëè êàæäûé åãî íåìàëûé ïîä-

ìîäóëü ñîäåðæèò â ñåáå íåíóëåâîå ïðÿìîå ñëàãàåìîå ìîäóëÿM . Äâîé-
ñòâåííî îïðåäåëÿåòñÿ ïîíÿòèå I∗0 -ìîäóëÿ. Ìîäóëü M íàçîâåì I∗0 -
ìîäóëåì, åñëè êàæäûé íåñóùåñòâåííûé ïîäìîäóëü ìîäóëÿ M ñî-
äåðæèòñÿ â ïðÿìîì ñëàãàåìîì ìîäóëÿ M , êîòîðûé îòëè÷åí îò ìî-
äóëÿ M . ßñíî, ÷òî êàæäûé CS-ìîäóëü ÿâëÿåòñÿ I∗0 -ìîäóëåì. Òàêèì
îáðàçîì, ïðèìåðàìè I∗0 -ìîäóëåé ÿâëÿþòñÿ èíúåêòèâíûå, êâàçèèíú-
åêòèâíûå, íåïðåðûâíûå è êâàçèíåïðåðûâíûå ìîäóëè. Êîëüöî R íà-
çûâàåòñÿ îáîáùåííûì ñïðàâà SV -êîëüöîì, åñëè êàæäûé ïðàâûé
R-ìîäóëü ÿâëÿåòñÿ I0-ìîäóëåì. Îáîáùåííûå SV -êîëüöà ðàññìîòðå-
íû â ìîíîãðàôèè [1].

Òåîðåìà 1. Äëÿ ðåãóëÿðíîãî êîëüöà R ñëåäóþùèå óñëîâèÿ ýêâèâà-
ëåíòíû:

(1) íàä êîëüöîì R êàæäûé ïðàâûé ìîäóëü ÿâëÿåòñÿ I∗0 -ìîäóëåì;

(2) íàä êîëüöîì R êàæäûé ïðàâûé ìîäóëü ÿâëÿåòñÿ I0-ìîäóëåì;

(3) R � ïðàâîå SV -êîëüöî.

Òåîðåìà 2. Äëÿ íîðìàëüíîãî êîëüöà R ñëåäóþùèå óñëîâèÿ ýêâèâà-
ëåíòíû:

(1) êàæäûé ïðàâûé R-ìîäóëü ÿâëÿåòñÿ I∗0 -ìîäóëåì;

(2) â êîëüöå R ñóùåñòâóåò íåçàâèñèìîå ñåìåéñòâî ïðàâûõ èäåàëîâ
(Ai)i∈I , óäîâëåòâîðÿþùåå ñëåäóþùèì óñëîâèÿì:

(a) äëÿ êàæäîãî i Ai � ëîêàëüíûé èíúåêòèâíûé ìîäóëü äëèíû
äâà;

(b) J(R) ⊂ ⊕i∈IAi;

(c) R/J(R) � ïðàâîå SV -êîëüöî.
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Ñïèñîê ëèòåðàòóðû

1. Jain JS. K., Srivastava A. K., Tuganbaev A. A. Cyclic Modules
and the Structure of Rings. Oxford: Oxford University Press, 2012.
232 p.

Êâàäðàòû â ðàçáèåíèÿõ

Ð. Æ. Àëååâ
Þæíî-Óðàëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ×åëÿáèíñê

Ôðîáåíèóñ [1], èçó÷àÿ íåïðèâîäèìûå õàðàêòåðû çíàêîïåðåìåííûõ
ãðóïï, ñâÿçàë èõ ñ îïðåäåë¼ííûìè ðàçáèåíèÿìè è óêàçàë âñå íåöå-
ëûå çíà÷åíèÿ íåïðèâîäèìûõ õàðàêòåðîâ. Ôàêòè÷åñêè èç ýòèõ ðå-
çóëüòàòîâ ïîëó÷àåòñÿ ñëåäóþùèé ðåçóëüòàò [2, Òåîðåìà 4.5].

Ëåììà 1. Ðàíã ãðóïïû öåíòðàëüíûõ åäèíèö öåëî÷èñëåííîãî ãðóï-
ïîâîãî êîëüöà çíàêîïåðåìåííîé ãðóïïû ñòåïåíè n ðàâåí êîëè÷åñòâó
ðàçáèåíèé a = [a1, . . . , ak] íàòóðàëüíîãî ÷èñëà n, óäîâëåòâîðÿþùèõ
ñëåäóþùèì ñâîéñòâàì:

1) ai íå÷åòíî, 1 6 i 6 k è ai 6= aj ïðè i 6= j;

2) n ≡ k (mod 4);

3)
∏k

i=1 ai íå ÿâëÿåòñÿ ïîëíûì êâàäðàòîì.

Ïåðâûå äâà óñëîâèÿ èíäóêòèâíû ïî ìîäóëþ 4. Ñàìûì òðóäíûì
ÿâëÿåòñÿ óñëîâèå 3), ïîñêîëüêó ïîÿâëåíèå êâàäðàòà íåïðåäñêàçóå-
ìî. Â ýòîé ñâÿçè îïðåäåë¼ííûé èíòåðåñ ïðåäñòàâëÿåò âîïðîñ î òîì,
ìîãóò ëè âîçíèêíóòü äâà èäóùèõ ïîäðÿä êâàäðàòà ïðè ëåêñèêîãðà-
ôè÷åñêîì óïîðÿäî÷åíèè ðàçáèåíèé äàííîãî ÷èñëà.

Ëåììà 2. Ïóñòü äàíû äâà íàòóðàëüíûõ ÷èñëà a è b, ïðè÷¼ì a

íå÷¼òíî. Äîïóñòèì, ÷òî ñóùåñòâóåò òàêîå íàòóðàëüíîå ÷èñëî
x, ÷òî ax(2b − x) è a(x − 2)(2b − x + 2) ÿâëÿþòñÿ êâàäðàòàìè.
Òoãäà a ≡ 3 (mod 4).

Ëåììà 3. Ïóñòü x è b � íàòóðàëüíûå ÷èñëà, ïðè÷¼ì x íå÷¼òíî,
x > 2b− x è x > 3. Ïðåäïîëîæèì, ÷òî äëÿ íàòóðàëüíîãî y èìååì
x(2b−x) = 3y2 è (x−2)(2b−x+2) = 3(y+2)2. Òîãäà x = 3(y+1)+b1,
b = 4b1 + 2 äëÿ öåëîãî b1 è

(2b1 + 1)2 − 3(y + 1)2 = 1. (Óðàâíåíèå Ïåëëÿ)
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Ëåììà 4. Ðåøåíèÿ óðàâíåíèÿ Ïåëëÿ t2 − 3u2 = 1 ñ ÷¼òíûì u > 0
� ýòî äëÿ êàæäîãî íàòóðàëüíîãî n ïàðû (vn, wn), äëÿ êîòîðûõ

vn +
√

3wn = (7 + 4
√

3)n.

Òåîðåìà 1. Ïóñòü x è b � íàòóðàëüíûå ÷èñëà, ïðè÷¼ì x íå÷¼òíî,
x > 2b− x è x > 3. Ïðåäïîëîæèì, ÷òî äëÿ íàòóðàëüíîãî y èìååì
x(2b− x) = 3y2 è (x− 2)(2b− x+ 2) = 3(y+ 2)2. Òîãäà ñóùåñòâóåò
òàêîå íàòóðàëüíîå n, ÷òî

y = wn − 1, b = 2vn è x = 3wn + 2vn + 1,

ãäå ïîñëåäîâàòåëüíîñòè {vn}∞n=0 è {wn}∞n=0 îïðåäåëåíû â ëåììå 4.

Òåïåðü èìååì

b = 2vn ∈ {14, 194, 2702, 37634, 524174, . . . }
y = wn − 1 ∈ {3, 55, 779, 10863, 151315, . . . }

x = 2vn + 3wn + 1 ∈ {27, 363, 5043, 70227, 978123, . . . }

Ñîîòâåòñòâóþùèå ïàðû ðàçáèåíèé ([3, x, 2b−x], [3, x− 2, 2b−x+ 2])

([3, 27, 1], [3, 25, 3]), ([3, 363, 25], [3, 361, 27]),

([3, 5043, 361], [3, 5041, 363]), ([3, 70227, 5041], [3, 70225, 5043]),

([3, 978123, 70225], [3, 978121, 70227]), . . .

Ñïèñîê ëèòåðàòóðû

1. Ôðîáåíèóñ Ã. Òåîðèÿ õàðàêòåðîâ è ïðåäñòàâëåíèé ãðóïï: ïåð. ñ
íåì. / ïîä ðåä. è ñ ïðåäèñë. À. Ê. Ñóøêåâè÷à. 2-å èçä., ñòåð. Ì.:
ÊîìÊíèãà, 2005. 216 ñ.

2. Ferraz R. A. Simple components and central units in group rings //
J. Algebra. 2004. V. 279, no. 1. P. 191�203.
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Êîíå÷íûå ïðîñòûå ãðóïïû, â êîòîðûõ öåíòðàëèçàòîðû
ýëåìåíòîâ ñ ìàëûì ÷èñëîì ïðîñòûõ äåëèòåëåé

Ð. Æ. Àëååâ, È. À. Òþðèíà
Þæíî-Óðàëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ×åëÿáèíñê

Ïóñòü w(n) � êîëè÷åñòâî ìíîæèòåëåé â ïðåäñòàâëåíèè íàòóðàëü-
íîãî ÷èñëà n â âèäå ïðîèçâåäåíèÿ ïðîñòûõ ñîìíîæèòåëåé. Åñëè H
� ïîäãðóïïà êîíå÷íîé ãðóïïû G, òî w(H) = w(|H|) è v(G) =
max{w(C(g)) | g ∈ G \ Z(G)}. Åñëè p � íå÷åòíîå ïðîñòîå ÷èñëî,
òî

l(pn) =

{
max {w(pn − 1), w ((pn + 1)/2)} , åñëè pn ≡ 1 (mod 4),
max {w(pn + 1), w ((pn − 1)/2)} , åñëè pn ≡ −1 (mod 4).

Â ðàáîòàõ [1�4] äîêàçàíû ñëåäóþùèå ðåçóëüòàòû.

Ëåììà 1. Â êîíå÷íîé ïðîñòîé ãðóïïå G óñëîâèå v(G) = 5 âûïîë-
íÿåòñÿ òîãäà è òîëüêî òîãäà, êîãäà G èçîìîðôíà îäíîé èç ñëåäó-
þùèõ ãðóïï:

1) PSL(2, p), l(p) = 5;

2) PSL(2, p2), p ∈ {7, 11, 13};

3) PSL(2, p3), l(p3) = 5;

4) PSL(2, p5), p = 2 èëè l(p5) 6 5;

5) PSL(2, 34), PSL(3, 3), M11, J1.

Ëåììà 2. Â êîíå÷íîé ïðîñòîé ãðóïïå G óñëîâèå v(G) = 6 âûïîë-
íÿåòñÿ òîãäà è òîëüêî òîãäà, êîãäà G èçîìîðôíà îäíîé èç ñëåäó-
þùèõ ãðóïï:

1) PSL(2, p), l(p) = 6;

2) PSL(2, p2), l(p2) = 6;

3) PSL(2, p3), l(p3) = 6;

4) PSL(2, p5), l(p5) = 6;

5) PSL(2, 54), PSL(2, 26), PSL(2, 36), PSL(3, 4), PSU(3, 3),
PSU(3, 5), Sz(8).
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Â êà÷åñòâå ïðèìåðîâ äëÿ 1), 3) è 4) ëåììû 1 è 1)�4) ëåììû 2 óêà-
çàíû ïðîñòûå p < 100. Åñòåñòâåííî âîçíèêàåò âîïðîñ î ïîñòðîåíèè
áîëüøåãî ÷èñëà ïðèìåðîâ ãðóïï, à äëÿ ýòîãî íåîáõîäèìî ðàññìàò-
ðèâàòü ÷èñëà âèäà pn − 1 ïðè n 6 5.
Ïðîñòîå ÷èñëî q íàçûâàåòñÿ ïðîñòûì ÷èñëîì ÑîôèÆåðìåí, åñëè

p = 2q+1 òàêæå ïðîñòîå, è â ýòîì ñëó÷àå áóäåì íàçûâàòü ïàðó (q, p)
ïàðîé Ñîôè Æåðìåí.
Òèò÷ìàðø, Õàðäè è Ðàìóíóäæàí, Òóðàí, Ýðä¼ø [5, Ãëàâà V, � 7]

ïîêàçàëè, ÷òî ÷èñëî ðàçëè÷íûõ (ïðîñòûõ) äåëèòåëåé äàæå ó p −
1 â ñðåäíåì âîçðàñòàåò ñ ðîñòîì p (áîëåå òî÷íûå ôîðìóëèðîâêè è
ïîíÿòèÿ â [5]). Ïîýòîìó íóæíî ñäåëàòü îãðàíè÷åíèÿ íà êîëè÷åñòâî
äåëèòåëåé ÷èñëà p− 1 äëÿ ïðîñòîãî p. Ïîñêîëüêó ñëó÷àé 2n− 1 äëÿ
íåáîëüøèõ n òðèâèàëåí, òî áóäåì ðàññìàòðèâàòü òîëüêî íå÷¼òíûå
ïðîñòûå p ñ óñëîâèåì, ÷òî êîëè÷åñòâî ïðîñòûõ äåëèòåëåé p−1 ðàâíî
2. Òîãäà q = (p − 1)/2 � ïðîñòîå ÷èñëî Ñîôè Æåðìåí, è (q, p) �
ïàðà Ñîôè Æåðìåí

Òåîðåìà 1. Ïóñòü (q, p) � ïàðà Ñîôè Æåðìåí è q > 5.

1) Íàèìåíüøèìè ïðîñòûìè äåëèòåëÿìè p2 +p+1 ñðåäè ïðîñòûõ
÷èñåë p < 19 ìîãóò áûòü òîëüêî 7 è 13.

2) Åñëè 7 äåëèò p2 + p + 1, òî p ≡ 11, 23 (mod 84), è ýòè âîç-
ìîæíîñòè ðåàëèçóþòñÿ ñîîòâåòñòâåííî 11 è 23.

3) Åñëè 13 äåëèò p2 + p + 1, òî p ≡ 35, 107 (mod 156), è ýòè
âîçìîæíîñòè ðåàëèçóþòñÿ ñîîòâåòñòâåííî 191 è 107.

Òåîðåìà 2. Ïóñòü (q, p) � ïàðà Ñîôè Æåðìåí è q > 11.

1) Íàèìåíüøèìè ïðîñòûìè äåëèòåëÿìè p4 + p3 + p2 + p2 + p+ 1
ñðåäè ïðîñòûõ ÷èñåë p < 37 ìîãóò áûòü òîëüêî 11 è 31.

2) Åñëè 11 äåëèò p4+p3+p2+p+1, òî p ≡ 47, 59, 71, 119 (mod 132),
è ýòè âîçìîæíîñòè ðåàëèçóþòñÿ ñîîòâåòñòâåííî 47, 59, 467
è 383.

3) Åñëè p4+p3+p2+p+1 � ïðîñòîå ÷èñëî, òî p ≡ 35, 83, 95, 107, 131
(mod 372), è ýòè âîçìîæíîñòè ðåàëèçóþòñÿ ñîîòâåòñòâåííî
563, 83, 227, 503 è 263.
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Òåîðåìû 1 è 2 ïîçâîëÿþò çíà÷èòåëüíî óâåëè÷èòü ÷èñëî ïðèìåðîâ
ãðóïï, êîòîðûå óäîâëåòâîðÿþò îãðàíè÷åíèÿì èç ëåìì 1 è 2.

p

l(p) = 5 47, 107, 167, 179, 467, 587, 887, 983, 1019, 1907, 2027,
2459, 2579, 2819, 2963, 3203, . . .

l(p5) = 5 5, 7, 11, 23, 47, . . .

l(p) = 6 359, 503, 839, 1187, 1319, 1367, . . .

l(p2) = 6 47, 107, 167, 179, 263, . . .

l(p3) = 6 5, 7, 11, 83, . . .

l(p5) = 6 5, 7, 11, 47, 59, 263, 1307, 1523, . . .

Ñïèñîê ëèòåðàòóðû

1. Àíòîíîâ Â. À., Çåíêîâ Â. È., Òþðèíà È. À. Î êîíå÷íûõ ãðóïïàõ
ñ ìàëûìè öåíòðàëèçàòîðàìè ýëåìåíòîâ// Àëãåáðà è ëèíåéíàÿ
îïòèìèçàöèÿ: òð. ìåæäóíàð. ñåìèíàðà ïàìÿòè Ñ. Í. ×åðíèêîâà.
Åêàòåðèíáóðã, 2002. Ñ. 44�46.

2. Àíòîíîâ Â. À., Çåíêîâ Â. È., Òþðèíà È. À. Î ãðóïïàõ ñ ìàëûìè
öåíòðàëèçàòîðàìè// Ìåæäóíàð. êîíô. �Àëãåáðà è åå ïðèëîæå-
íèÿ�: òåç. äîêë. Êðàñíîÿðñê, 2002. Ñ. 5�7.

3. Àíòîíîâ Â. À., Çåíêîâ Â. È., Òþðèíà È. À. Î ãðóïïàõ ñ ìàëûìè
öåíòðàëèçàòîðàìè// Èçâ. ×ÍÖ (ýëåêòðîí. æóðí.). 2007. Ò. 36,
� 2. Ñ. 2�5.

4. Òþðèíà È. À. Êîíå÷íûå íåðàçðåøèìûå ãðóïïû ñ òðèâèàëüíûì
öåíòðîì è ìàëûìè öåíòðàëèçàòîðàìè íåöåíòðàëüíûõ ýëåìåí-
òîâ// Âåñòí. ÞÓðÃÓ. Ñåð. �Ìàòåìàòèêà, ôèçèêà, õèìèÿ�. 2006.
� 7. Ñ. 58�63.

5. Ïðàõàð Ê. Ðàñïðåäåëåíèå ïðîñòûõ ÷èñåë. Ì.: Ìèð, 1967. 512 ñ.

Î ÷èñëå ñëîâ, íå ñîäåðæàùèõ ïîäñëîâ îïðåäåëåííîãî âèäà

È. Î. Àëåêñàíäðîâà
Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

1. Â ñòàòüå [1] À. È. Ñîçóòîâûì ïîñòàâëåíà çàäà÷à î íàõîæäåíèè
÷èñëà ñëîâ wN = x1x2 . . . xN äëèíû N íàä àëôàâèòîì {x, y}, íå
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ñîäåðæàùèõ ïîäñëîâ âèäà xm è yn, ãäå m,n � íàòóðàëüíûå ÷èñëà,
m > 2, n > 2.
Ñ ïîìîùüþ ìåòîäà ïðîèçâîäÿùèõ ôóíêöèé [2] íàéäåíî ÷èñëî òà-

êèõ ñëîâ
pN =

2
m−1∑
j=0

∑
k1,...,km+n−3

(k1 + . . .+ km+n−3)!

k1! . . . km+n−3!
(m− 1)km−1+...+kn−1

m−2∏
i=1

iki+km+n−i−2+

n−1∑
j=m

∑
k1,...,km+n−3

(k1 + . . .+ km+n−3)!

k1! . . . km+n−3!
(m− 1)km−1+...+kn−1

m−2∏
i=1

iki+km+n−i−2,

ãäå k1, k2, . . . , km+n−2 � öåëûå íåîòðèöàòåëüíûå ÷èñëà, óäîâëåòâîðÿ-
þùèå óñëîâèþ 2k1 + 3k2 + . . .+ (m+ n− 1) km+n−2 = N − j.
2. Â ñëó÷àå, êîãäà m = n,

pN =
δ∑
j=0

2j+1
(
2m−j−1 − 1

) ∑
k1,...,km−1

(k1 + . . .+ km−1)!

k1! . . . km−1!
,

ãäå δ = min (m− 2, N −m), k1, k2, . . . , km−1 � öåëûå íåîòðèöàòåëü-
íûå ÷èñëà, óäîâëåòâîðÿþùèå óñëîâèþ k1 +2k2 + . . .+(m− 1) km−1 =
N −m− j.

3. ×èñëî ñëîâ pN äëèíû N íàä àëôàâèòîì {a1, . . . , an}, êîòîðûå
íå ñîäåðæàò ïîäñëîâ âèäà ami ,

pN =
δ∑
j=0

nj+1
(
nm−j−1 − 1

) ∑
α1,...,αm−1

(α1 + . . .+ αm−1)!

α1! . . . αm−1!
(n− 1)α1+...+αm−1 ,

ãäå δ = min (m− 2, N −m), α1, α2, . . . , αm−1 � öåëûå íåîòðèöàòåëü-
íûå ÷èñëà, óäîâëåòâîðÿþùèå óñëîâèþ α1+2α2+. . .+(m− 1)αm−1 =
N −m− j.
Â ÷àñòíîñòè, åñëè m = 3, òî

pN =
n
[
n2 + n− 2 + n

√
n2 + 2n− 3

]
2
√
n2 + 2n− 3

(
n− 1 +

√
n2 + 2n− 3

2

)N−2

−

−
n
[
n2 + n− 2− n

√
n2 + 2n− 3

]
2
√
n2 + 2n− 3

(
n− 1−

√
n2 + 2n− 3

2

)N−2

.
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1. Ñåðåäà Â. À., Ñîçóòîâ À. È. Îá àññîöèàòèâíûõ íèëü-àëãåáðàõ
è ãðóïïàõ Ãîëîäà// Òð. XXI ìåæâóç. íàó÷.-òåõí. êîíô. (àïðåëü
2003 ã.). Êðàñíîÿðñê: ÊðàñÃÀÑÀ, 2003. Ñ. 21-44.

2. Åãîðû÷åâ Ã. Ï. Èíòåãðàëüíîå ïðåäñòàâëåíèå è âû÷èñëåíèå êîì-
áèíàòîðíûõ ñóìì. Íîâîñèáèðñê: Íàóêà, ÑÎ ÀÍ ÑÑÑÐ, 1979.
286 ñ.

Î ñèñòåìàõ ïîðîæäàþùèõ íåêîòîðûõ ãðóïï
ñ 3-òðàíñïîçèöèÿìè

È. Î. Àëåêñàíäðîâà
Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Â ðàáîòå [2] íàéäåíû ãðàôû Êîêñåòåðà è ñèñòåìû ïîðîæäàþùèõ
3-òðàíñïîçèöèé ãðóïï Sp(2n, 2), O+(2n, 2) è O−(2n, 2), àíàëîãè÷íûå
ãðàôàì è ñèñòåìàì ïîðîæäàþùèõ îòðàæåíèé ãðóïï Âåéëÿ W (En)
(n = 6, 7, 8)[1]. Â [2] áûëè ïîäðîáíî ðàññìîòðåíû òðè ñåðèè ãðàôîâ
Êîêñåòåðà: En (n ≥ 6), In (n ≥ 6) è Jn (n ≥ 8) (ñì. òåçèñû [3]
íàñòîÿùåãî ñáîðíèêà).
Ïóñòü òàê æå, êàê è â [2], ãðàôû Γn ñ âåðøèíàìè p1, ..., pn (n ≥

m ≥ 6) ñîäåðæàò ïîäãðàô E6, ÿâëÿþòñÿ äåðåâüÿìè è ñîñòàâëÿþò
ñåðèþ, ò. å. Γn−1 åñòü ïîäãðàô ãðàôà Γn, ïðè ýòîì èìåþò ìåñòî
ñëåäóþùèå âëîæåíèÿ

g g
pn−2 pn−1

g
pn

Äàëåå, ïóñòü Vn = V (Γn) � âåêòîðíîå ïðîñòðàíñòâî íàä ïîëåì F2

ñ áàçèñîì p1, ..., pn è êâàäðàòè÷íîé ôîðìîé F , îïðåäåëåííîé ïî ãðà-
ôó Γn [2, ñ. 11]. Îáîçíà÷èì ÷åðåç tn ÷èñëî àíèçîòðîïíûõ îòíîñèòåëü-
íî F âåêòîðîâ ïðîñòðàíñòâà Vn. Öåëü ðàáîòû � îïðåäåëåíèå ïî âèäó
ãðàôîâ Γm è Γm+1 ïîñëåäîâàòåëüíîñòè ÷èñåë tn äëÿ ñåðèè ãðàôîâ
Γn. Îñíîâíîå îãðàíè÷åíèå íà ñåðèþ:
(∗) äëÿ íåêîòîðîãî n > m ôîðìà F íåâûðîæäåíà.

Ìåòîäîì ïðîèçâîäÿùèõ ôóíêöèé â ðàáîòå ïîêàçàíî, ÷òî ïðè ýòîì
îãðàíè÷åíèè èìåþòñÿ ëèøü ñëåäóþùèå âîçìîæíûå ïîñëåäîâàòåëü-
íîñòè ÷èñåë tn:
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1. t4k = 24k−1 + (−1)k+122k−1; 1. t4k = 24k−1 + (−1)k22k−1;
2. t4k+1 = 24k + (−1)k+122k; 2. t4k+1 = 24k;
3. t4k+2 = 24k+1 + (−1)k+122k; 3. t4k+2 = 24k+1 + (−1)k+122k;
4. t4k+3 = 24k+2. t4k+3 = 24k+2 + (−1)k+122k+1.

1. t4k = 24k−1 + (−1)k+122k−1;
2. t4k+1 = 24k;
3. t4k+2 = 24k+1 + (−1)k22k;
4. t4k+3 = 24k+2 + (−1)k22k+1.
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3. Cîçóòîâ À. È., Êóçíåöîâ À. À., Ñèíèöèí Â. Ì. Ãåíåòè÷åñêèå
êîäû íåêîòîðûõ ãðóïï ñ 3-òðàíñïîçèöèÿìè // Àëãåáðà è ëîãè-
êà: òåîðèÿ è ïðèëîæåíèÿ: òåç. äîêë. ìåæäóíàð. êîíô. ïàìÿòè
Â. Ï. Øóíêîâà. Êðàñíîÿðñê: ÑÔÓ, 2013. Ñ. 121�122.

Îá àëãîðèòìå ðàñïîçíàâàíèÿ òèïîâ ìíîãîãðàííèêîâ

Ä. Â. Àðõàðîâ, À. Ì. Ãóðèí, Ë. Â. Ïåòðîâ, À. Í. Ïîïîâ,
À. Ñ. ×åðíûé

Õàðüêîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Â. Í. Êàðàçèíà, Õàðüêîâ

Ë. Í. Ðîìàêèíà
Ñàðàòîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Í. Ã. ×åðíûøåâñêîãî, Ñàðàòîâ

À. Â. Òèìîôååíêî
Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Íàñòîÿùèì ñîîáùåíèåì ìû äåëèìñÿ ñ ó÷àñòíèêàìè êîíôåðåíöèè
ðàçðàáîòàííîé íàìè ïðîãðàììîé è ÷àñòè÷íîé ðåàëèçàöèåé å¼ àë-
ãåáðàè÷åñêèõ ìåòîäîâ â òåîðèè ðàñïîçíàâàíèÿ, èäåíòèôèêàöèè è
êëàññèôèêàöèè ãåîìåòðè÷åñêèõ îáðàçîâ. Êðóã âîïðîñîâ â îáøèðíîé
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òåìàòèêå ðàñïîçíàâàíèÿ îáðàçîâ òàê èëè èíà÷å îáðàùåí ê ãåîìåò-
ðè÷åñêèì èíòåðïðåòàöèÿì íàáëþäàåìûõ îáúåêòîâ, êîòîðûå â òîì
èëè èíîì âèäå ìîãóò áûòü ïðåäñòàâëåíû íàáîðîì äèñêðåòíûõ ãåî-
ìåòðè÷åñêèõ ïàðàìåòðîâ, êîòîðûå, â ñâîþ î÷åðåäü, èìåþò òî èëè
èíîå àëãåáðàè÷åñêîå îáîáùåíèå. Íàèáîëåå ÿðêèì ïðèìåðîì â ýòîì
ñìûñëå ÿâëÿþòñÿ êðèñòàëëîãðàôè÷åñêèå ãðóïïû Ôåäîðîâà è èõ ãåî-
ìåòðè÷åñêèå ïðåäñòàâëåíèÿ, ÷ðåçâû÷àéíî óñïåøíî ïîñëóæèâøèå â
ïðèêëàäíûõ èññëåäîâàíèÿõ.
Äàâíî èçâåñòíî, ÷òî âåùåñòâà ñ êðèñòàëëè÷åñêîé âíóòðåííåé ñòðóê-

òóðîé ñóòü ìàëàÿ äîëÿ âñåãî ìíîãîîáðàçèÿ èçâåñòíûõ ïðèðîäíûõ
âåùåñòâ. Âïåðâûå ýêñïåðèìåíòàëüíî ïîëó÷åííûå â 1950 ã. òàê íàçû-
âàåìûå íåóïîðÿäî÷åííûå íàíîñòðóêòóðû ìåòàëëîâ (ìåòàëëè÷åñêèå
ñòåêëà) íà÷àëè èññëåäîâàòü íàìíîãî ðàíüøå. Â ÷àñòíîñòè, â 1934 ã.
áûëà îïóáëèêîâàíà ìîíîãðàôèÿ Á. Í. Äåëîíå è À. Ä. Àëåêñàíäðîâà
ñ òåîðåòè÷åñêèìè ðàçðàáîòêàìè îñíîâ ãåîìåòðèè íåóïîðÿäî÷åííûõ
ñòðóêòóð. Â íåé ñîîáùàåòñÿ, ÷òî íåóïîðÿäî÷åííûå ñòðóêòóðû èìåþò
ãåîìåòðè÷åñêîå ïðåäñòàâëåíèå â âèäå êàê ñîáñòâåííî íåóïîðÿäî÷åí-
íîé ãåîìåòðè÷åñêîé ñòðóêòóðû, òàê è âïîëíå óïîðÿäî÷åííîé ñòðóê-
òóðû, íî â ìíîãîìåðíîì, íåîáÿçàòåëüíî åâêëèäîâîì ïðîñòðàíñòâå.
Â 1960 ã. Æ. Ä. Áåðíàë â ãåîìåòðè÷åñêîì ýêñïåðèìåíòå ïîêàçàë,
÷òî ñòðóêòóðà îäíîàòîìíîãî èíåðòíîãî ãàçà, ïîëó÷åííîãî â òâåðäîì
âèäå, äîïóñêàåò èíòåðïðåòàöèþ êàê ñîâîêóïíîñòü èç ïÿòè ðàçëè÷-
íûõ âûïóêëûõ ìíîãîãðàííèêîâ ñ òðåóãîëüíûìè ãðàíÿìè è öåíòðà-
ìè àòîìîâ â âåðøèíàõ ìíîãîãðàííèêîâ. Îòêðûòèå Æ. Ä. Áåðíàëà
âûçâàëî àêòèâíîå èçó÷åíèå âûïóêëûõ ìíîãîãðàííèêîâ ñ ïðàâèëü-
íûìè ãðàíÿìè, êîòîðîå â òîé èëè èíîé ìåðå çàâåðøåííîñòè ñäåëàíî
â ðàáîòàõ 1960-2010 ãã. Í. Äæîíñîíîì, Â. À. Çàëãàëëåðîì, Á. À. Èâà-
íîâûì, Þ. À. Ïðÿõèíûì, À. Ì. Ãóðèíûì, À. Â. Òèìîôååíêî [1,2].
Áûëè îòêðûòû äåñÿòêè íîâûõ ìíîãîãðàííèêîâ ñ ïðàâèëüíûìè ãðà-
íÿìè, êîòîðûå ñòàëè ðåàëüíûìè îáðàçàìè òàê íàçûâàåìûõ ëåãàíäîâ
� õèìè÷åñêèõ ñîåäèíåíèé, ñòðóêòóðà êîòîðûõ ïîäðîáíî èçó÷àëàñü
Ë. À. Àñëàíîâûì â 1980�1990 ãã. Ãåîìåòðèÿ è àëãåáðà ñòðóêòóðû
ìîäåëè Æ. Ä. Áåðíàëà â öåëîì èçó÷åíà â ðÿäå ñòàòåé À. Ì. Ãóðèíà
1989�1996 ãã.
Â ïðîñòðàíñòâàõ, îòëè÷íûõ îò åâêëèäîâîãî, ãåîìåòðè÷åñêèå ìîäå-

ëè êðèñòàëëîâ èçó÷àëèñü À. Â. Ïîãîðåëîâûì, òàê íàçûâàåìûå êâà-
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çèêðèñòàëëû, õàðàêòåðèçóþùèåñÿ "çàïðåùåííîé"äëÿ êðèñòàëëîâ â
åâêëèäîâîì ïðîñòðàíñòâå ñèììåòðèåé. Ðàçâèòèå èäåé À. Â. Ïîãî-
ðåëîâà â íåîæèäàííîì íàïðàâëåíèè, ïåðåêëèêàþùåìñÿ ñ ðàáîòà-
ìè äå Ñèòòåðà, À. Êåëè è Ô. Êëåéíà, âûïîëíåíî â ðÿäå ñòàòåé
Ë. Í. Ðîìàêèíîé 2001-2012 ãã. [3]. Â ïðîöåññå èçó÷åíèÿ ãåîìåòðè-
÷åñêèõ ñòðóêòóð, ìíîãîãðàííèêîâ â ÷àñòíîñòè, àâòîðû ñòîëêíóëèñü
ñ ôàêòîì íåîáõîäèìîñòè ïîñòðîèòü êîìïüþòåðíûé, àâòîìàòè÷åñêèé
ñïîñîá èäåíòèôèêàöèè è êëàññèôèêàöèè èçó÷àåìûõ êëàññîâ ãåîìåò-
ðè÷åñêèõ îáúåêòîâ. Â ñîîáùåíèè ïðèâîäèòñÿ ñõåìà àëãîðèòìà àâòî-
ìàòè÷åñêîé èäåíòèôèêàöèè ñâîéñòâ è êëàññà ïðèíàäëåæíîñòè èñïû-
òóåìîãî ãåîìåòðè÷åñêîãî îáúåêòà. Ñëåäóþùèé ðåçóëüòàò ïîçâîëÿåò
îò ïðèìåíÿâøåéñÿ ðàíåå ÷àñòè÷íîé àâòîìàòèçàöèè ïåðåéòè ê ïðî-
ãðàììèðîâàíèþ âñåãî àëãîðèòìà èäåíòèôèêàöèè.
Íàçîâ¼ì îòðåçêè, ñîåäèíÿþùèå ïîïàðíî âñå âåðøèíû ìíîãîãðàí-

íèêà, äèàãîíàëÿìè. Äèàãîíàëü íàèìåíüøåé äëèíû � ñóòü ðåáðî
ìíîãîãðàííèêà. Ìíîæåñòâî âñåõ âîçìîæíûõ äèàãîíàëåé ìíîãîãðàí-
íèêà íàçîâåì êîìïëåêòîì äèàãîíàëåé ìíîãîãðàííèêà. Òîãäà ñïðà-
âåäëèâà

Òåîðåìà 1. Äâà âûïóêëûõ ìíîãîãðàííèêà ñ ïðàâèëüíûìè ãðàíÿìè
êîíãðóýíòíû òîãäà è òîëüêî òîãäà, êîãäà îíè èìåþò îäèíàêîâûå
êîìïëåêòû äèàãîíàëåé.
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ìíîãîãðàííèêîâ ñ ïðàâèëüíûìè ãðàíÿìè è ãðàíÿìè, ñîñòàâëåí-
íûìè èç ïðàâèëüíûõ // Òð. Ìàò. Î-âà Ñàíêò-Ïåòåðáóðãà, 2008.
Ò. 14. Ñ. 215�294.

2. Òèìîôååíêî À. Â. Ê ïåðå÷íþ âûïóêëûõ ïðàâèëüíîãðàííèêîâ
// Ñîâðåì. ïðîáë. ìàòåìàòèêè è ìåõàíèêè. Ò. VI. Ìàòåìàòèêà.
Âûï. 3. Ê 100-ëåòèþ ñî äíÿ ðîæäåíèÿ Í. Â. Åôèìîâà/ ïîä ðåä.
È. Õ. Ñàáèòîâà è Â. Í. ×óáàðèêîâà. � Ì.: Èçä-âî ÌÃÓ, 2011.
Ñ. 155�170.

3. Ðîìàêèíà Ë. Í. Ïðîñòûå ðàçáèåíèÿ ãèïåðáîëè÷åñêîé ïëîñêîñòè
ïîëîæèòåëüíîé êðèâèçíû // Ìàò. ñá. 2012. Ò. 203, � 9. Ñ. 83�
116.
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Çàäà÷à ôàêòîðèçàöèè, êîãäà îäíà èç ïîäàëãåáð
ñîñòîèò èç êîñîñèììåòðè÷åñêèõ ìàòðèö

Ð. À. Àòíàãóëîâà
Áàøêèðñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò

èì Ì. Àêìóëëû, Óôà

Òåîðåìà 1. Ïóñòü A � àññîöèàòèâíàÿ àëãåáðà íàä R, ∗ � èíâî-
ëþöèÿ àëãåáðû A è A � ïðÿìàÿ ñóììà ïîäïðîñòðàíñòâ A+ è A−,
ïðè÷åì âûïîëíåíû ñëåäóþùèå óñëîâèÿ:
1. A+ � ïîäàëãåáðà Ëè â A(−) � ïðèñîåäèíåííàÿ àëãåáðà Ëè àñ-

ñîöèàòèâíîãî êîëüöà A.
2. a∗ = −a, äëÿ âñåõ a ∈ A+,
3. [[A−, A−]+, A−] ⊆ A−, A− � äîïîëíèòåëüíîå ïîäïðîñòðàíñòâî

ê A+.
Òîãäà âîë÷îê

(q−)∗q + qq− = qt, q|t=0 = q0 (1)

ñâîäèòñÿ ê ðåøåíèþ ëèíåéíîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíå-
íèé ñ ïåðåìåííûìè êîýôôèöèåíòàìè.

Ïðèìåð 1. g+�êîñîñèììåòðè÷åñêàÿ ìàòðèöà, ∗� òðàíñïîíèðîâà-
íèå, g−� áëî÷íî-äèàãîíàëüíàÿ ìàòðèöà, ïðè i > j áëîê ñ íîìåðîì
(i, j) ñîñòîèò òîëüêî èç íóëåâîé ìàòðèöû, i < j ñîäåðæèò ïðîèçâîëü-
íûå ìàòðèöû, ïðè i = j òðåóãîëüíàÿ Tni, ëèáî Sni. g = R3×3.
Ïðèâåäåì äâà êîíêðåòíûõ ïðèìåðà âîë÷êîâ íà òðåõìåðíûõ ìàò-

ðèöàõ.

Ñëó÷àé 3.1. g− = {

a c d

c b e

0 0 f

}.
qt = (q−)∗q + qq− =

a c d

c b e

0 0 f

×
 a a+ c d+ b

c− a b e+ c

−b −c 0

+

+

 a a+ c d+ b

c− a b e+ c

−b −c 0

a c d

c b e

0 0 f

 .

Ñëó÷àé 3.2. g− = {

a c d

0 b e

0 0 f

}
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Îäíîðîäíûå íåðàñùåïèìûå ñóïåðìíîãîîáðàçèÿ
ñ ðåòðàêòîì CP1|4

k2+k3+k4−2,k2,k3,k4
ïðè k4 6= 0

Ì. À. Áàøêèí
Ðûáèíñêèé ãîñóäàðñòâåííûé àâèàöèîííûé òåõíè÷åñêèé

óíèâåðñèòåò èì. Ï. À. Ñîëîâüåâà, Ðûáèíñê

Êàê èçâåñòíî, îäíîðîäíûå ðàñùåïèìûå ñóïåðìíîãîîáðàçèÿ íàä
CP1 íàõîäÿòñÿ âî âçàèìíî îäíîçíà÷íîì ñîîòâåòñòâèè ñ íåâîçðàñòà-
þùèìè íàáîðàìè íåîòðèöàòåëüíûõ ÷èñåë (ñì. [4]). Îáîçíà÷èì ÷å-
ðåç CP1|4

k2+k3+k4−2,k2,k3,k4
ðàñùåïèìîå ñóïåðìíîãîîáðàçèå, îïðåäåëÿå-

ìîå ãîëîìîðôíûì âåêòîðíûì ðàññëîåíèåì E→ CP1 ðàíãà 4, ïðåä-
ñòàâëåííîå â âèäå ïðÿìîé ñóììû ëèíåéíûõ ðàññëîåíèé íà ïðÿìûå
E = Lk2+k3+k4−2 ⊕ L−k2

⊕ L−k3
⊕ L−k4

.

Ñëó÷àé k4 = 0 ðàññìàòðèâàëñÿ ðàíåå â [1, 2, 3]. Öåëü èññëåäî-
âàíèÿ çàêëþ÷àåòñÿ â òîì, ÷òîáû âûÿñíèòü, ñóùåñòâóþò ëè îäíî-
ðîäíûå íåðàñùåïèìûå ñóïåðìíîãîîáðàçèÿ, ñâÿçàííûå ñ êàæäûì îä-
íîðîäíûì ðàñùåïèìûì ñóïåðìíîãîîáðàçèåì CP1|4

k2+k3+k4−2,k2,k3,k4
ïðè

k4 6= 0. Îêàçûâàåòñÿ, ÷òî ïðè k4 6= 0 äëÿ êàæäîé ñèãíàòóðû ñóùå-
ñòâóåò ðîâíî îäíî îäíîðîäíîå íåðàñùåïèìîå ñóïåðìíîãîîáðàçèå.
Ïðîáëåìà êëàññèôèêàöèè îäíîðîäíûõ íåðàñùåïèìûõ ñóïåðìíî-

ãîîáðàçèé, ñâÿçàííûõ ñ çàäàííûì îäíîðîäíûì ðàñùåïèìûì ñóïåðì-
íîãîîáðàçèåì, áûëà ïîñòàâëåíà À. Ë. Îíèùèêîì â 1990-õ ãã. è ïî-
äðîáíî îïèñàíà â [4]. Ïðè èññëåäîâàíèè ñóïåðìíîãîîáðàçèé íà îäíî-
ðîäíîñòü ñóùåñòâåííîå çíà÷åíèå èìåþò êðèòåðèè ïîäúåìà íà íåðàñ-
ùåïèìîå ñóïåðìíîãîîáðàçèå ñ ñîîòâåòñòâóþùåãî åìó ðàñùåïèìîãî
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ñóïåðìíîãîîáðàçèÿ âåêòîðíûõ ïîëåé è äåéñòâèé ãðóïï Ëè, ñâÿçàí-
íûå ñ èíâàðèàíòíîñòüþ êëàññà êîãîìîëîãèé, îïðåäåëÿþùåãî íåðàñ-
ùåïèìîå ñóïåðìíîãîîáðàçèå îòíîñèòåëüíî ýòèõ äåéñòâèé.
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Ê ãèïîòåçå î ïîëóïðîïîðöèîíàëüíûõ õàðàêòåðàõ

Â. À. Áåëîíîãîâ
Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ, Åêàòåðèíáóðã

Ïóñòü G � êîíå÷íàÿ ãðóïïà. Õàðàêòåðû ϕ è ψ ãðóïïû G íàçû-
âàþòñÿ ïîëóïðîïîðöèîíàëüíûìè, åñëè îíè íå ïðîïîðöèîíàëüíû è
äëÿ íåêîòîðîãî íîðìàëüíîãî ïîäìíîæåñòâà M èç G ϕ|M ïðîïîðöè-
îíàëüíî ψ|M è ϕ|G\M ïðîïîðöèîíàëüíî ψ|G\M .
Â ðÿäå ðàáîò àâòîðîì ðàññìàòðèâàëàñü ñëåäóþùàÿ ãèïîòåçà, âïåð-

âûå ñôîðìóëèðîâàííàÿ â [1] â òåðìèíàõ òàê íàçûâàåìûõ ìàëûõ D -
áëîêîâ.

Ãèïîòåçà 1 (ãèïîòåçà î ïîëóïðîïîðöèîíàëüíûõ õàðàêòåðàõ). Åñëè
ϕ è ψ � ïîëóïðîïîðöèîíàëüíûå íåïðèâîäèìûå õàðàêòåðû êîíå÷íîé
ãðóïïû, òî ϕ(1) = ψ(1).

Ðàíåå àâòîðîì îïðåäåëåíû âñå ïàðû ïîëóïðîïîðöèîíàëüíûõ íåïðè-
âîäèìûõ õàðàêòåðîâ ñïîðàäè÷åñêèõ ïðîñòûõ ãðóïï; ãðóïï L2(q),
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SL2(q), PGL2(q), GL2(q); ãðóïï PGL3(q), GL3(q), PGU3(q), GU3(q);
ãðóïï L3(q), SL3(q), U3(q), SU3(q); è, íåäàâíî (ñì. [4]), ãðóïï Sp4(q)
è PSp4(q). Äëÿ âñåõ ýòèõ ãðóïï âåðíà ãèïîòåçà 1. Èçó÷åíèþ íåêî-
òîðûõ îáùèõ ñâîéñòâ ïðîèçâîëüíîé ãðóïïû, èìåþùåé òàêóþ ïàðó,
ïîñâÿùåíà ñòàòüÿ [3]. Â ÷àñòíîñòè, â íåé äîêàçàíà ñïðàâåäëèâîñòü
ãèïîòåçû 1 äëÿ âñåõ ïðèìàðíûõ ãðóïï è â íåêîòîðûõ ñëó÷àÿõ ïî-
ëó÷åíû óòâåðæäåíèÿ âèäà (ϕ(1), ψ(1)) 6= 1 (ñëàáîå ïðèáëèæåíèå ê
ãèïîòåçå).
Äàëåå äëÿ ïîëóïðîïîðöèîíàëüíûõ íåïðèâîäèìûõ õàðàêòåðîâ ϕ

è ψ ãðóïïû G áóäåì èñïîëüçîâàòü îáîçíà÷åíèÿ: G0 := {g ∈ G |
ψ(g) = ϕ(g) = 0},
G+ := {g ∈ G | ψ(g) = ψ(1)

ϕ(1)ϕ(g) 6= 0}, G− := {g ∈ G | ψ(g) =

−ϕ(1)
ψ(1)ϕ(g) 6= 0}.

Ñîãëàñíî [2, 8Ç6] G = G+ ∪̇G− ∪̇G0, ïðè÷¼ì G+ è G− � íåïó-
ñòûå (çäåñü ∪̇ � çíàê îáúåäèíåíèÿ ïîïàðíî íåïåðåñåêàþùèõñÿ ìíî-
æåñòâ). Î÷åâèäíî, 1 ∈ G+. Ïóñòü a2 îáîçíà÷àåò 2-÷àñòü íàòóðàëüíî-
ãî ÷èñëà a.

Òåîðåìà 1. Ïóñòü ϕ è ψ � ïîëóïðîïîðöèîíàëüíûå íåïðèâîäèìûå
õàðàêòåðû êîíå÷íîé ãðóïïû G è G ñîâïàäàåò ñî ñâîèì êîììóòàí-
òîì G′.

1) Åñëè G \ G+ ñîäåðæèò èíâîëþöèþ, òî 2 äåëèò (ϕ(1), ψ(1))
è, áîëåå òîãî, ëèáî 4 äåëèò (ϕ(1), ψ(1)), ëèáî ϕ(1)2 = ψ(1)2.

2) Åñëè G \G+ ñîäåðæèò ýëåìåíò ïîðÿäêà 3, òî 3 äåëèò (ϕ(1),
ψ(1)).
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ãðóïï. Ñâåðäëîâñê: ÓðÎ ÀÍ ÑÑÑÐ, 1990. 379 ñ.

3. Áåëîíîãîâ Â. À. Ê ãèïîòåçå î ïîëóïðîïîðöèîíàëüíûõ õàðàêòå-
ðàõ // Ñèá. ìàò. æóðí. 2005. Ò. 46, � 2. Ñ. 299�314.
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4. Áåëîíîãîâ Â. À. Ïîëóïðîïîðöèîíàëüíûå íåïðèâîäèìûå õàðàê-
òåðû ãðóïï Sp4(q) è Sp4(q) ïðè íå÷¼òíûõ q // Òðóäû ÈÌÌ ÓðÎ
ÐÀÍ. 2013. T. 19. � 1. C. 25�40.

Î ãðàôàõ, â êîòîðûõ îêðåñòíîñòè âåðøèí � ñèëüíî
ðåãóëÿðíûå ãðàôû áåç òðåóãîëüíèêîâ ñ ñîáñòâåííûì

çíà÷åíèåì 3

È. Í. Áåëîóñîâ, À. À. Ìàõíåâ
Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ, Åêàòåðèíáóðã

Â [1] ïðåäëîæåíà ïðîãðàììà èçó÷åíèÿ äèñòàíöèîííî ðåãóëÿðíûõ
ãðàôîâ, â êîòîðûõ îêðåñòíîñòè âåðøèí ñèëüíî ðåãóëÿðíû ñ ñîá-
ñòâåííûì çíà÷åíèåì 3. Òàì æå çàäà÷à ðåäóöèðîâàíà ê ñëó÷àþ, êîãäà
îêðåñòíîñòè âåðøèí ïðèíàäëåæàò êîíå÷íîìó ìíîæåñòâó èñêëþ÷è-
òåëüíûõ ãðàôîâ.
Ñèëüíî ðåãóëÿðíûé ãðàô áåç òðåóãîëüíèêîâ ñ íåãëàâíûì ñîá-

ñòâåííûì çíà÷åíèåì 3 èìååò ïàðàìåòðû (162, 21, 0, 3), (176, 25, 0, 4),
(210, 33, 0, 6), (266, 45, 0, 9). Ñóùåñòâîâàíèå ãðàôîâ ñ òàêèìè ïàðà-
ìåòðàìè íåèçâåñòíî. Ãðàôû, â êîòîðûõ îêðåñòíîñòè âåðøèí ñèëüíî
ðåãóëÿðíû ñ ïàðàìåòðàìè (162,21,0,3), èçó÷åíû â [2]. Â äàííîé ðà-
áîòå èññëåäîâàíû îñòàâøèåñÿ ñëó÷àè.

Òåîðåìà 1. Ãðàô, â êîòîðîì îêðåñòíîñòè âåðøèí � ñèëüíî ðåãó-
ëÿðíûå ãðàôû ñ ïàðàìåòðàìè

(176, 25, 0, 4), (210, 33, 0, 6), (266, 45, 0, 9),

íå ÿâëÿåòñÿ äèñòàíöèîííî ðåãóëÿðíûì.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ïðîåêò 12-01-00012),
ÐÔÔÈ-ÃÔÅÍÊèòàÿ (ïðîåêò 12-01-91155), ïðîãðàììû îòäåëåíèÿ ìà-
òåìàòè÷åñêèõ íàóê ÐÀÍ (ïðîåêò 12-Ò-1-1003) è ïðîãðàìì ñîâìåñò-
íûõ èññëåäîâàíèé ÓðÎ ÐÀÍ ñ ÑÎ ÐÀÍ (ïðîåêò 12-Ñ-1-1018) è ñ
ÍÀÍ Áåëàðóñè (ïðîåêò 12-Ñ-1-1009).

Ñïèñîê ëèòåðàòóðû

1. Ìàõíåâ À. À. Î ñèëüíî ðåãóëÿðíûõ ãðàôàõ ñ ñîáñòâåííûì çíà÷å-
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2. Èñàêîâà Ì. Ì., Ìàõíåâ À. À. Î ãðàôàõ, â êîòîðûõ îêðåñòíîñòè
âåðøèí ñèëüíî ðåãóëÿðíû ñ ïàðàìåòðàìè (162,21,0,3) // Ìåæäó-
íàð. êîíô. Àëãåáðà è êîìáèíàòîðèêà: òåç. äîêë. Åêàòåðèíáóðã.
2013. Ñ. 67-69.

Ðåêóððåíòíûå ñîîòíîøåíèÿ äëÿ ñèììåòðè÷åñêèõ
ìíîãî÷ëåíîâ n-ãî ïîðÿäêà

Þ. Í. Áåëÿåâ
Ñûêòûâêàðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ñûêòûâêàð

Ïóñòü σi, i = 1, 2, . . . , n, � ýëåìåíòàðíûå ñèììåòðè÷åñêèå ìíîãî-
÷ëåíû ìàòðèöû A ≡

∥∥agl∥∥ ïîðÿäêà n: σ1 = a11 + a22 + . . . + ann,

σ2 =
∑

j>i

∣∣ aii aij
aji ajj

∣∣, . . . , σn = detA. Îáîçíà÷èì pi = (−1)i−1σi. Ñèì-
ìåòðè÷åñêèå ìíîãî÷ëåíû n-ãî ïîðÿäêà Bg(n), îïðåäåëåíû [1] ðåêóð-
ðåíòíûìè ñîîòíîøåíèÿìè: Bg(n)=0, g = 0, 1, . . . , n− 2; Bn−1(n) =
1; Bg(n) =

∑n
l=1 plBg−l(n).

Òåîðåìà 1. Ñèììåòðè÷åñêèå ìíîãî÷ëåíû Bj1+j2−g(n) íåâûðîæ-
äåííîé ìàòðèöû n-ãî ïîðÿäêà ïðè ëþáûõ öåëûõ çíà÷åíèÿõ j1, j2

è g = 0, 1, . . . , n− 1 âûðàæàþòñÿ ÷åðåç íàáîðû ìíîãî÷ëåíîâ
Bj1−1(n), . . . ,Bj1−n(n) è Bj2−1(n), . . . ,Bj2−n(n) ôîðìóëàìè

Bj1+j2−g(n) =
n−1∑
l1=0

n−1∑
l2=0

Bl1+l2−g(n)

l1∑
g1=0

pn−l1+g1
Bj1−1−g1

(n)×

×
l2∑

g2=0

pn−l2+g2
Bj2−1−g2

(n). (2)

Åñëè pn = 0, ñîîòíîøåíèå (1) âûïîëíÿåòñÿ äëÿ öåëûõ j1 ≥ n è
j2 ≥ n.

Ñëåäñòâèå 1 (Ôîðìóëû óäâîåííèÿ èíäåêñîâ).

B2j−k(n) =
n−1∑
l1=0

n−1∑
l2=0

Bl1+l2−k(n)

l1∑
g1=0

pn−l1+g1
Bj−1−g1

(n)×

×
l2∑

g2=0

pn−l2+g2
Bj−1−g2

(n), k = 0, 1, . . . , n− 1.
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Ïðèìåð. Ôîðìóëû óäâîåíèÿ èíäåêñîâ ó ñèììåòðè÷åñêèõ ìíîãî÷ëå-
íîâ âòîðîãî ïîðÿäêà:

B2j(2) = p1B
2
j (2)+2p2Bj(2)Bj−1(2), B2j−1(2) = B2

j (2)+p2B
2
j−1(2).

Èñïîëüçóÿ îïðåäåëåíèå ñèììåòðè÷åñêèõ ìíîãî÷ëåíîâ n-ãî ïîðÿä-

êà, íåñëîæíî ïîêàçàòü, ÷òîBj(2) =
√
σj−1

2 Uj−1(b), ãäå b = σ1/(2
√
σ2),

σ2 6= 0, Uj(b) = sin[(j + 1) arccos b]/
√

1− b2, . Ïîýòîìó äëÿ n = 2 èç
(1) ñëåäóþò ðåêóððåíòíûå ôîðìóëû äëÿ ôóíêöèé Uj(b), êîòîðûå
ïðè −1 ≤ b ≤ 1 ÿâëÿþòñÿ îðòîãîíàëüíûìè ïîëèíîìàìè ×åáûø¼âà
âòîðîãî ðîäà.

Ñëåäñòâèå 2 (Ïîëèíîìû ×åáûø¼âà âòîðîãî ðîäà ñóììàðíîãî èí-
äåêñà).

Uk+l(b) = Uk−1(b)Ul+1(b)−Uk−2(b)Ul(b) = Uk(b)Ul(b)−Uk−1(b)Ul−1(b).

Ñïèñîê ëèòåðàòóðû

1. Belyayev Yu.N. Representation of matrix functions by means of
symmetric polynomials // Book of abstracts of the International
Conference on Algebra. Kiev. August 20-26, 2012. P. 30.

Î ìíîãîîáðàçèÿõ ïðåäñòàâëåíèé ãðóïï
Áàóìñëàãà-Ñîëèòåðà

Â. Â. Áåíÿø-Êðèâåö, È. Î. Ãîâîðóøêî
Áåëîðóññêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ìèíñê

Ãðóïïà G ÿâëÿåòñÿ õîïôîâîé, åñëè îíà èçîìîðôíà ñîáñòâåííîé
ôàêòîðãðóïïå. Â [1] îïðåäåëåíî ñåìåéñòâî ãðóïï BS(p, q) = 〈a, b |
abpa−1 = bq〉, ãäå p è q � íåíóëåâûå öåëûå ÷èñëà, êîòîðûå íàçûâàþò
ãðóïïàìè Áàóìñëàãà-Ñîëèòåðà. Ãðóïïà BS(p, q) ÿâëÿåòñÿ õîïôîâîé,
åñëè ëèáî p | q, ëèáî q | p, ëèáî p è q èìåþò îäèíàêîâûå ïðîñòûå äå-
ëèòåëè. Â ïðîòèâíîì ñëó÷àå ãðóïïà BS(p, q) ÿâëÿåòñÿ íåõîïôîâîé.
Â ÷àñòíîñòè, BS(p, q) íåõîïôîâà, åñëè (p, q) = 1.
Â äàëüíåéøåì áóäåì ïðåäïîëàãàòü, ÷òî (p, q) = 1, p, q 6= ±1. Â [2]

îïèñàíû âñå íåïðèâîäèìûå ïðåäñòàâëåíèÿ ãðóïï BS(p, q). Ãóäìàí
[3] äîêàçàë ñóùåñòâîâàíèå íåêîòîðûõ ñïåöèàëüíûõ ïðåäñòàâëåíèé
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ãðóïï BS(p, q) è îõàðàêòåðèçîâàë ãåîìåòðèþ ìíîãîáðàçèÿ n-ìåðíûõ
ïðåäñòàâëåíèé ãðóïïû BS(p, q) â îêðåñòíîñòè ýòèõ ïðåäñòàâëåíèé.
Ô. À. Äóäêèí [4] îïèñàë âñå ïîäãðóïïû êîíå÷íîãî èíäåêñà ãðóïï
BS(p, q), à ïîçæå îïèñàë âñå íåïðèâîäèìûå ïðåäñòàâëåíèÿ ýòèõ ïîä-
ãðóïï.
Äëÿ ïðîèçâîëüíîé êîíå÷íî ïîðîæäåííîé ãðóïïû G ìíîæåñòâî

Rn(G) åå n-ìåðíûõ ïðåäñòàâëåíèé â GLn(C) ìîæåò áûòü ñíàáæåíî
åñòåñòâåííîé ñòðóêòóðîé àôôèííîãî àëãåáðàè÷åñêîãî ìíîãîîáðàçèÿ
(ñì. [5]). Ìû ïðèâîäèì íåêîòîðûå ðåçóëüòàòû î ìíîãîîáðàçèè ïðåä-
ñòàâëåíèé Rn(BS(p, q)).

Òåîðåìà 1. Êàæäàÿ íåïðèâîäèìàÿ êîìïîíåíòà W ìíîãîîáðàçèÿ
ïðåäñòàâëåíèé Rn(BS(p, q)) èìååò ðàçìåðíîñòü n2 è ÿâëÿåòñÿ Q-
óíèðàöèîíàëüíûì ìíîãîîáðàçèåì. ×èñëî íåïðèâîäèìûõ êîìïîíåíò
ìíîãîîáðàçèÿ Rn(BS(p, q)) ðàâíî ÷èñëó êëàññîâ ñîïðÿæåííîñòè ìàò-
ðèö B òàêèõ, ÷òî Bp è Bq ñîïðÿæåíû.

Òåîðåìà 2. ×èñëî êîìïîíåíò ñâÿçíîñòè ìíîãîîáðàçèÿ Rn(BS(p, q))
â êîìïëåêñíîé òîïîëîãèè ðàâíî ÷èñëó êëàññîâ ñîïðÿæåííîñòè äèà-
ãîíàëüíûõ ìàòðèö B òàêèõ, ÷òî Bp è Bq ñîïðÿæåíû.
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Î áèðàöèîíàëüíîé êîìïîçèöèè êâàäðàòè÷íûõ ôîðì
íàä ïîëåì ôóíêöèé

À. À. Áîíäàðåíêî
Áåëîðóññêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ìèíñê

Ïóñòü f(X) è g(Y ) � íåâûðîæäåííûå êâàäðàòè÷íûå ôîðìû ðàç-
ìåðíîñòè m è n íàä ïîëåì K, char K 6= 2.
Îïðåäåëåíèå. Åñëè ïðîèçâåäåíèå f(X)g(Y ) áèðàöèîíàëüíî ýêâè-
âàëåíòíî íàä K êâàäðàòè÷íîé ôîðìå h(Z) íàä K ðàçìåðíîñòè
m+ n, òî áóäåì ãîâîðèòü, ÷òî êâàäðàòè÷íûå ôîðìû f(X) è g(Y )
îáðàçóþò áèðàöèîíàëüíóþ êîìïîçèöèþ h(Z) íàä ïîëåì K.
Ïåðâûå ðåçóëüòàòû ïî ïðîáëåìå êîìïîçèöèè âîñõîäÿò ê Ãóðâè-

öó, êîòîðûé èçó÷àë çàäà÷ó î ñóììå êâàäðàòîâ. Êëàññè÷åñêèå ðå-
çóëüòàòû Ãóðâèöà è Ðàäîíà ïî ýòîé çàäà÷å õîðîøî èçâåñòíû [1]. Â
[2] ïîëó÷åíû ïåðâûå îáùèå òåîðåìû î áèðàöèîíàëüíîé êîìïîçèöèè
êâàäðàòè÷íûõ ôîðì íàä ïîëåì K, ïîëíîå ðåøåíèå ïðîáëåìû áèðà-
öèîíàëüíîé êîìïîçèöèè êâàäðàòè÷íûõ ôîðì íàä ëîêàëüíûì ïîëåì
äàíî â [3].
Îñíîâíàÿ öåëü íàñòîÿùåãî ñîîáùåíèÿ � ðåøåíèå ïðîáëåìû áè-

ðàöèîíàëüíîé êîìïîçèöèè êâàäðàòè÷íûõ ôîðì íàä ãëîáàëüíûìè
ïîëÿìè ïîëîæèòåëüíîé õàðàêòåðèñòèêè. Ðåøåíèå ïðîáëåìû áèðà-
öèîíàëüíîé êîìïîçèöèè êâàäðàòè÷íûõ ôîðì f(X) è g(Y ) íàä ãëî-
áàëüíûì ïîëåì F , char F > 2, â ñëó÷àå, åñëè ëèáî f(X), ëèáî g(Y )
èçîòðîïíà íàä F , ñëåäóåò èç òåîðåìû 1 ñòàòüè [2]. Ïîëíîå ðåøå-
íèå ïðîáëåìû áèðàöèîíàëüíîé êîìïîçèöèè, êîãäà îáå êâàäðàòè÷íûå
ôîðìû f(X) è g(Y ), àíèçîòðîïíûå íàä ïîëåì F , äàåò

Òåîðåìà 1. Ïóñòü f(X) è g(Y ) àíèçîòðîïíûå êâàäðàòè÷íûå ôîð-
ìû ðàçìåðíîñòåé m è n íàä ãëîáàëüíûì ïîëåì F , char F > 2,
m ≤ n. Òîãäà 1 ≤ m ≤ n ≤ 4, áèðàöèîíàëüíàÿ êîìïîçèöèÿ h(Z)
íàä F êâàäðàòè÷íûõ ôîðì f(X) è g(Y ) îïðåäåëåíà îäíîçíà÷íî ñ
òî÷íîñòüþ äî F -ýêâèâàëåíòíîñòè ñëåäóþùèì îáðàçîì:
1) åñëè 1 = m ≤ n ≤ 4, òî áèðàöèîíàëüíàÿ êîìïîçèöèÿ ñóùå-

ñòâóåò âñåãäà, è h(z1, . . . , zn+1) = ag(z1, . . . , zn), ãäå a ∈ DF (f).
2) åñëè m = n = 2 èëè m = n = 3, òî áèðàöèîíàëüíàÿ êîìïî-

çèöèÿ ñóùåñòâóåò òîãäà è òîëüêî òîãäà, êîãäà f(X) è g(Y ) ýê-
âèâàëåíòíû ñ òî÷íîñòüþ äî ìíîæèòåëÿ íàä F . Åñëè m = n = 2,
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òî h(z1, z2, z3, z4) = ag(z1, z2), ãäå a ∈ DF (f). Åñëè m = n = 3,òî
h(z1, z2, z3, z4, z5, z6) = λa2(z2

1−αz2
2−βz2

3 +αβz2
4), ãäå g(Y ) ∼ λf(X),

λ ∈ F , f(X) ∼ a(x2
1 − αx2

2 − βx2
3).

3) åñëè m = n = 4,òî áèðàöèîíàëüíàÿ êîìïîçèöèÿ ñóùåñòâóåò
òîãäà è òîëüêî òîãäà, êîãäà f(X) è g(Y ) ýêâèâàëåíòíû ñ òî÷íî-
ñòüþ äî ìíîæèòåëÿ íàä F îäíîé è òîé æå ïôèñòåðîâîé ôîðìå.
Ïðè ýòîì åñëè f(X) ∼ a(x2

1−αx2
2−βx2

3+αβx2
4), g(Y ) ∼ b(y2

1−αy2
2−

βy2
3+αβy2

4), òî h(z1, z2, z3, z4, z5, z6, z7, z8) = ab(z2
1−αz2

2−βz2
3+αβz2

4).
4) åñëè m = 2, n = 3, òî áèðàöèîíàëüíàÿ êîìïîçèöèÿ ñóùå-

ñòâóåò òîãäà è òîëüêî òîãäà, êîãäà f(X) ÿâëÿåòñÿ ïîäôîðìîé
g(Y ) ñ òî÷íîñòüþ äî ìíîæèòåëÿ íàä F . Ïðè ýòîì åñëè f(X) ∼
a(x2

1−αx2
2), g(Y ) ∼ b(y2

1−αy2
2−βy2

3),òî h(z1, z2, z3, z4, z5) = ab(z2
1−

αz2
2 − βz2

3 + αβz2
4).

5) åñëè m = 2, 3, n = 4, òî áèðàöèîíàëüíàÿ êîìïîçèöèÿ ñóùå-
ñòâóåò òîãäà è òîëüêî òîãäà, êîãäà g(Y ) ýêâèâàëåíòíà ñ òî÷-
íîñòüþ äî ìíîæèòåëÿ ïôèñòåðîâîé ôîðìå è f(X) ñ òî÷íîñòüþ
äî ìíîæèòåëÿ ÿâëÿåòñÿ ïîäôîðìîé g(Y ). Ïðè ýòîì åñëè f(X) ∼
a(x2

1 − αx2
2) ïðè m = 2 èëè f(X) ∼ a(x2

1 − αx2
2 − βx2

3) ïðè m = 3 è
g(Y ) ∼ b(y2

1 −αy2
2 − βy2

3 +αβy2
4), òî h(z1, . . . , zm+n) = ab(z2

1 −αz2
2 −

βz2
3 + αβz2

4).
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Î ïîëóãðóïïàõ ñ îïðåäåëÿþùèìè ñîîòíîøåíèÿìè
âèäà xy = 0 è èõ ìàòðè÷íûõ ïðåäñòàâëåíèÿõ

Â. Ì. Áîíäàðåíêî
Èíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðàèíû, Êèåâ

Å. Í. Òåðòè÷íàÿ
Êèåâñêèé íàöèîíàëüíûé ýêîíîìè÷åñêèé óíèâåðñèòåò

èì. Âàäèìà Ãåòüìàíà, Êèåâ

Ïóñòü I � êîíå÷íîå ìíîæåñòâî è J ⊂ I × I. Îáîçíà÷èì ÷åðåç
K0(I, J) ïîëóãðóïïó c îáðàçóþùèìè ýëåìåíòàìè ei, ãäå i ïðîáåãàåò
I ∪0, ïðè÷åì e0 = 0, è îïðåäåëÿþùèìè ñîîòíîøåíèÿìè eiej = 0, ãäå
(i, j) ïðîáåãàåò J .
Ìû ïîäðîáíî èçó÷àåì ïîëóãðóïïû âèäà K0(I, J) è èõ ìàòðè÷íûå

ïðåäñòàâëåíèÿ íàä ïðîèçâîëüíûì ïîëåì. Îñíîâíîå âíèìàíèå óäåëÿ-
åòñÿ ñëåäóþùèì âîïðîñàì:
1) êîíå÷íîñòü è áåñêîíå÷íîñòü ïîëóãðóïï K0(I, J);
2) ñóùåñòâîâàíèå òî÷íîãî ìàòðè÷íîãî ïðåäñòàâëåíèÿ ïîëóãðóïïû

K0(I, J);
3) ïðåäñòàâëåí÷åñêèé òèï ïîëóãðóïï K0(I, J) (êîíå÷íûé è áåñêî-

íå÷íûé òèïû, ðó÷íîé è äèêèé òèïû).
Êëàññ ïîëóãðóïï, êîãäà (i, i) /∈ J è ïðè ýòîì e2

i = ei äëÿ ëþáîãî
i ∈ I, èçó÷àëñÿ àâòîðàìè ðàíåå.

Î ãðóïïîèäàõ îòíîøåíèé

Ä. À. Áðåäèõèí
Ñàðàòîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, Ñàðàòîâ

Äëÿ çàäàííîãî ìíîæåñòâà Ω îïåðàöèé íàä áèíàðíûìè îòíîøå-
íèÿìè îáîçíà÷èì ÷åðåç R{Ω} êëàññ àëãåáð èçîìîðôíûõ àëãåáðàì
îòíîøåíèé ñ îïåðàöèÿìè èç Ω. Ïóñòü V ar{Ω} � ìíîãîîáðàçèå, ïî-
ðîæäåííîå êëàññîì R{Ω}.
Êàê ïðàâèëî, îïåðàöèè íàä îòíîøåíèÿìè çàäàþòñÿ ñ ïîìîùüþ

ôîðìóë ëîãèêè ïðåäèêàòîâ ïåðâîãî ïîðÿäêà. Òàêèå îïåðàöèè ìîãóò
áûòü êëàññèôèöèðîâàíû ïî âèäó çàäàþùèõ èõ ôîðìóë. Îïåðàöèÿ
íàçûâàåòñÿ äèîôàíòîâîé [1], åñëè îíà ìîæåò áûòü çàäàíà ñ ïîìî-
ùüþ ôîðìóëû, êîòîðàÿ â ñâîåé ïðåäâàðåííîé íîðìàëüíîé ôîðìå
ñîäåðæèò ëèøü îïåðàöèè êîíúþíêöèè è êâàíòîðû ñóùåñòâîâàíèÿ.
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Ïðåäìåòîì íàøåãî ðàññìîòðåíèÿ áóäóò àëãåáðû îòíîøåíèé ñ îä-
íîé áèíàðíîé äèîôàíòîâîé îïåðàöèåé, ò.å. ãðóïïîèäû áèíàðíûõ îò-
íîøåíèé. Ðàññìîòðåíèå áèíàðíûõ îïåðàöèé íàä îòíîøåíèÿìè èãðà-
åò â àëãåáðàè÷åñêîé ëîãèêå ïðåäèêàòîâ ðîëü, àíàëîãè÷íóþ ðîëè áè-
íàðíûõ áóëåâûõ ôóíêöèé â ïðîïîçèöèîíàëüíîé ëîãèêå âûñêàçûâà-
íèé. Ïîýòîìó åñòåñòâåíåí èíòåðåñ ê àëãåáðàè÷åñêèì ñâîéñòâàì óêà-
çàííûõ îïåðàöèé. Íåêîòîðûå ðåçóëüòàòû â ýòîì íàïðàâëåíèè ìîæíî
íàéòè â ðàáîòàõ [2, 3].
Ñîñðåäîòî÷èì âíèìàíèå íà ñëåäóþùåé äèîôàíòîâîé îïåðàöèè íàä

áèíàðíûìè îòíîøåíèÿìè, çàäàâàåìîé ôîðìóëîé
ρ ∗ σ = {(x, y) ∈ X ×X : (∃z)(x, z) ∈ ρ ∧ (z, x) ∈ σ}.

Òåîðåìà 1. Ãðóïïîèä (A, ·) ïðèíàäëåæèò ìíîãîîáðàçèþ V ar{∗}
òîãäà è òîëüêî òîãäà, êîãäà îí óäîâëåòâîðÿåò òîæäåñòâàì:

(xy)y = xy, (xy)2 = xy, ((xy)z)z = (xy)z, x((yz)x) = x(yz),
((xy)z)(z(xy)) = (xy)z, (x(yz))(yz) = x(yz), ((xy)z)u = ((xy)u)z,
(x((yz)u))(x(yz)) = x((yz)u), (x(yz))(uv) = x((yz))(uv)).
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Íèëüïîòåíòíàÿ àïïðîêñèìèðóåìîñòü
ôóíäàìåíòàëüíûõ ãðóïï òð¼õìåðíûõ Sol-ìíîãîîáðàçèé

Î. Â. Áðþõàíîâ
ÍÎÓ Öåíòðîñîþçà ÐÔ ÑèáÓÏÊ, Íîâîñèáèðñê

Ôóíäàìåíòàëüíûå ãðóïïû Γ êîìïàêòíûõ òð¼õìåðíûõ Sol-ìíîãî-
îáðàçèé ÿâëÿþòñÿ ïîëèöèêëè÷åñêèìè è óäîâëåòâîðÿþò âêëþ÷åíèÿì

Z2 hM Z 6 Γ 6 (R2 h R)hD(4),
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ãäå M ∈ SL2(Z), |tr(M)| > 2, D(4) � ãðóïïà äèýäðà íà âîñüìè ýëå-
ìåíòàõ [1].
Èçó÷åíèþ ðàçëè÷íûõ ñâîéñòâ ôóíäàìåíòàëüíûõ ãðóïï 3-ìíîãîîá-

ðàçèé, à òàêæå ãðóïï èçîìåòðèé ìîäåëüíûõ òð¼õìåðíûõ ãåîìåò-
ðèé ïîñâÿùåíî áîëüøîå êîëè÷åñòâî èññëåäîâàíèé, îáçîð êîòîðûõ
ïðèâåä¼í â [2]. Òàê, â [2] îòìå÷åíî, ÷òî ãðóïïû èçîìåòðèé øåñòè
èç âîñüìè ìîäåëüíûõ òð¼õìåðíûõ ãåîìåòðèé, êóäà âõîäèò è Sol-
ãåîìåòðèÿ, âêëàäûâàþòñÿ â GL4(R), à ôóíäàìåíòàëüíûå ãðóïïû
Sol-ìíîãîîáðàçèé, êàê ïî÷òè ïîëèöèêëè÷åñêèå, ÿâëÿþòñÿ ãðóïïàìè
öåëî÷èñëåííûõ ìàòðèö ðàçëè÷íîé ñòåïåíè.
Â ïðåäñòàâëåííîé ðàáîòå ïîêàçàíî, ÷òî ãðóïïà èçîìåòðèé ìî-

äåëüíîé òð¼õìåðíîé Sol-ãåîìåòðèè âêëàäûâàåòñÿ â îáùóþ ëèíåéíóþ
ãðóïïó GL3(R), à ôóíäàìåíòàëüíûå ãðóïïû Γ êîìïàêòíûõ òð¼õ-
ìåðíûõ Sol-ìíîãîîáðàçèé � â îáùóþ ëèíåéíóþ ãðóïïó GL3(Z). Ñ
ó÷åòîì ïîëó÷åííîãî ïðåäñòàâëåíèÿ èññëåäóåòñÿ ïîâåäåíèå íèæíåãî
öåíòðàëüíîãî ðÿäà ôóíäàìåíòàëüíûõ ãðóïï êîìïàêòíûõ òð¼õìåð-
íûõ Sol-ìíîãîîáðàçèé è äàí êðèòåðèé èõ íèëüïîòåíòíîé àïïðîêñè-
ìèðóåìîñòè.

Òåîðåìà 1. Ïóñòü Γ � êîêîìïàêòíàÿ ãðóïïà èçîìåòðèé Sol-ãåî-
ìåòðèè, òîãäà:
à) åñëè Γ = Z2hM Z, òî îíà ÿâëÿåòñÿ íèëüïîòåíòíî àïïðîêñè-

ìèðóåìîé òîãäà è òîëüêî òîãäà, êîãäà tr(M) 6= 3;
á) åñëè Γ > Z2 hM Z, òî îíà ÿâëÿåòñÿ íèëüïîòåíòíî àïïðîê-

ñèìèðóåìîé òîãäà è òîëüêî òîãäà, êîãäà tr(M) ≡ 0(mod2). Áîëåå
òîãî, îíà àïïðîêñèìèðóåòñÿ êîíå÷íûìè 2-ãðóïïàìè.
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Ïðåîáðàçîâàíèÿ Ýéëåðà-Äàðáó
äëÿ óðàâíåíèÿ Ôîêêåðà-Ïëàíêà

È. Â. Âåðåâêèí
Èíñòèòóò âû÷èñëèòåëüíîãî ìîäåëèðîâàíèÿ ÑÎ ÐÀÍ, Êðàñíîÿðñê

Îäíèì èç ýôôåêòèâíûõ ñïîñîáîâ ïîñòðîåíèÿ ðåøåíèé çàäàííî-
ãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ÿâëÿåòñÿ ñâåäåíèå åãî ê èçó÷åí-
íîìó óðàâíåíèþ. Ãðóïïîâîé àíàëèç äèôôåðåíöèàëüíûõ óðàâíåíèé
èñïîëüçóåò äëÿ ýòèõ öåëåé ïîíÿòèå òî÷å÷íîãî ïðåîáðàçîâàíèÿ, ïåðå-
âîäÿùåãî îäíî óðàâíåíèå â äðóãîå. Èíîé ïîäõîä èñïîëüçóåò èçâåñò-
íîå ïðåîáðàçîâàíèå Äàðáó [1], êîòîðîå ïîçâîëÿåò ñòðîèòü ðåøåíèÿ
óðàâíåíèé, ñòàðòóÿ ñ èçâåñòíûõ óðàâíåíèé. Â ìîíîãðàôèè [2] îïèñàí
êëàññ ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèç-
âîäíûìè è ïðåîáðàçîâàíèÿ Ýéëåðà-Äàðáó (ÝÄ), ïåðåâîäÿùèå ðåøå-
íèÿ îäíîãî óðàâíåíèÿ â ðåøåíèÿ ïðåîáðàçîâàííîãî óðàâíåíèÿ òîãî
æå òèïà. Â íàñòîÿùåì äîêëàäå ïðåäñòàâëÿþòñÿ ðåçóëüòàòû èññëå-
äîâàíèÿ ïðåîáðàçîâàíèé ÝÄ äëÿ óðàâíåíèÿ Ôîêêåðà-Ïëàíêà (ÔÏ).
Ïîñòðîåíû ïðÿìîå ïðåîáðàçîâàíèå ÝÄ, âûñøåå ïðåîáðàçîâàíèå

ÝÄ, à òàêæå ïðîòèâîïîëîæíîå ïðåîáðàçîâàíèå ÝÄ, êîòîðûì ïåðå-
âîäÿòñÿ ðåøåíèÿ ïðåîáðàçîâàííîãî óðàâíåíèÿ â ðåøåíèÿ èñõîäíîãî
(íàëè÷èå ïðîòèâîïîëîæíîãî ïðåîáðàçîâàíèÿ ÝÄ ïîçâîëÿåò ðàçáèòü
ìíîæåñòâî óðàâíåíèé ÔÏ íà êëàññû ýêâèâàëåíòíîñòè îòíîñèòåëüíî
ïðåîáðàçîâàíèé ÝÄ). Ïîêàçàíî, êàê ìîæíî èñïîëüçîâàòü ïðåîáðàçî-
âàíèå ÝÄ äëÿ ïîñòðîåíèÿ ìíîãîìåðíûõ óðàâíåíèé ÔÏ íåêîòîðîãî
÷àñòíîãî âèäà. Â êà÷åñòâå ïðèìåðà ïîñòðîåíû ðåøåíèÿ óðàâíåíèÿ
ÔÏ ñ çàäàííûìè êðàåâûìè óñëîâèÿìè [3].
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� 1. 2011.

Ãðóïïû ðàñùåïëåíèÿ íåðàçëîæèìûõ p-ëîêàëüíûõ ãðóïï
áåç êðó÷åíèÿ

Ñ. Â. Âåðøèíà
Ìîñêîâñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò, Ìîñêâà

Åñëè ãðóïïà A ÿâëÿåòñÿ àáåëåâîé p-ëîêàëüíîé ãðóïïîé îòíîñè-
òåëüíî ïðîñòîãî ÷èñëà p, òî åå ìîæíî ðàññìàòðèâàòü êàê ìîäóëü
íàä êîëüöîì äèñêðåòíîãî íîðìèðîâàíèÿ Zp, êîòîðîå ÿâëÿåòñÿ ëîêà-
ëèçàöèåé êîëüöà öåëûõ ÷èñåë Z îòíîñèòåëüíî ïðîñòîãî èäåàëà (p).
Èçâåñòíû ïîíÿòèÿ êîëüöà è ïîëÿ ðàñùåïëåíèÿ äëÿ ãðóïïû A [1].

Îïðåäåëåíèå 1. Ãðóïïó B p-ðàíãà 1 íàçîâåì ãðóïïîé ðàñùåï-
ëåíèÿ äëÿ íåðàçëîæèìîé p-ëîêàëüíîé ãðóïïû A, åñëè A ⊗Zp B

∼=
A1 ⊕Bk äëÿ k > 1.

Îïðåäåëåíèå 2. Âíóòðåííåé p-àäè÷åñêîé õàðàêòåðèñòèêîéH∗(a)
íåíóëåâîãî ýëåìåíòà a ãðóïïû A íàçîâåì ìíîæåñòâî

H∗(a) = {α ∈ Ẑp | α · a ∈ A}.

Îïðåäåëåíèå 3. Âíåøíåé p-àäè÷åñêîé õàðàêòåðèñòèêîé H∗(b)
ýëåìåíòà b íóëåâîé p-âûñîòû îòíîñèòåëüíî p-áàçèñà {b, b1, . . . , bn}
ãðóïïû A íàçîâåì p-àäè÷åñêóþ õàðàêòåðèñòèêó H∗(b+B) ýëåìåíòà

b+B ôàêòîð-ãðóïïû A/B, ãäå B =
n⊕
i=1

〈bi〉.

Çàìåòèì, ÷òî åñëè rp(A) = 1, òî H∗(b) = H∗(b) äëÿ ëþáîãî ýëå-
ìåíòà b ∈ A.
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Òåîðåìà 1. Äëÿ ëþáîãî íåíóëåâîãî ýëåìåíòà b íóëåâîé p-âûñîòû
íåðàçëîæèìîé p-ëîêàëüíîé ãðóïïû áåç êðó÷åíèÿ A êîíå÷íîãî p-
ðàíãà èìåþò ìåñòî ñëåäóþùèå óòâåðæäåíèÿ:
1) H∗(b) ⊆ H∗(b);
2) H∗(b) ÿâëÿåòñÿ ðåäóöèðîâàííîé p-ëîêàëüíîé ãðóïïîé p-ðàíãà

1, ñåðâàíòíîé â êîëüöå öåëûõ p-àäè÷åñêèõ Ẑp, ñîäåðæàùåé åäèíèöó

êîëüöà Ẑp;
3) Ãðóïïà H∗(b) ÿâëÿåòñÿ ãðóïïîé ðàñùåïëåíèÿ äëÿ ãðóïïû A.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÔÖÏ íà 2009�2013 ãã. Ãîñóäàð-
ñòâåííûé êîíòðàêò �14.B37.21.0363.

Ñïèñîê ëèòåðàòóðû

1. Lady E. L. Splitting �elds for torsion free modules over discrete
valuation ring // J. Algebra. 1977. V. 49. P. 261�275.

Î ìíîãîîáðàçèè ïîëóêîëåö ñ èäåìïîòåíòíûì óìíîæåíèåì

Å. Ì. Âå÷òîìîâ, À. À. Ïåòðîâ
Âÿòñêèé ãîñóäàðñòâåííûé ãóìàíèòàðíûé óíèâåðñèòåò, Âÿòêà

Ïîëóêîëüöîì íàçûâàåòñÿ àëãåáðàè÷åñêàÿ ñòðóêòóðà 〈S,+, ·, 0〉 ñ
áèíàðíûìè îïåðàöèÿìè ñëîæåíèÿ + è óìíîæåíèÿ ·, òàêèìè, ÷òî
〈S,+, 0〉 � êîììóòàòèâíûé ìîíîèä, 〈S, ·〉 � ïîëóãðóïïà, óìíîæåíèå
äèñòðèáóòèâíî îòíîñèòåëüíî ñëîæåíèÿ ñ îáåèõ ñòîðîí è âûïîëíÿåò-
ñÿ ñâîéñòâî ìóëüòèïëèêàòèâíîñòè íóëÿ (∀x ∈ S x · 0 = 0 · x = 0).
Ïîëóêîëüöî ñ òîæäåñòâîì xx = x íàçûâàåòñÿ ìóëüòèïëèêàòèâ-
íî èäåìïîòåíòíûì. Ìóëüòèïëèêàòèâíî èäåìïîòåíòíûå ïîëóêîëü-
öà êîììóòàòèâíû â íóëå [1, ïðåäëîæåíèå 1]. Äëÿ ýëåìåíòà a ïîëó-
êîëüöà S îáîçíà÷èì Ann a = {s ∈ S : as = sa = 0}.
Íà ïîëóêîëüöå S ðàññìîòðèì ñîîòíîøåíèå Ann a = Ann b⇒ a =

b. (*)
Êëàññ ìóëüòèïëèêàòèâíî èäåìïîòåíòíûõ ïîëóêîëåö ñî ñâîéñòâîì

(*) ñîäåðæèòñÿ â ìíîãîîáðàçèè êîììóòàòèâíûõ ïîëóêîëåö ñ òîæäå-
ñòâîì x + 2xy = x, êîòîðîå ïîðîæäàåòñÿ äâóõýëåìåíòíîé öåïüþ B
è äâóõýëåìåíòíûì ïîëåì Z2. Çàìåòèì, ÷òî êîëüöà ñ óñëîâèåì (*) �
ýòî â òî÷íîñòè áóëåâû êîëüöà [2, òåîðåìà 1]. Êðîìå òîãî, áóäåì ãîâî-
ðèòü, ÷òî ïîëóêîëüöî S îáëàäàåò ñâîéñòâîì (**), åñëè êàíîíè÷åñêîå
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îòîáðàæåíèå ìíîæåñòâà ConS êîíãðóýíöèé íà S âî ìíîæåñòâî IdS
åãî èäåàëîâ (ïðè êîòîðîì êàæäîé êîíãðóýíöèè ñòàâèòñÿ â ñîîòâåò-
ñòâèå åå êëàññ íóëÿ) áèåêòèâíî.
Äëÿ ôóíêöèè f ∈

∏
i∈I
Si îáîçíà÷èì supp f = {i ∈ I : f(i) 6= 0}.

Òåîðåìà 1. Ìóëüòèïëèêàòèâíî èäåìïîòåíòíûå ïîëóêîëüöà ñî
ñâîéñòâîì (*) ñóòü â òî÷íîñòè ïîäïðÿìûå ïðîèçâåäåíèÿ S ïî-
ëóêîëåö B è Z2, óäîâëåòâîðÿþùèå óñëîâèþ: (∀f, g ∈ S)(supp f ⊂
supp g ⇒ (∃h ∈ S)supph ⊆ supp g \ supp f).
Òåîðåìà 2.Ìóëüòèïëèêàòèâíî èäåìïîòåíòíîå ïîëóêîëüöî óäî-

âëåòâîðÿåò óñëîâèþ (**) òîãäà è òîëüêî òîãäà, êîãäà îíî èçîìîðô-
íî ïðÿìîìó ïðîèçâåäåíèþ áóëåâà êîëüöà è îáîáùåííî áóëåâîé ðå-
øåòêè.
Ñëåäñòâèå.Äëÿ ïðîèçâîëüíîãî êîíå÷íîãî íåîäíîýëåìåíòíîãî ìóëü-

òèïëèêàòèâíî èäåìïîòåíòíîãî ïîëóêîëüöà S ðàâíîñèëüíû ñëåäó-
þùèå óñëîâèÿ:
(1) S îáëàäàåò ñâîéñòâîì (*);
(2) S îáëàäàåò ñâîéñòâîì (**);
(3) S èçîìîðôíî ïðÿìîìó ïðîèçâåäåíèþ êîíå÷íîãî ÷èñëà ïîëóêî-

ëåö B è Z2.
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34



Îïðåäåëÿåìîñòü àáåëåâûõ ãðóïï
ñâîèìè ãðóïïàìè àâòîìîðôèçìîâ

Â. Ê. Âèëüäàíîâ
Íèæåãîðîäñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò,

Íèæíèé Íîâãîðîä

Áóäåì ãîâîðèòü, ÷òî ãðóïïà A îïðåäåëÿåòñÿ ñâîåé ãðóïïîé àâòî-
ìîðôèçìîâ â êëàññå ãðóïï X, åñëè èç Aut(A) ∼= Aut(B), ãäå B ∈ X,
âñÿêèé ðàç ñëåäóåò, ÷òî A ∼= B.
Â ðàáîòàõ [1, 2], ïðè íåêîòîðûõ îãðàíè÷åíèÿõ íà ðàññìàòðèâàåìûå

ãðóïïû, áûëè ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ îïðå-
äåëÿåìîñòè ãðóïï â êëàññå âñåõ âïîëíå ðàçëîæèìûõ àáåëåâûõ ãðóïï
áåç êðó÷åíèÿ. Â íàñòîÿùåé ðàáîòå ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ
îïðåäåëÿåìîñòè ãðóïïû ñâîåé ãðóïïîé àâòîìîðôèçìîâ â êëàññå Fcdi

âñåõ âïîëíå ðàçëîæèìûõ àáåëåâûõ ãðóïï áåç êðó÷åíèÿ èäåìïîòåíò-
íîãî òèïà.
Îáîçíà÷èì Ω(A) ìíîæåñòâî âñåõ òèïîâ ïðÿìûõ ñëàãàåìûõ ðàíãà

1 ãðóïïû A.

Òåîðåìà 1. Ïóñòü A ∈ Fcdi, 2A = A. Åñëè äëÿ ëþáîãî òèïà τ ∈
Ω(A), r(A(τ)) > 1, òî ãðóïïà A îïðåäåëÿåòñÿ ñâîåé ãðóïïîé àâòî-
ìîðôèçìîâ â êëàññå Fcdi.

Ïîëó÷åíû ïðèìåðû ãðóïï, äëÿ êîòîðûõ óñëîâèÿ òåîðåìû íå âû-
ïîëíåíû, îäíàêî îíè îïðåäåëÿþòñÿ ñâîèìè ãðóïïàìè àâòîìîðôèç-
ìîâ â êëàññå Fcdi. Òàêèì îáðàçîì, ïîëó÷åííûå äîñòàòî÷íûå óñëîâèÿ
îïðåäåëÿåìîñòè íå ÿâëÿþòñÿ íåîáõîäèìûìè.

Ñïèñîê ëèòåðàòóðû

1. Âèëüäàíîâ Â. Ê. Îïðåäåëÿåìîñòü âïîëíå ðàçëîæèìîé àáåëåâîé
ãðóïïû ðàíãà 2 ñâîåé ãðóïïîé àâòîìîðôèçìîâ// Âåñòí. Íèæå-
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� 8. Ñ. 13�19.
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Îá îäíîâðåìåííîì ïðèâåäåíèè ýëåìåíòîâ
ñâîáîäíûõ àáåëåâûõ ãðóïï ê ïîëîæèòåëüíîìó âèäó

Î. À. Âîðîíèíà
Ñåâåðî-Êàçàõñòàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ïåòðîïàâëîâñê

Ýëåìåíò u ñâîáîäíîé ãðóïïû Fn ñ ôèêñèðîâàííûì ìíîæåñòâîì
ñâîáîäíûõ ïîðîæäàþùèõXn = {x1, ..., xn} íàçûâàåòñÿ ïîëîæèòåëü-
íûì, åñëè â ðåäóöèðîâàííîé çàïèñè u â ýòèõ ïîðîæäàþùèõ íåò îò-
ðèöàòåëüíûõ ñòåïåíåé.
Ýëåìåíò u íàçûâàåòñÿ ïîòåíöèàëüíî ïîëîæèòåëüíûì, åñëè îí

ïîëîæèòåëåí â íåêîòîðîé ñèñòåìå ñâîáîäíûõ ïîðîæäàþùèõ Yn =
{y1, ..., yn} ãðóïïû Fn.
Äàííûå îïðåäåëåíèÿ ââåäåíû À. Ìÿñíèêîâûì è Â. Øïèëüðàéíîì

â èçâåñòíîì ñáîðíèêå íåðåøåííûõ ïðîáëåì â òåîðèè ãðóïï Open
problems in combinatorial and geometric group theory (http: www.
grouptheory.org èëè www.grouptheory.info).
Áóäåì íàçûâàòü ýëåìåíò u ïðîèçâîëüíîé êîíå÷íî ïîðîæäåííîé

ãðóïïûG ñî ìíîæåñòâîì åå ïîðîæäàþùèõ ýëåìåíòîâXn = {x1, ..., xn}
ïîëîæèòåëüíûì îòíîñèòåëüíî Xn, åñëè åãî ìîæíî çàïèñàòü êàê ïî-
ëîæèòåëüíîå (ò. å. ïîëóãðóïïîâîå) ñëîâî îò ïîðîæäàþùèõ Xn.
Ïóñòü An ' Zn - ñâîáîäíàÿ àáåëåâà ãðóïïà ðàíãà n. Íàáîð ýëå-

ìåíòîâ a1, a2, ..., ak ãðóïïû An íàçûâàåòñÿ ïîëîæèòåëüíî ëèíåéíî
íåçàâèñèìûì, åñëè èç ðàâåíñòâà

∑k
i=1αi · ai = 0, ãäå αi ≥ 0 äëÿ âñåõ

i = 1, ..., k, ñëåäóåò, ÷òî αi = 0 äëÿ âñåõ i = 1, ..., k. Çäåñü αi � íà-
òóðàëüíûå ÷èñëà. Â ïðîòèâíîì ñëó÷àå íàáîð ýëåìåíòîâ íàçûâàåòñÿ
ïîëîæèòåëüíî ëèíåéíî çàâèñèìûì.

Òåîðåìà 1. Íàáîð íåíóëåâûõ ýëåìåíòîâ a1, a2, ..., an ñâîáîäíîé àáå-
ëåâîé ãðóïïû An ' Zn ïðèâîäèòñÿ ê ïîëîæèòåëüíîìó âèäó, ò. å.
âñå åãî ýëåìåíòû îäíîâðåìåííî ïîëîæèòåëüíû îòíîñèòåëüíî íåêî-
òîðîãî ìíîæåñòâà ñâîáîäíûõ ïîðîæäàþùèõ ãðóïïû An, òîãäà è
òîëüêî òîãäà, êîãäà îí ïîëîæèòåëüíî ëèíåéíî íåçàâèñèì.

Â äîêàçàòåëüñòâå òåîðåìû óñòàíàâëèâàåòñÿ äîñòàòî÷íîñòü ñâîé-
ñòâà ïîëîæèòåëüíîé ëèíåéíîé íåçàâèñèìîñòè íàáîðà ýëåìåíòîâ a1,

a2, ..., an äëÿ îäíîâðåìåííîãî ïðèâåäåíèÿ åãî ê ïîëîæèòåëüíîìó âè-
äó. Íåîáõîäèìîñòü ýòîãî ñâîéñòâà î÷åâèäíà.
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Ïðèìåíåíèå ìåòîäà Íèäåððàéòåðà-Øïàðëèíñêîãî
îöåíêè íåïîëíûõ òðèãîíîìåòðè÷åñêèõ ñóìì

ê ñóììàì íàä êîëüöàìè Ãàëóà

Ì. Ì. Ãëóõîâ
Ìîñêâà

Äëÿ ïðèëîæåíèé òåîðèè ëèíåéíûõ ðåêóððåíòíûõ ïîñëåäîâàòåëü-
íîñòåé (ËÐÏ) âàæíî óìåòü îöåíèâàòü ÷àñòîòó ïîÿâëåíèÿ ýëåìåí-
òîâ êîëüöà íà ïðîèçâîëüíîì îòðåçêå ïîñëåäîâàòåëüíîñòè çàäàííîé
äëèíû. Îñíîâíûå ðåçóëüòàòû ïî îöåíêå ÷àñòîòíûõ õàðàêòåðèñòèê
ïîëó÷åíû ñ ïîìîùüþ ìåòîäà òðèãîíîìåòðè÷åñêèõ ñóìì. Êëàññè÷å-
ñêèå ìåòîäû Â. Ì. Ñèäåëüíèêîâà è È. Ì. Âèíîãðàäîâà ðàçâèâàëèñü
è îáîáùàëèñü ìíîãèìè ñïåöèàëèñòàìè. Â ÷àñòíîñòè, Î. Â. Êàìëîâ-
ñêèì [3] óêàçàííûå ìåòîäû îáîáùåíû íà ñëó÷àé ËÐÏ íàä êîëüöàìè
Ãàëóà, ïðè ýòîì ïîëó÷åííûå îöåíêè â íåêîòîðûõ ñëó÷àÿõ îêàçû-
âàþòñÿ òî÷íåå èçâåñòíûõ ðàíåå. Â ðàáîòå [1] áûë ïðåäëîæåí èíîé
ïî òåõíèêå ïîëó÷åíèÿ îöåíêè ñóììû õàðàêòåðîâ ìåòîä îöåíêè ÷à-
ñòîòíûõ õàðàêòåðèñòèê èíâåðñíûõ êîíãðóýíòíûõ ãåíåðàòîðîâ íàä
ïðîñòûì êîíå÷íûì ïîëåì. Ìû îáîáùèì åãî íà ñëó÷àé ËÐÏ íàä ïðî-
èçâîëüíûì êîëüöîì Ãàëóà. Ïðè ýòîì áóäåì ïðèäåðæèâàòüñÿ îáùå-
ïðèíÿòîé òåðìèíîëîãèè è îáîçíà÷åíèé èç ðàáîò [1�3].
Ïóñòü âñþäó äàëåå p � ïðîñòîå, q = pt, R = GR(qn, pn) � êîëü-

öî Ãàëóà õàðàêòåðèñòèêè pn èç qn ýëåìåíòîâ, {u(i)}∞i=0 � ËÐÏ ïî-
ðÿäêà m íàä R, f(x) ∈ R[x] � ìíîãî÷ëåí Ãàëóà ñòåïåíè m. Òî-
ãäà S = R[x]/f(x) � êîëüöî Ãàëóà GR(qmn, pn). Áóäåì ðàññìàò-
ðèâàòü êîëüöî S êàê ðàñøèðåíèå êîëüöà R. Ãðóïïà àâòîìîðôèç-
ìîâ Aut(S/R) êîëüöà S, òîæäåñòâåííûì îáðàçîì äåéñòâóþùèõ íà
ýëåìåíòû èç R, ÿâëÿåòñÿ öèêëè÷åñêîé ãðóïïîé ïîðÿäêà m. ×åðåç
TrSR îáîçíà÷èì ôóíêöèþ ñëåä èç S â R, îïðåäåëÿåìóþ ðàâåíñòâîì
∀x ∈ S : TrSR(x) =

∑
τ∈Aut(S/R) τ(x).
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Èçâåñòíî, ÷òî ïåðèîä ìíîãî÷ëåíà Ãàëóà f(x) ∈ R[x] ñòåïåíè m

ðàâåí qm−1
d pν ïðè íåêîòîðûõ ν ∈ 0, n− 1 è d|(qm − 1). Âàæíûì

ÿâëÿåòñÿ: åñëè âî ââåäåííûõ âûøå îáîçíà÷åíèÿõ u = {u(i)}∞i=0 �
ËÐÏ íàä êîëüöîì R ñ õàðàêòåðèñòè÷åñêèì ìíîãî÷ëåíîì f(x), èìå-
þùèì êîðåíü α ∈ S, òî ñóùåñòâóåò åäèíñòâåííûé ýëåìåíò b ∈
S, òàêîé, ÷òî ∀i ∈ N0 : u(i) = TrSR(bαi). Îáîçíà÷èì ÷åðåç R0 =
{0, e, 2e, ..., (pn− 1)e} ïîäêîëüöî êîëüöà R, èçîìîðôíîå Zpn, à ÷åðåç

χ(x) = exp

(
2πiTrRR0

(x)

pn

)
� àääèòèâíûé õàðàêòåð êîëüöà R. Ðàññìîò-

ðèì õàðàêòåð àääèòèâíîé ãðóïïû êîëüöà S, èíäóöèðîâàííûé àääè-

òèâíûì õàðàêòåðîì χ(x) êîëüöàR: χ′(x) = χ
(
TrSR(x)

)
= exp

(
2πiTrSR0

(x)

pn

)
.

Äëÿ êàæäîãî ýëåìåíòà c êîëüöàR îïðåäåëèì íîðìó ‖c‖ = max(j ∈
0, n− 1 : c ∈ pjR). Íîðìîé ïîñëåäîâàòåëüíîñòè u íàä R íàçîâåì ìè-
íèìàëüíîå çíà÷åíèå íîðì ýëåìåíòîâ ïîñëåäîâàòåëüíîñòè.
Îöåíêà ÷èñëà ïîÿâëåíèÿ r-ãðàìì íà íà÷àëüíîì îòðåçêå äëèíû

N ëèíåéíî íåçàâèñèìîé ñèñòåìû ËÐÏ íàä êîëüöîì R ñ õàðàêòå-
ðèñòè÷åñêèì ìíîãî÷ëåíîì f(x) ñâîäèòñÿ (ñì. [3], óòâ. 1) ê îöåíêå
âåëè÷èíû ñóììû õàðàêòåðîâ âèäà S(N) =

∑N−1
i=0 χ′(bαi).

Òåîðåìà 1. Ïóñòü p � ïðîñòîå, q = pt, S = GR(qmn, pn), R =
GR(qn, pn), χ′(x) � îïðåäåëåííûé âûøå õàðàêòåð àääèòèâíîé ãðóï-
ïû êîëüöà S, α, b ∈ S, b 6= 0, α � êîðåíü íåêîòîðîãî ðåâåðñèâ-
íîãî ìíîãî÷ëåíà Ãàëóà f(x) ñòåïåíè m íàä êîëüöîì R, ordα =
pν(qm − 1)/d, N ∈ {1, 2, ..., ordα− 1}. Òîãäà

|S(N)| ≤ N
1
3q

m
3

1

2
+

(
pν

d

(
1 + ((dpn−‖b‖−1 − 1)q

m
2 + 1)

N
1
3

q
2m
3

)) 1
2

 .

Ïîëó÷åííàÿ îöåíêà ñèëüíåå èçâåñòíîé îöåíêè Â. Ì. Ñèäåëüíèêî-

âà |S(N)| ≤
(
3(pmN −N 2)

) 1
3 = N

1
3p

m
3 (3(1−Np−m))

1
3 ñóìì õàðàê-

òåðîâ íàä êîíå÷íûì ïîëåì (n = 1, ν = 0, q = p) ïðè d ≥ 2 è
N ≤ p

m
2 /8. Îíà òî÷íåå îöåíêè Î. Â. Êàìëîâñêîãî ([3], ñëåäñòâèå 1)

äëÿ ñóìì õàðàêòåðîâ íàä ðàññìîòðåííûì íàìè êîëüöîì Ãàëóà ïðè
N = sqm/2 è s ≥ 8pν+n−1−‖b‖r2.
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Îá èçîìîðôèçìå ãðàôîâ Ìýòîíà
è ãðàôîâ, ïîëó÷àåìûõ èç äâóõ äðóãèõ êîíñòðóêöèé

Ñ. Â. Ãîðÿèíîâ
Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ, Åêàòåðèíáóðã

Â ðàáîòå [1] îïèñàíû äâå íîâûõ êîíñòðóêöèè àíòèïîäàëüíûõ äèñ-
òàíöèîííî-ðåãóëÿðíûõ ãðàôîâ, âîïðîñ îá èçîìîðôèçìå êîòîðûõ èç-
âåñòíûì êîíñòðóêöèÿì àâòîð [1] îñòàâèë îòêðûòûì. (Îñíîâíûå îïðå-
äåëåíèÿ è îáîçíà÷åíèÿ ñì. â [2].) Íàïîìíèì îñíîâíûå ðåçóëüòàòû èç
[1].
Ïóñòü ΓB � ãðàô ñî ìíîæåñòâîì âåðøèí B = gG ∪ (g−1)G, ãäå gG

� êëàññ ñîïðÿæåííûõ ýëåìåíòîâ ïîðÿäêà p ãðóïïû G = PSL2(p
n),

è ìíîæåñòâîì ðåáåð {{x, y}|xy−1 ∈ B}, p � íå÷åòíîå ïðîñòîå ÷èñëî,
q = pn ≥ 5. Ïóñòü Γ̂B � ãðàô, ïîëó÷åííûé èç ãðàôà ΓB óäàëåíèåì
ðåáåð, ñîåäèíÿþùèõ ïîïàðíî êîììóòèðóþùèå âåðøèíû èç B.

Òåîðåìà 1 (Ìóõàìåòüÿíîâ). Åñëè q ≡ 1(4), òî ãðàô Γ̂B ÿâëÿåòñÿ
äèñòàíöèîííî-ðåãóëÿðíûì ñ ìàññèâîì ïåðåñå÷åíèÿ {q, q−3, 1; 1, 2, q}.

Ïóñòü ΓJ � ãðàô, ìíîæåñòâî âåðøèí êîòîðîãî ñîâïàäàåò ñî ìíî-
æåñòâîì âñåõ ýëåìåíòîâ ïîðÿäêà p ãðóïïû G, à ìíîæåñòâî ðåáåð �
{{x, y}|xy−1 ∈ J}, ãäå J � êëàññ ñîïðÿæåííûõ èíâîëþöèé ãðóïïû
G.
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Òåîðåìà 2 (Ìóõàìåòüÿíîâ). Åñëè q ≡ 1, 3(8), òî ãðàô ΓJ íåñâÿ-
çåí, è åãî êîìïîíåíòû ñâÿçíîñòè åñòü äâà èçîìîðôíûõ ìåæäó ñî-
áîé äèñòàíöèîííî-ðåãóëÿðíûõ ãðàôà ñ ìàññèâîì ïåðåñå÷åíèÿ {q, q−
3, 1; 1, 2, q}.

Â [2, Ïðåäëîæåíèå 12.5.3] ïðèâîäèòñÿ

Òåîðåìà 3 (Mathon). Ïóñòü q = rm + 1 � ñòåïåíü ïðîñòîãî,ãäå
r > 1 è m � ÷åòíî èëè q � ñòåïåíü 2. Ïóñòü V � âåêòîðíîå ïðî-
ñòðàíñòâî ðàçìåðíîñòè 2 íàä ïîëåì Fq, ñíàáæåííîå íåâûðîæäåí-
íîé ñèìïëåêòè÷åñêîé ôîðìîé B, K � ïîäãðóïïà èíäåêñà r ìóëü-
òèïëèêàòèâíîé ãðóïïû F ∗q , è b ∈ F ∗q . Òîãäà ãðàô Γ ñî ìíîæåñòâîì
âåðøèí {Kv | v ∈ V \{0}} è ìíîæåñòâîì ðåáåð {(Ku,Kv) | B(u, v) ∈
bK} ÿâëÿåòñÿ äèñòàíöèîííî-ðåãóëÿðíûì ñ ìàññèâîì ïåðåñå÷åíèÿ
{q, q−m− 1, 1; 1,m, q}, ïðè÷åì ñ òî÷íîñòüþ äî èçîìîðôèçìà Γ íå
çàâèñèò îò âûáîðà ýëåìåíòà b, ôîðìû B è ïîäãðóïïû K.

Â äàííîé ðàáîòå äîêàçàíà

Òåîðåìà 4. Ãðàô Γ̂B è ëþáàÿ èç êîìïîíåíò ñâÿçíîñòè ãðàôà ΓJ
èçîìîðôíû ãðàôó, ïîëó÷àåìîìó èç òåîðåìû 3 ïðè m = 2 è ñîîò-
âåòñòâóþùåì çíà÷åíèè q.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 12-
01-31098) è Ñîâåòà ïðè Ïðåçèäåíòå ÐÔ (ïðîåêò ÌÊ-1719.2013.1).
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Íîðìàëüíàÿ îïðåäåëÿåìîñòü àáåëåâûõ ãðóïï áåç êðó÷åíèÿ
ñâîèìè ãîëîìîðôàìè

Ñ. ß. Ãðèíøïîí
Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Òîìñê

È. Ý. Ãðèíøïîí
Òîìñêèé óíèâåðñèòåò ñèñòåì óïðàâëåíèÿ è ðàäèîýëåêòðîíèêè, Òîìñê

Äâå ãðóïïû íàçûâàþòñÿ ãîëîìîðôíî èçîìîðôíûìè, åñëè ãîëîìîð-
ôû ýòèõ ãðóïï èçîìîðôíû. Ãîâîðÿò, ÷òî ãðóïïà A îïðåäåëÿåòñÿ ñâî-
èì ãîëîìîðôîì â íåêîòîðîì êëàññå ãðóïï, åñëè ëþáàÿ ãðóïïà B èç
ýòîãî êëàññà, ãîëîìîðôíî èçîìîðôíàÿ ãðóïïå A, èçîìîðôíà ãðóïïå
A. Èçâåñòíû ïðèìåðû íåèçîìîðôíûõ êîíå÷íûõ íåêîììóòàòèâíûõ
ãðóïï, ãîëîìîðôû êîòîðûõ èçîìîðôíû [1]. Â [2] Â. Ìèëëñ ïîêàçàë,
÷òî âñÿêàÿ êîíå÷íî ïîðîæäåííàÿ àáåëåâà ãðóïïà îïðåäåëÿåòñÿ ñâî-
èì ãîëîìîðôîì â êëàññå âñåõ êîíå÷íî ïîðîæäåííûõ àáåëåâûõ ãðóïï.
Ðÿä èíòåðåñíûõ ðåçóëüòàòîâ îá îïðåäåëÿåìîñòè àáåëåâûõ ãðóïï ñâî-
èìè ãîëîìîðôàìè ïîëó÷åí È. Õ. Áåêêåðîì [3,4]. Ïîëåçíûå ðåçóëü-
òàòû î ãîëîìîðôàõ (àôôèííûõ ãðóïïàõ) ìîäóëåé ñîäåðæàòñÿ â [5].
Îáîáùåíèåì ïîíÿòèÿ ãîëîìîðôíîãî èçîìîðôèçìà ÿâëÿåòñÿ ïîíÿ-
òèå ïî÷òè ãîëîìîðôíîãî èçîìîðôèçìà. Ãðóïïû A è B íàçûâàþòñÿ
ïî÷òè ãîëîìîðôíî èçîìîðôíûìè, åñëè êàæäàÿ èç íèõ èçîìîðôíà
íîðìàëüíîé ïîäãðóïïå ãîëîìîðôà äðóãîé ãðóïïû. Ïîíÿòíî, ÷òî åñ-
ëè äâå ãðóïïû ÿâëÿþòñÿ ãîëîìîðôíî èçîìîðôíûìè, òî îíè ïî÷òè
ãîëîìîðôíî èçîìîðôíû. Îáðàòíîå, âîîáùå ãîâîðÿ, íåâåðíî. Ïî÷òè
ãîëîìîðôíî èçîìîðôíûå êîíå÷íî ïîðîæäåííûå àáåëåâû ãðóïïû èñ-
ñëåäîâàëèñü â ðàáîòå Â. Ìèëëñà [2]. Ïî÷òè ãîëîìîðôíî èçîìîðôíûå
àáåëåâû p-ãðóïïû èçó÷àëèñü â ðàáîòàõ [6,7]. Íîðìàëüíûå ïîäãðóï-
ïû ãîëîìîðôîâ àáåëåâûõ ãðóïï èç íåêîòîðûõ êëàññîâ è ïî÷òè ãîëî-
ìîðôíûé èçîìîðôèçì òàêèõ ãðóïï èññëåäîâàëñÿ â [8]. Îòìåòèì, ÷òî
åñëè â íåêîòîðîì êëàññå ãðóïï èç ïî÷òè ãîëîìîðôíîãî èçîìîðôèçìà
äâóõ ãðóïï ñëåäóåò èõ èçîìîðôèçì, òî âñÿêàÿ ãðóïïà èç ýòîãî êëàññà
îïðåäåëÿåòñÿ ñâîèì ãîëîìîðôîì â äàííîì êëàññå. Áóäåì ãîâîðèòü,
÷òî ãðóïïà G íîðìàëüíî îïðåäåëÿåòñÿ â íåêîòîðîì êëàññå ãðóïï
ñâîèì ãîëîìîðôîì, åñëè äëÿ ëþáîé ãðóïïû H èç ýòîãî êëàññà èç ïî-
÷òè ãîëîìîðôíîãî èçîìîðôèçìà ãðóïï G è H ñëåäóåò èçîìîðôèçì
ñàìèõ ãðóïï G è H.
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Àâòîðàìè ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû î íîðìàëüíîé îïðå-
äåëÿåìîñòè àáåëåâûõ ãðóïï áåç êðó÷åíèÿ ñâîèìè ãîëîìîðôàìè.

Òåîðåìà 1. Ãîëîìîðô äåëèìîé àáåëåâîé ãðóïïû G áåç êðó÷åíèÿ
íå ñîäåðæèò íåíóëåâûõ íîðìàëüíûõ àáåëåâûõ ïîäãðóïï, îòëè÷íûõ
îò G.

Èç ýòîé òåîðåìû ñëåäóåò, ÷òî âñÿêàÿ äåëèìàÿ àáåëåâà ãðóïïà áåç
êðó÷åíèÿ íîðìàëüíî îïðåäåëÿåòñÿ ñâîèì ãîëîìîðôîì â êëàññå âñåõ
àáåëåâûõ ãðóïï. Îòìåòèì, ÷òî äëÿ àáåëåâûõ p-ãðóïï óòâåðæäåíèå,
àíàëîãè÷íî òåîðåìå 1, óæå íå èìååò ìåñòà.

Òåîðåìà 2. Âïîëíå ðàçëîæèìàÿ îäíîðîäíàÿ ãðóïïà íîðìàëüíî îïðå-
äåëÿåòñÿ ñâîèì ãîëîìîðôîì â êëàññå âñåõ âïîëíå ðàçëîæèìûõ îä-
íîðîäíûõ ãðóïï.

Îáîçíà÷èì ÷åðåç A êëàññ âïîëíå ðàçëîæèìûõ àáåëåâûõ ãðóïï áåç
êðó÷åíèÿ ñ ïîïàðíî íåñðàâíèìûìè òèïàìè ïðÿìûõ ñëàãàåìûõ èõ
êàíîíè÷åñêèõ ðàçëîæåíèé.

Òåîðåìà 3. Âñÿêàÿ ãðóïïà èç êëàññà A íîðìàëüíî îïðåäåëÿåòñÿ
ñâîèì ãîëîìîðôîì â ýòîì êëàññå.

Òåîðåìà 4. Ñóùåñòâóåò âïîëíå ðàçëîæèìàÿ àáåëåâà ãðóïïà áåç
êðó÷åíèÿ, êîòîðàÿ íîðìàëüíî íå îïðåäåëÿåòñÿ ñâîèì ãîëîìîðôîì
â êëàññå âñåõ âïîëíå ðàçëîæèìûõ àáåëåâûõ ãðóïï áåç êðó÷åíèÿ.
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Ìîäóëè íàä ãðóïïîâûìè êîëüöàìè ãðóïï,
îòëè÷íûõ îò ñâîåãî êîììóòàíòà

Î. Þ. Äàøêîâà
Äíåïðîïåòðîâñêèé íàöèîíàëüíûé óíèâåðñèòåò, Äíåïðîïåòðîâñê

Àðòèíîâû è íåòåðîâû ìîäóëè � âàæíûé îáúåêò èññëåäîâàíèÿ àë-
ãåáðû. Åñòåñòâåííûì îáîáùåíèåì êëàññîâ àðòèíîâûõ è íåòåðîâûõ
ìîäóëåé ÿâëÿåòñÿ êëàññ ìèíèìàêñíûõ ìîäóëåé (ãë. 7 [1]). Ìîäóëü
A íàä êîëüöîì R íàçûâàåòñÿ ìèíèìàêñíûì, åñëè îí îáëàäàåò êî-
íå÷íûì ðÿäîì ïîäìîäóëåé, êàæäûé ôàêòîð êîòîðîãî ÿâëÿåòñÿ ëèáî
íåòåðîâûì R�ìîäóëåì, ëèáî àðòèíîâûì R�ìîäóëåì.
Ïóñòü A � ìîäóëü íàä ãðóïïîâûì êîëüöîì RG, ãäå R � êîëüöî,

G � ãðóïïà, è ïóñòü M � íåêîòîðûé êëàññ R�ìîäóëåé. Â ðàáîòå
èçó÷àåòñÿ RG�ìîäóëü A, òàêîé, ÷òî A/CA(G) íå ïðèíàäëåæèò M,
à äëÿ êàæäîé ñîáñòâåííîé ïîäãðóïïû H ãðóïïû G ôàêòîð-ìîäóëü
A/CA(H) ïðèíàäëåæèòM. Â [2] èññëåäîâàëñÿ FG�ìîäóëü A, òàêîé,
÷òî G � ïî÷òè ëîêàëüíî ðàçðåøèìàÿ ãðóïïà, F � ïîëå ïðîñòîé õà-
ðàêòåðèñòèêè è M � êëàññ âñåõ êîíå÷íî ïîðîæäåííûõ F�ìîäóëåé.
Ñëó÷àé, êîãäà A � RG�ìîäóëü, G � áåñêîíå÷íàÿ ðàçðåøèìàÿ
ãðóïïà, R � êîëüöî öåëûõ p�àäè÷åñêèõ ÷èñåë è M � êëàññ âñåõ
àðòèíîâûõ R�ìîäóëåé, ðàññìàòðèâàëñÿ â [3]. Â [4] èçó÷àëñÿ RG�
ìîäóëü A, òàêîé, ÷òî G � áåñêîíå÷íàÿ ðàçðåøèìàÿ ãðóïïà, R �
êîëüöî öåëûõ ÷èñåë è M � êëàññ âñåõ àðòèíîâûõ R�ìîäóëåé. Â
êàæäîì èç ýòèõ ñëó÷àåâ áûëî äîêàçàíî, ÷òî ãðóïïà G èçîìîðôíà
êâàçèöèêëè÷åñêîé q�ãðóïïå äëÿ íåêîòîðîãî ïðîñòîãî ÷èñëà q.
Îñíîâíûìè ðåçóëüòàòàìè ðàáîòû ÿâëÿþòñÿ òåîðåìû 1�3.
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Òåîðåìà 1. Ïóñòü A � RG�ìîäóëü, ãäå G � áåñêîíå÷íàÿ ãðóï-
ïà, G 6= G′, R ÿâëÿåòñÿ ëèáî êîëüöîì öåëûõ ÷èñåë Z, ëèáî êîëüöîì
Zp∞ öåëûõ p�àäè÷åñêèõ ÷èñåë. Åñëè A/CA(G) íå ÿâëÿåòñÿ àðòèíî-
âûì R�ìîäóëåì, à A/CA(H) � àðòèíîâ R�ìîäóëü äëÿ êàæäîé
ñîáñòâåííîé ïîäãðóïïû H ãðóïïû G, òî G èçîìîðôíà êâàçèöèêëè-
÷åñêîé q�ãðóïïå Cq∞ äëÿ íåêîòîðîãî ïðîñòîãî ÷èñëà q.

Òåîðåìà 2. Ïóñòü A � ZG�ìîäóëü, ãäå G � áåñêîíå÷íàÿ ëî-
êàëüíî ðàçðåøèìàÿ ãðóïïà, G 6= G′, Z � êîëüöî öåëûõ ÷èñåë. Åñ-
ëè A/CA(G) íå ÿâëÿåòñÿ ìèíèìàêñíûì Z�ìîäóëåì, à A/CA(H)
� ìèíèìàêñíûé Z�ìîäóëü äëÿ êàæäîé ñîáñòâåííîé ïîäãðóïïû H

ãðóïïû G, òî G èçîìîðôíà êâàçèöèêëè÷åñêîé q�ãðóïïå Cq∞ äëÿ
íåêîòîðîãî ïðîñòîãî ÷èñëà q.

Òåîðåìà 3. Ïóñòü A � RG�ìîäóëü, ãäå G � áåñêîíå÷íàÿ ãðóïïà,
G 6= G′, R � àññîöèàòèâíîå êîëüöî. Åñëè A/CA(G) � áåñêîíå÷-
íûé R�ìîäóëü, à A/CA(H) � êîíå÷íûé R�ìîäóëü äëÿ êàæäîé
ñîáñòâåííîé ïîäãðóïïû H ãðóïïû G, òî G èçîìîðôíà êâàçèöèêëè-
÷åñêîé q�ãðóïïå Cq∞ äëÿ íåêîòîðîãî ïðîñòîãî ÷èñëà q.
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Íîðìàëèçàòîð ýëåìåíòàðíîé ñåòåâîé ãðóïïû,
ñâÿçàííîé ñ íåðàñùåïèìûì ìàêñèìàëüíûì òîðîì

â ïîëíîé ëèíåéíîé ãðóïïå íàä ïîëåì ðàöèîíàëüíûõ ÷èñåë

Í. À. Äæóñîåâà, Â. À. Êîéáàåâ
Ñåâåðî-Îñåòèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Âëàäèêàâêàç

Â ðàáîòå (òåîðåìà 2) âû÷èñëÿåòñÿ íîðìàëèçàòîð N(σ) ýëåìåíòàð-
íîé ñåòåâîé ãðóïïû E(σ) â ïîëíîé ëèíåéíîé ãðóïïå G = GL(n,Q)
íàä ïîëåì ðàöèîíàëüíûõ ÷èñåëQ. Ïðè ýòîì ðàññìàòðèâàåìûå ñåòè σ
ñâÿçàíû ñ íåðàñùåïèìûì ìàêñèìàëüíûì òîðîì T = T (d), êîòîðûé
ÿâëÿåòñÿ îáðàçîì ìóëüòèïëèêàòèâíîé ãðóïïû ðàäèêàëüíîãî ðàñøè-
ðåíèÿ K = Q( n

√
d) (ñòåïåíè n) ïîëÿ ðàöèîíàëüíûõ ÷èñåë Q ïðè

ðåãóëÿðíîì âëîæåíèè â G = GL(n,Q). À èìåííî, ìû ïðåäïîëàãàåì,
÷òî òîð T = T (d) íîðìàëèçóåò ñåòåâîå êîëüöîM(σ) [1]. Êëàññ òàêèõ
êîëåö áûë îïèñàí â [2]. Òàì æå, â ðàáîòå [2], îïðåäåëåíî ïîäêîëü-
öî R0 ïîëÿ Q, ñâÿçàííîå ñ òîðîì T = T (d), è äîêàçàíî ñëåäóþùåå
óòâåðæäåíèå (â äàëüíåéøåì, d � öåëîå ðàöèîíàëüíîå ÷èñëî, ðàâíîå
± ïðîèçâåäåíèþ ðàçëè÷íûõ ïðîñòûõ ÷èñåë).

Òåîðåìà 1. ([2], òåîðåìà 2). Ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:
1) òîð T = T (d) íîðìàëèçóåò ñåòåâîå êîëüöî M(σ);
2) äëÿ ñåòè σ = (σij) ñïðàâåäëèâà ôîðìóëà

σij =

{
Ai+1−j, j ≤ i;

dAn+i+1−j, j > i,

ãäå dAn ⊆ A1 ⊆ A2 ⊆ · · · ⊆ An, ïðè÷åì äëÿ ëþáîãî i, 1 ≤ i ≤ n, Ai

� öåëûé èäåàë êîëüöà R, ñîäåðæàùåãî ïîäêîëüöî R0, R0 ⊆ R ⊆ Q.

Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 2. Ïóñòü σ� ñåòü, óäîâëåòâîðÿþùàÿ îäíîìó èç óñëî-
âèé òåîðåìû 1. Òîãäà íîðìàëèçàòîð N(σ) = NG(E(σ)) ñîâïàäàåò
ñ ïðîèçâåäåíèåì TG(σR), ãäå G(σR) � ñåòåâàÿ ãðóïïà, σR � ñåòü,
ó êîòîðîé âûøå ãëàâíîé äèàãîíàëè ñòîÿò èäåàëû dR, à íà ãëàâíîé
äèàãîíàëè è íèæå � êîëüöî R.

Äîêàçàòåëüñòâî òåîðåìû 2 îñíîâàíî íà ñëåäóþùåé ëåììå.

Ëåììà 1. Ïóñòü ti1(α) ∈ N(σ), òîãäà α ∈ R, 2 ≤ i ≤ n.
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Ðåäóêöèÿ ëîêàëüíûõ àâòîìîðôèçìîâ è ëîêàëüíûõ
äèôôåðåíöèðîâàíèé àëãåáð íèëüòðåóãîëüíûõ ìàòðèö

À.Ï.Åëèñîâà
Ëåñîñèáèðñêèé ïåäàãîãè÷åñêèé èíñòèòóò, Ëåñîñèáèðñê

Ëîêàëüíûé àâòîìîðôèçì àëãåáðû R íàä àññîöèàòèâíî êîììóòà-
òèâíûì êîëüöîì K ñ åäèíèöåé (ñì. [1]) � ýòî ëþáîé åå àâòîìîðôèçì
êàê K-ìîäóëÿ, äåéñòâóþùèé íà êàæäûé ýëåìåíò α ∈ R êàê íåêîòî-
ðûé àâòîìîðôèçì àëãåáðû R, çàâèñÿùèé, âîîáùå ãîâîðÿ, îò âûáîðà
α. Ëîêàëüíûå äèôôåðåíöèðîâàíèÿ àíàëîãè÷íî îáîáùàþò äèôôåðåí-
öèðîâàíèÿ àëãåáðû.
×åðåç NT (n,K) îáîçíà÷àþò àëãåáðó íèëüòðåóãîëüíûõ n×n ìàò-

ðèö íàä K, ò. å. ñ íóëÿìè íà ãëàâíîé äèàãîíàëè è íàä íåé. Ëî-
êàëüíûå àâòîìîðôèçìû (è ëîêàëüíûå äèôôåðåíöèðîâàíèÿ) àëãåá-
ðû R = NT (n,K) îïèñàíû â [2�4] äëÿ n = 3 è � ïðè îãðàíè÷åíèÿõ
íà K � äëÿ n = 4. Óìíîæåíèåì íà íèõ è íà àâòîìîðôèçì àññîöèè-
ðîâàííîé àëãåáðû Ëè Λ(R), n ≤ 4, ïðîèçâîëüíûé ëîêàëüíûé ëèåâ
àâòîìîðôèçì, ñîãëàñíî [4], ïðèâîäèòñÿ ê ëîêàëüíîìó ëèåâó àâòîìîð-
ôèçìó ñïåöèàëüíîãî ÿâíîãî âèäà. Àíàëîãè÷íî ïðè n ≤ 4 îïèñàíû
ëîêàëüíûå äèôôåðåíöèðîâàíèÿ Λ(R), [5].
Àâòîð è Â. Ì. Ëåâ÷óê óñòàíîâèëè ðåäóêöèîííûå òåîðåìû äëÿ

n ≥ 4.

Òåîðåìà 1. Ïðè n > 4 âñÿêèé ëîêàëüíûé àâòîìîðôèçì àëãåáðû
Ëè Λ(R) äåéñòâóåò ïî ìîäóëþ R2 êàê åå àâòîìîðôèçì.

Ìàòðè÷íûå åäèíèöû eij, 1 ≤ j < i ≤ n, ïîðîæäàþò àëãåáðó R
êàê K-ìîäóëü. Ñîãëàñíî [5] ïðè n ≥ 4 ïðîèçâîëüíîå ëîêàëüíîå äèô-
ôåðåíöèðîâàíèå àëãåáðû R, ñ òî÷íîñòüþ äî ïðèáàâëåíèÿ åå äèôôå-
ðåíöèðîâàíèÿ, ÿâëÿåòñÿ íóëåâûì íà ýëåìåíòàõ eii−1, 1 < i ≤ n, à íà

46



ýëåìåíòàõ eii−2, 2 < i ≤ n, ñîâïàäàåò ïî ìîäóëþ R3 ïðè ïîäõîäÿùåì
t ∈ K ñ îòîáðàæåíèåì âèäà

ωt : α→ ta31e31 + ta42e42 + ...+ tann−2enn−2 (α = ‖aij‖ ∈ R).
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Î ãðàôàõ, â êîòîðûõ îêðåñòíîñòè âåðøèí
ñèëüíî ðåãóëÿðíû ñ ïàðàìåòðàìè (88,27,6,9)

Ê. Ñ. Åôèìîâ, À. À. Ìàõíåâ
Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ, Åêàòåðèíáóðã

Â [1] ïðåäëîæåíà ïðîãðàììà èçó÷åíèÿ äèñòàíöèîííî ðåãóëÿðíûõ
ãðàôîâ, â êîòîðûõ îêðåñòíîñòè âåðøèí ñèëüíî ðåãóëÿðíû ñ ñîá-
ñòâåííûì çíà÷åíèåì 3. Òàì æå çàäà÷à ðåäóöèðîâàíà ê ñëó÷àþ, êîãäà
îêðåñòíîñòè âåðøèí ïðèíàäëåæàò êîíå÷íîìó ìíîæåñòâó èñêëþ÷è-
òåëüíûõ ãðàôîâ.
Â ðàáîòå èññëåäîâàíû ãðàôû, â êîòîðûõ îêðåñòíîñòè âåðøèí ñèëü-

íî ðåãóëÿðíû ñ ïàðàìåòðàìè (88,27,6,9). Ðàíåå, â [2], àâòîðû íàøëè
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âîçìîæíûå àâòîìîðôèçìû ãèïîòåòè÷åñêîãî ñèëüíî ðåãóëÿðíîãî ãðà-
ôà ñ ïàðàìåòðàìè (88, 27, 6, 9).

Òåîðåìà 1. Ïóñòü Γ � ñâÿçíûé âïîëíå ðåãóëÿðíûé ãðàô, â êîòî-
ðîì îêðåñòíîñòè âåðøèí � ñèëüíî ðåãóëÿðíûå ãðàôû ñ ïàðàìåòðà-
ìè (88, 27, 6, 9). Åñëè u � âåðøèíà ãðàôà Γ, ki = |Γi(u)|, òî d(Γ) = 3
è âûïîëíÿåòñÿ îäíî èç óòâåðæäåíèé:

(1) µ = 22, k2 = 240 è 2 ≤ k3 ≤ 21;
(2) µ = 24, k2 = 220 è 2 ≤ k3 ≤ 14;
(3) µ = 30, k2 = 176 è 1 ≤ k3 ≤ 8, ïðè÷åì â ñëó÷àå k3 = 1 àíòèïî-

äàëüíîå ÷àñòíîå ãðàôà Γ � ñèëüíî ðåãóëÿðíûé ãðàô ñ ïàðàìåòðàìè
(133, 88, 57, 60).

Â ÷àñòíîñòè, ãðàô èç çàêëþ÷åíèÿ òåîðåìû íå ÿâëÿåòñÿ äèñòàíöè-
îííî ðåãóëÿðíûì.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ïðîåêò 12-01-00012),
ÐÔÔÈ-ÃÔÅÍÊèòàÿ (ïðîåêò 12-01-91155), ïðîãðàììû îòäåëåíèÿ ìà-
òåìàòè÷åñêèõ íàóê ÐÀÍ (ïðîåêò 12-Ò-1-1003) è ïðîãðàìì ñîâìåñò-
íûõ èññëåäîâàíèé ÓðÎ ÐÀÍ ñ ÑÎ ÐÀÍ (ïðîåêò 12-Ñ-1-1018) è ñ
ÍÀÍ Áåëàðóñè (ïðîåêò 12-Ñ-1-1009).

Ñïèñîê ëèòåðàòóðû

1. Ìàõíåâ À. À. Î ñèëüíî ðåãóëÿðíûõ ãðàôàõ ñ ñîáñòâåííûì çíà÷å-
íèåì 3 è èõ ðàñøèðåíèÿõ // ÄÀÍ. 2013. Ò. 452. � 5. Ñ. 475�478.

2. Åôèìîâ Ê. Ñ., Ìàõíåâ À. À. Îá àâòîìîðôèçìàõ ñèëüíî ðåãó-
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Î öåíòðàëüíûõ òèïàõ ∆− PM òåîðèé
â îáîãàùåíèè àâòîìîðôèçìîì

À. Ð. Åøêååâ
Êàðàãàíäèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Êàðàãàíäà

Äàííûé òåçèñ îòðàæàåò èíôîðìàöèþ î íåêîòîðûõ ñâîéñòâàõ ∆−
PM òåîðèé [1] è èõ öåíòðîâ â îáîãàù¼ííîé ñèãíàòóðå àâòîìîðôèç-
ìîì è êîíñòàíòîé. Ïðè ýòîì â êëàññå òàêèõ òåîðèé ðàññìàòðèâàåòñÿ
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ïîíÿòèå ∆− PM ïîäîáèÿ è íàéäåíà ñâÿçü ýòîãî ïîíÿòèÿ ñ ñèíòàê-
ñè÷åñêèì ïîäîáèåì â ñìûñëå [2].
Ïóñòü Ò � ïðîèçâîëüíàÿ ∆ − PM -òåîðèÿ â ÿçûêå ñèãíàòóðû σ.

Ïóñòü Ñ � ñåìàíòè÷åñêàÿ ìîäåëü òåîðèè Ò. A ⊆ C. Ïóñòü σΓ(A) =
σ
⋃
{ca| a ∈ A}

⋃
Γ, ãäå Γ = {g}

⋃
{c}. Ðàññìîòðèì ñëåäóþùóþ òåî-

ðèþ T gMΓ (A) = ThΠ+
α+2

(C, a)a∈A
⋃
{g(a) = a | a ∈ A}

⋃
g(c)

⋃
Tg, ãäå

Tg - âûðàæàåò òîò ôàêò, ÷òî äëÿ ëþáîé ìîäåëè (M, gM)| = Tg èìååò
ìåñòî:
1) gM - àâòîìîðôèçì Ì ;
2) {m ∈ M | gM(m) = m} åñòü óíèâåðñóì íåêîòîðîé ýêçèñòåí-

öèàëüíî çàìêíóòîé ïîäìîäåëè Ì äëÿ ëþáîé ìîäåëè Ì ñèãíàòóðû
σ.
Ýòà òåîðèÿ íåîáÿçàòåëüíî ïîëíàÿ. Ðàññìîòðèì âñå ïîïîëíåíèÿ

öåíòðà T ∗ òåîðèè Ò â íîâîé ñèãíàòóðå σΓ, ãäå Γ = {c}. Â ñèëó
∆− PM -íîñòè òåîðèè T ∗ ñóùåñòâóåò å¼ öåíòð, è ìû îáîçíà÷èì åãî
êàê T c. Ïðè îãðàíè÷åíèè T c äî ñèãíàòóðû σ, òåîðèÿ T c ñòàíîâèò-
ñÿ ïîëíûì òèïîì. Ýòîò òèï ìû íàçîâ¼ì öåíòðàëüíûì òèïîì òåî-
ðèè Ò. Ïóñòü Ò � ïðîèçâîëüíàÿ ∆ − PM -òåîðèÿ, òîãäà E+(T ) =⋃
n,m<ω E

+
n,m(T ), ãäå E+

n,m(T ) åñòü ðåøåòêà ïîçèòèâíûõ ýêçèñòåíöè-
àëüíûõ ôîðìóë ñ n ñâîáîäíûìè ïåðåìåííûìè è ñ m ïåðåìåíàìè
êâàíòîðîâ.
Îïðåäåëåíèå. Ïóñòü T1 è T2 � ∆ − PM -òåîðèè. Ìû áóäåì ãî-

âîðèòü, ÷òî T1 è T2 ÿâëÿþòñÿ ∆ − PM -ñèíòàêñè÷åñêè ïîäîáíûìè,
åñëè ñóùåñòâóåò áèåêöèÿ f : E+(T1)→ E+(T2) òàêàÿ, ÷òî
1) îãðàíè÷åíèå f äî E+

n,m(T1) åñòü èçîìîðôèçì ðåø¼òîê E+
n,m(T1)

è E+
n,m(T2), n, m < ω;
2) f(∃vn+1ϕ) = ∃vn+1f(ϕ), ϕ ∈ E+

n (T ), n < ω;
3) f(v1 = v2) = (v1 = v2).
Îäèí èç ïîëó÷åííûõ ðåçóëüòàòîâ â ðàìêàõ âûøå óêàçàííûõ îïðå-

äåëåíèé âûãëÿäèò ñëåäóþùèì îáðàçîì.

Òåîðåìà 1. Ïóñòü T1 è T2 � Σm+1-ïîëíûå, ñîâåðøåííûå éîíñîíîâ-
ñêèå ∆− PM -òåîðèè. Òîãäà ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:
1) T ∗1 è T ∗2 ÿâëÿþòñÿ ∆− PM -ñèíòàêñè÷åñêè ïîäîáíûìè;
2) T c1 è T c2 ñèíòàêñè÷åñêè ïîäîáíû â ñìûñëå [2].

Ñëåäñòâèå 1. Äëÿ ëþáîé Σm+1-ïîëíîé, ñîâåðøåííîé éîíñîíîâñêîé
∆−PM -òåîðèè ñóùåñòâóåò ∆−PM -ñèíòàêñè÷åñêè ïîäîáíàÿ åé
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Σm+1-ïîëíàÿ ñîâåðøåííàÿ éîíñîíîâñêàÿ ∆−PM -òåîðèÿ ïîëèãîíîâ.

Ñïèñîê ëèòåðàòóðû
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Êîîðäèíàòíîå êîëüöî n-ìåðíîé ñôåðû
è íåêîòîðûå ïðèìåðû äèôôåðåíöèàëüíî ïðîñòûõ àëãåáð

Â. Í. Æåëÿáèí, À.À. Ïîïîâ, È. Ï. Øåñòàêîâ
Èíñòèòóò ìàòåìàòèêè ÑÎ ÐÀÍ èì. Ñ. Ë. Ñîáîëåâà, Íîâîñèáèðñê

Â ðàáîòå ñ ïîìîùüþ êîîðäèíàòíîãî êîëüöà n−ìåðíîé âåùåñòâåí-
íîé ñôåðû ñòðîÿòñÿ íîâûå ïðèìåðû äèôôåðåíöèàëüíî ïðîñòûõ àë-
ãåáð, êîòîðûå íå ïðåäñòàâëÿþòñÿ â óêàçàííîì â òåîðåìå Áëîêà [1]
âèäå.
Ïóñòü R � ïîëå äåéñòâèòåëüíûõ ÷èñåë. Ðàññìîòðèì àëãåáðó ïîëè-

íîìîâ R[x0, . . . , xn] îò ïåðåìåííûõ x0, x1, . . . , xn. ×åðåç ∂
∂x0
, . . . , ∂

∂xn
îáîçíà÷èì îïåðàòîðû äèôôåðåíöèðîâàíèÿ àëãåáðû R[x0, x1, . . . , xn]
ïî ïåðåìåííûì x0, x1, . . . , xn. Ïîëîæèì

D1 = x1
∂

∂x0
− x0

∂

∂x1
, . . . , Dn = xn

∂

∂x0
− x0

∂

∂xn
.

Ïóñòü Sph(n) � ôàêòîð-àëãåáðà àëãåáðû R[x0, . . . , xn] ïî èäåàëó,
ïîðîæäåííîìó ìíîãî÷ëåíîì x2

0 + . . . + x2
n − 1, ò. å. Sph(n) � êîîð-

äèíàòíîå êîëüöî n-ìåðíîé âåùåñòâåííîé ñôåðû. Äèôôåðåíöèðîâà-
íèÿ D1, . . . , Dn èíäóöèðóþò äèôôåðåíöèðîâàíèÿ àëãåáðû Sph(n),
êîòîðûå ìû òàêæå îáîçíà÷èì ÷åðåç D1, . . . , Dn. Îòîæäåñòâèì îá-
ðàçû x0, x1, . . . , xn ïðè ãîìîìîðôèçìå R[x0, . . . , xn] 7→ Sph(n) ñ
x0, x1, . . . , xn. Ïîäàëãåáðà Sph(n)0 â Sph(n), ïîðîæäåííàÿ ýëåìåí-
òàìè 1, x2

1, . . . , x
2
n, xixj, i, j = 0, . . . , n, i 6= j äèôôåðåíöèàëüíî ïðî-

ñòà îòíîñèòåëüíî äèôôåðåíöèðîâàíèé D1, . . . , Dn. Ïóñòü Sph(n)1 =
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Sph(n)0x0 + . . . + Sph(n)0xn. Òîãäà Sph(n) = Sph(n)0 + Sph(n)1 �
Z2-ãðàäóèðîâàííàÿ àëãåáðà.
Ïóñòü òåïåðüA = A0⊕A1 � Z2-ãðàäóèðîâàííàÿ àëãåáðà íàä ïîëåì

R. Ïîäàëãåáðó Sph(A) = Sph(n)0 ⊗ A0 ⊕ Sph(n)1 ⊗ A1 â òåíçîðíîì
ïðîèçâåäåíèè R-àëãåáð Sph(n)⊗ A íàçîâåì Sph-îáîëî÷êîé.

Òåîðåìà 1. Ïóñòü Sph(n) � êîîðäèíàòíîå êîëüöî n-ìåðíîé âåùå-
ñòâåííîé ñôåðû è A � öåíòðàëüíàÿ ïðîñòàÿ êîíå÷íîìåðíàÿ àññî-
öèàòèâíàÿ, àëüòåðíàòèâíàÿ, éîðäàíîâà, ëèåâà àëãåáðà èëè àëãåá-
ðà Ìàëüöåâà íàä R. Òîãäà A äîïóñêàåò Z2-ãðàäóèðîâêó, è åå Sph-
îáîëî÷êà Sph(A) � äèôôåðåíöèàëüíî ïðîñòà îòíîñèòåëüíî ìíî-
æåñòâà äèôôåðåíöèðîâàíèé D = {D1 ⊗ id, . . . , Dn ⊗ id}. Àëãåá-
ðà Sph(A) � êîíå÷íî ïîðîæäåííûé ïðîåêòèâíûé ìîäóëü íàä ñâî-
èì öåíòðîèäîì C(Sph(A)), êîòîðûé èçîìîðôåí Sph(n)0. Åñëè n ≥
dimA, òî Sph(A) � íåñâîáîäíûé C(Sph(A))-ìîäóëü.

Ðàáîòà ïîääåðæàíà ÐÔÔÈ (ïðîåêò 11-01-00938-à).

Ñïèñîê ëèòåðàòóðû

1. Block R. E. Determination of the di�erentiably simple rings with a
minimal ideal// Ann. of Math. 1969. V. 90, � 3. P. 433�459.

Î íåïðèâîäèìûõ ÷àñòè÷íî êîìïîçèöèîííûõ ôîðìàöèÿõ
íèëüïîòåíòíîãî äåôåêòà 2

Ï. À. Æèçíåâñêèé
Ãîìåëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ô. Ñêîðèíû, Ãîìåëü

Âñå ðàññìàòðèâàåìûå ãðóïïû êîíå÷íû. Èñïîëüçóþòñÿ îïðåäåëå-
íèÿ è îáîçíà÷åíèÿ, ïðèíÿòûå â [1-3]. Íàïîìíèì íåêîòîðûå èç íèõ.
Ïóñòü Θ � íåêîòîðàÿ ïîëíàÿ ìîäóëÿðíàÿ ðåøåòêà ôîðìàöèé. Òî-

ãäà äëÿ ëþáûõ äâóõ Θ-ôîðìàöèé F è M òàêèõ, ÷òî M ⊆ F ÷åðåç
F/ΘM îáîçíà÷àþò ïîäðåøåòêó ðåøåòêè Θ âñåõ Θ-ôîðìàöèé, çàêëþ-
÷åííûõ ìåæäó M è F. Äëÿ ïðîèçâîëüíûõ Θ-ôîðìàöèé F è H äëè-
íó ðåøåòêè F/ΘF ∩ H (êîíå÷íóþ èëè áåñêîíå÷íóþ) íàçûâàþò HΘ-
äåôåêòîì ôîðìàöèè F. Â ÷àñòíîñòè, åñëè Θ = cω � ðåøåòêà âñåõ
ω-êîìïîçèöèîííûõ ôîðìàöèé è N � ôîðìàöèÿ âñåõ íèëüïîòåíò-
íûõ ãðóïï, òî äëèíó ðåøåòêè F/ωF ∩ N íàçûâàþò Nω-äåôåêòîì,
èëè íèëüïîòåíòíûì cω-äåôåêòîì ôîðìàöèè F.
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Íåïóñòóþ ôîðìàöèþ F íàçûâàþò íåïðèâîäèìîé ω-êîìïîçèöèîí-
íîé ôîðìàöèåé, åñëè M = ∨ω(Xi|i ∈ I) ⊂ F, ãäå {Xi|i ∈ I} � íàáîð
âñåõ ñîáñòâåííûõ ω-êîìïîçèöèîííûõ ïîäôîðìàöèé èç F.
Ôîðìàöèîííî êðèòè÷åñêàÿ ãðóïïàG ∈ F íàçûâàåòñÿHω-áàçèñíîé,

åñëè ó ôîðìàöèè cωformG èìååòñÿ ëèøü åäèíñòâåííàÿ ìàêñèìàëü-
íàÿ ω-êîìïîçèöèîííàÿ ïîäôîðìàöèÿ, êîòîðàÿ ñîäåðæèòñÿ â H.

Òåîðåìà 1. Òîãäà è òîëüêî òîãäà íåïðèâîäèìàÿ ω-êîìïîçèöèîííàÿ
ôîðìàöèÿ F èìååò íèëüïîòåíòíûé cω-äåôåêò 2, êîãäà F = cωformG,
ãäå G � òàêàÿ ìîíîëèòè÷åñêàÿ ãðóïïà ñ öîêîëåì P , ÷òî âûïîëíÿ-
åòñÿ îäíî èç ñëåäóþùèõ óñëîâèé:
1) π(Com(P ))∩ω = ∅, P = GM, ãðóïïà G ÿâëÿåòñÿ M-áàçèñíîé,

ãäå M = (F ∩N) ∨ωcωform(G/P ), à ôîðìàöèÿ cωform(G/P ) èìååò
íèëüïîòåíòíûé cω-äåôåêò 1;
2) G = [P ]H, ãäå P � àáåëåâà p-ãðóïïà, p ∈ ω, P 6⊆ Φ(G), à H �

ãðóïïà, óäîâëåòâîðÿþùàÿ îäíîìó èç ñëåäóþùèõ óñëîâèé:
2.1) ìîíîëèòè÷åñêàÿ ãðóïïà ñ íåôðàòòèíèåâûì öîêîëåì Q =

HN òàêèì, ÷òî π(Com(Q)) ∩ ω = ∅ è H/Q ∈ Np;
2.2) H = [Q]N � ìîíîëèòè÷åñêàÿ ãðóïïà ñ íåôðàòòèíèåâûì

öîêîëåì Q, ãäå Q = HN � àáåëåâà q-ãðóïïà, q ∈ ω, q 6= p è |N | = p;
2.3) öèêëè÷åñêàÿ ïðèìàðíàÿ ãðóïïà ïîðÿäêà q2, ãäå q 6= p;
2.4) íåàáåëåâà ãðóïïà ïîðÿäêà q3 ïðîñòîé íå÷åòíîé ýêñïîíåíòû

q, ãäå q 6= p.

Ñ÷èòàåòñÿ, ÷òî ÷àñòíûé ñëó÷àé a = 2 òåîðåìû 1 áûë èçâåñòåí
êèòàéñêèì ìàòåìàòèêàì åù¼ 2000 ëåò íàçàä.
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Ïðåäñòàâëåíèå êîðíåâîé ïîäãðóïïû èç Ln(p
m)

â âèäå ïåðåñå÷åíèÿ äâóõ ñèëîâñêèõ p-ïîäãðóïï

Â. È. Çåíêîâ
Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ, Åêàòåðèíáóðã

Õîðîøî èçâåñòíî [1, ïðåäëîæåíèå 2.17], ÷òî â ãðóïïå G ëèåâà òè-
ïà íàä ïîëåì ïðîñòîé õàðàêòåðèñòèêè p äëÿ ëþáîé ïàðàáîëè÷åñêîé
ïîäãðóïïû P èç G ïîäãðóïïà Op(P ) ïîðîæäàåòñÿ êîðíåâûìè ïîä-
ãðóïïàìè èçG è ïðåäñòàâèìà â âèäå ïåðåñå÷åíèÿ íåêîòîðûõ äâóõ ñè-
ëîâñêèõ ïîäãðóïï èç G. Â ÷àñòíîñòè, ýòî òàê, åñëè ïîäãðóïïà Op(P )
ñîâïàäàåò ñ êîðíåâîé ïîäãðóïïîé ãðóïïû G . Âîçíèêàåò âîïðîñ: à
åñëè ïîäãðóïïà Op(P ) íå ñîâïàäàåò ñ êîðíåâîé ïîäãðóïïîé, òî áóäåò
ëè â ýòîì ñëó÷àå êîðíåâàÿ ïîäãðóïïà ïðåäñòàâèìîé â âèäå ïåðåñå-
÷åíèÿ íåêîòîðûõ äâóõ ñèëîâñêèõ ïîäãðóïï èç G? Äëÿ ãðóïï Ln(pm)
íà ýòîò âîïðîñ îòâå÷àåò ñëåäóþùàÿ

Òåîðåìà 1. Ïóñòü G= Ln(p
m), ãäå p� ïðîñòîå ÷èñëî. Òîãäà êîðíå-

âàÿ ïîäãðóïïà ãðóïïû G ïðåäñòàâèìà â âèäå ïåðåñå÷åíèÿ íåêîòî-
ðûõ äâóõ ñèëîâñêèõ p-ïîäãðóïï èç G.

Åñòåñòâåííî âîçíèêàåò âîïðîñ î ñïðàâåäëèâîñòè ýòîé òåîðåìû äëÿ
äðóãèõ êëàññîâ ãðóïï ëèåâà òèïà. Îäíàêî óæå â ñèìïëåêòè÷åñêèõ
ãðóïïàõ ñèòóàöèÿ ãîðàçäî ñëîæíåå. Íàïðèìåð, â ãðóïïå G ' Sp4(2)
(' S6) òðè òèïà êîðíåâûõ ïîäãðóïï â ñîîòâåòñòâèè ñ ïîäñòàíîâî÷íû-
ìè òèïàìè ïîðîæäàþùèõ èõ èíâîëþöèé. Êîðíåâàÿ ïîäãðóïïà ïåð-
âîãî òèïà (ëåæàùàÿ â G′) íå ïðåäñòàâèìà íèêàêèì ïåðåñå÷åíèåì
äâóõ ñèëîâñêèõ 2-ïîäãðóïï èç G. Êîðíåâûå ïîäãðóïïû âòîðîãî è
òðåòüåãî òèïà ñîïðÿæåíû â Aut(G) è ïðåäñòàâèìû â òàêîì âèäå.
Âîçíèêàåò òàêæå îáùèé âîïðîñ: äëÿ êàêèõ ãðóïï ëèåâà òèïà ñó-

ùåñòâóþò êîðíåâûå ïîäãðóïïû, ïðåäñòàâèìûå â âèäå ïåðåñå÷åíèÿ
íåêîòîðûõ äâóõ ñèëîâñêèõ ïîäãðóïï?
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 13-

01-00469), ïðîãðàììû Îòäåëåíèÿ ìàòåìàòè÷åñêèõ íàóê ÐÀÍ (ïðîåêò
12-Ò-1-1003), ïðîãðàìì ñîâìåñòíûõ èññëåäîâàíèé ÓðÎ ÐÀÍ ñ ÑÎ
ÐÀÍ (ïðîåêò 12-Ñ-1-1018) è ñ ÍÀÍ Áåëàðóñè (ïðîåêò 12-C-1-1009).
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Òåîðåìà Ôàðêàøà äëÿ àëãåáð éîðäàíîâîé ñêîáêè

È. Á. Êàéãîðîäîâ
Èíñòèòóò ìàòåìàòèêè èì. Ñ. Ë. Ñîáîëåâà, Íîâîñèáèðñê

Ïîä àëãåáðîé Ïóàññîíà ìû ïîíèìàåì âåêòîðíîå ïðîñòðàíñòâî P ñ
äâóìÿ îïåðàöèÿìè · è {, }. Â ñîâðåìåííîé ìàòåìàòèêå àëãåáðû Ïóàñ-
ñîíà èìåþò ïðèëîæåíèå íå òîëüêî â ìàòåìàòè÷åñêîé ôèçèêå è ãåî-
ìåòðèè. Òàê, ñ èñïîëüçîâàíèåì ñâîáîäíûõ àëãåáð Ïóàññîíà è Ïóàñ-
ñîíîâûõ ñêîáîê Ó. Ó. Óìèðáàåâûì è È. Ï. Øåñòàêîâûì áûëà ðåøåíà
èçâåñòíàÿ ïðîáëåìà Íàãàòû î ñóùåñòâîâàíèè äèêèõ àâòîìîðôèçìîâ
ñâîáîäíîé àññîöèàòèâíîé àëãåáðû ñ òðåìÿ ïîðîæäàþùèìè. ×èñòî ñ
àëãåáðàè÷åñêîé ñòîðîíû, àëãåáðû Ïóàññîíà èçó÷àëèñü â ðàáîòàõ Ä.
Ôàðêàøà, Ë. Ìàêàð-Ëèìàíîâà, Ó. Ó. Óìèðáàåâà, È. Ï. Øåñòàêîâà,
Ñ. Ï. Ìèùåíêî, Â. Ì. Ïåòðîãðàäñêîãî è äð. Â ÷àñòíîñòè, Ä. Ôàðêàø
ïîêàçàë, ÷òî êàæäàÿ ïîëèíîìèàëüíàÿ àëãåáðà Ïóàññîíà óäîâëåòâî-
ðÿåò íåêîòîðîìó òîæäåñòâó ñïåöèàëüíîãî âèäà.
Ïîíÿòèå àëãåáð éîðäàíîâîé ñêîáêè øèðîêî ñâÿçàíî ñ éîðäàíîâû-

ìè ñóïåðàëãåáðàìè. Èçâåñòíî, ÷òî ïîñðåäñòâîì ïðîöåññà Êàíòîðà èç
êàæäîé àëãåáðû Ïóàññîíà ìû ìîæåì ïîñòðîèòü éîðäàíîâó ñóïåðàë-
ãåáðó. Ñòîèò îòìåòèòü, ÷òî êëàññ àëãåáð, èç êîòîðûõ ñ ïîìîùüþ
ïðîöåññà Êàíòîðà ñòðîÿòñÿ éîðäàíîâû ñóïåðàëãåáðû, ñóùåñòâåííî
øèðå, ÷åì àëãåáðû Ïóàññîíà. Ïîä àëãåáðîé éîðäàíîâîé ñêîáêè ìû
áóäåì ïîäðàçóìåâàòü äàííîå ðàñøèðåíèå êëàññà àëãåáð Ïóàññîíà.
Êàê ïîêàçàëè Ä. Êèíã è Ê. Ìàêêðèììîí, êàæäàÿ óíèòàëüíàÿ àë-
ãåáðà éîðäàíîâûõ ñêîáîê óäîâëåòâîðÿåò ñëåäóþùèì òîæäåñòâàì

(a · b) · c = a · (b · c), a · b = b · a,

{a, b} = −{b, a}, {{a, b}, c}+ {{b, c}, a}+ {{c, a}, b} = 0,

{a · b, c} = {a, c} · b+ a · {b, c} −D(c)ab, ãäå D(a) = {a, 1}.
Â äàííîì ñëó÷àå, åñëè D = 0, ìû èìååì àëãåáðó Ïóàññîíà.
Â ñâîå âðåìÿ èññëåäîâàíèÿìè àëãåáð éîðäàíîâîé ñêîáêè çàíèìà-

ëèñü Ê. Ìàðòèíåç, Â. Êàö, Í. Êàíòàðèíè, Å. Çåëüìàíîâ, È. Ï. Øå-
ñòàêîâ è äð.
Êàê îêàçàëîñü, äëÿ ïîëèíîìèàëüíûõ àëãåáð éîðäàíîâîé ñêîáêè

âåðåí àíàëîã òåîðåìû Ôàðêàøà, à èìåííî
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Òåîðåìà 1. Êàæäàÿ ïîëèíîìèàëüíàÿ àëãåáðà éîðäàíîâîé ñêîáêè
íàä ïîëåì õàðàêòåðèñòèêè íóëü óäîâëåòâîðÿåò íåêîòîðîìó òîæ-
äåñòâó âèäà

g =

[m/2]∑
i=0

∑
σ∈Sm

cσ,iΠ
i
k=1〈xσ(2k−1), xσ(2k)〉Πm

k=2i+1D(xσ(k)),

ãäå 〈x, y〉 = {x, y}−(D(x)y−xD(y)), cσ,i � ýëåìåíò îñíîâíîãî ïîëÿ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ñîâåòà ïî ãðàíòàì Ïðåçèäåíòà
ÐÔ äëÿ ïîääåðæêè ìîëîäûõ ðîññèéñêèõ ó÷åíûõ è âåäóùèõ íàó÷íûõ
øêîë (ïðîåêò ÌÊ-330.2013.1).

×èñëî ýëåìåíòîâ íà îòðåçêàõ âûõîäíûõ
ïîñëåäîâàòåëüíîñòåé ôèëüòðóþùèõ ãåíåðàòîðîâ

Î. Â. Êàìëîâñêèé
Ìîñêâà

Ïóñòü P = GF (q) � êîíå÷íîå ïîëå èç q ýëåìåíòîâ, u = (u(i))∞i=0 �
ëèíåéíàÿ ðåêóððåíòíàÿ ïîñëåäîâàòåëüíîñòü (ËÐÏ) ïîðÿäêà m íàä
ïîëåì P , óäîâëåòâîðÿþùàÿ ðàâåíñòâàì

u(i+m) = a0u(i) + a1u(i+ 1) + . . .+ am−1u(i+m− 1), i ≥ 0,

ãäå a0, a1, . . ., am−1 � ôèêñèðîâàííûå ýëåìåíòû ïîëÿ P . Ìíîãî÷ëåí
F (x) = xm− am−1x

m−1− . . .− a1x− a0 íàçîâåì õàðàêòåðèñòè÷åñêèì
ìíîãî÷ëåíîì ËÐÏ u. Åñëè ïðè ýòîì îí èìååò íàèìåíüøóþ ñòåïåíü
ñðåäè âñåõ õàðàêòåðèñòè÷åñêèõ ìíîãî÷ëåíîâ ËÐÏ u, òî åãî íàçîâåì
ìèíèìàëüíûì ìíîãî÷ëåíîì ËÐÏ u. Èçâåñòíî, ÷òî êàæäàÿ ËÐÏ u

èìååò åäèíñòâåííûé ìèíèìàëüíûé ìíîãî÷ëåí Mu(x) [1]. Âñþäó â
äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî Mu(x) = F (x) è F (0) 6= 0. Îáî-
çíà÷èì ÷åðåç T (F ) � ïåðèîä ìíîãî÷ëåíà F (x), ò. å. íàèìåíüøåå èç
íàòóðàëüíûõ ÷èñåë t, òàêèõ, ÷òî F (x) äåëèò ìíîãî÷ëåí xt− e, ãäå e
� åäèíèöà ïîëÿ P .
Ïóñòü f : P k → P , v � âûõîäíàÿ ïîñëåäîâàòåëüíîñòü ôèëüòðóþ-

ùåãî ãåíåðàòîðà, óäîâëåòâîðÿþùàÿ óñëîâèÿì

v(i) = f(u(i+ t1), u(i+ t2), . . . , u(i+ tk)), i ≥ 0,

ãäå t1, t2, . . ., tk � öåëûå ÷èñëà, òàêèå, ÷òî 0 ≤ t1 < t2 < . . . < tk ≤
m− 1.
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Èçó÷èì ÷àñòîòíûå õàðàêòåðèñòèêè ïîñëåäîâàòåëüíîñòè v. Äëÿ
êàæäîãî ýëåìåíòà z ∈ P è íàòóðàëüíîãî ÷èñëà l îáîçíà÷èì ÷åðåç
Nl(z, v) êîëè÷åñòâî ïîÿâëåíèé ýëåìåíòà z ∈ P ñðåäè ýëåìåíòîâ v(0),
v(1), . . ., v(l − 1). Âñþäó â äàëüíåéøåì áóäåì íàêëàäûâàòü ñëåäó-
þùåå óñëîâèå: äëÿ âñåõ íåíóëåâûõ âåêòîðîâ (a1, a2, . . . , ak) ∈ P k

ïîñëåäîâàòåëüíîñòü ω ñ ýëåìåíòàìè

ω(i) = a1u(i+ t1) + a2u(i+ t2) + . . .+ aku(i+ tk), i ≥ 0

èìååò ìèíèìàëüíûé ìíîãî÷ëåí ðàâíûé F (x). Åñëè F (x) íåïðèâîäèì
íàä ïîëåì P , òî ýòî óñëîâèå âñåãäà âûïîëíåíî. Åñëè F (x) ïðèâîäèì
è m0 � íàèìåíüøàÿ èç ñòåïåíåé âñåõ íåïðèâîäèìûõ äåëèòåëåé ìíî-
ãî÷ëåíà F (x), òî ýòî óñëîâèå çàâåäîìî âûïîëíåíî ïðè tk ≤ m0+t1−1.

Òåîðåìà 1. Äëÿ âñåõ z ∈ P è l ∈ N, òàêèõ, ÷òî l ≤ T (F ), ñïðà-
âåäëèâà îöåíêà∣∣∣∣Nl(z, v)− |f−1(z)| l

qk

∣∣∣∣ ≤ (q − 1)q
k
2−1Cl(F ),

ãäå f−1(z) = {(x1, . . . , xk) ∈ P k : f(x1, . . . , xk) = z}, à âåëè÷èíà
Cl(F ) îïðåäåëåíà ðàâåíñòâàìè Cl(F ) =

=


(

4

π2
lnT (F ) +

9

5

)
q
m
2 , åñëè l < T (F ),(

3(qml − l2)
) 1

3 , åñëè l < T (F ) è F (x) íåïðèâîäèì íàä P,

(qm − T (F ))
1
2 , åñëè l = T (F ).

Ïîëó÷åííàÿ îöåíêà íåòðèâèàëüíà (ïðàâàÿ ÷àñòü íåðàâåíñòâà ìåíü-
øå l) ïðè âûïîëíåíèè óñëîâèé

l > (q − 1)

(
4

π2
lnT (F ) +

9

5

)
q
m+k

2 −1,

l ≥
√

3q
m
2 + 3k

4 ,

l = T (F ) ≥ (q − 1)q
m+k

2 −1,

ñîîòâåòñòâåííî.
Îòìåòèì, ÷òî ðàíåå áûëè èçâåñòíû ëèøü îöåíêè ðàññìàòðèâàå-

ìûõ ÷àñòîò â ñëó÷àå q = 2 è l = T (F ) [2�4].
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Î íîâûõ ïðèìåðàõ íàñëåäñòâåííûõ ëîêàëüíûõ
ñâåðõðàäèêàëüíûõ ôîðìàöèé

Ñ. Ô. Êàìîðíèêîâ, Â. Í. Òþòÿíîâ
Ãîìåëüñêèé ôèëèàë Ìåæäóíàðîäíîãî óíèâåðñèòåòà ÌÈÒÑÎ, Ãîìåëü

Â Êîóðîâñêîé òåòðàäè [1] ïîä íîìåðîì 14.99 ñôîðìóëèðîâàíà çà-
äà÷à îïèñàíèÿ âñåõ ëîêàëüíûõ ñâåðõðàäèêàëüíûõ ôîðìàöèé. Â íà-
ñòîÿùåå âðåìÿ îíà äàëåêà îò ñâîåãî ïîëíîãî ðåøåíèÿ. Ðàññìîòðåíû
ëèøü íåêîòîðûå ñïåöèàëüíûå ñëó÷àè. Â ÷àñòíîñòè, â [2] îïèñàíû
ëîêàëüíûå ñâåðõðàäèêàëüíûå ôîðìàöèè, êðèòè÷åñêèå ãðóïïû êîòî-
ðûõ ðàçðåøèìû.
Â äàííîé ðàáîòå ïðèâîäèòñÿ íåñêîëüêî ïðèìåðîâ íåðàçðåøèìûõ

íàñëåäñòâåííûõ ëîêàëüíûõ ñâåðõðàäèêàëüíûõ ôîðìàöèé. Ðàññìàò-
ðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû, èñïîëüçóþòñÿ îïðåäåëåíèÿ, ïðè-
íÿòûå â [3].

Òåîðåìà 1. Ïóñòü G ∼= PSL2(7). Åñëè π = {2, 3, 7} è F � êëàññ
âñåõ ãðóïï, ÿâëÿþùèõñÿ ðàñøèðåíèåì ðàçðåøèìûõ π-ãðóïï ñ ïîìî-
ùüþ êîíå÷íûõ ïðÿìûõ ïðîèçâåäåíèé ãðóïï, èçîìîðôíûõ G, òî:
1) F ÿâëÿåòñÿ íàñëåäñòâåííîé ëîêàëüíîé ñâåðõðàäèêàëüíîé ôîð-

ìàöèåé;
2) åñëè H � ìèíèìàëüíàÿ íå F-ãðóïïà ñ åäèíè÷íîé ïîäãðóïïîé

Ôðàòòèíè, òî ñïðàâåäëèâî îäíî èç ñëåäóþùèõ óòâåðæäåíèé:
à) ãðóïïà H èìååò ïðîñòîé ïîðÿäîê p, ïðè÷åì p /∈ π;
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á) H � ãðóïïà èç ñïèñêà: PSL2(8), PSU3(3);
â) H � ïðèìèòèâíàÿ ìîíîëèòè÷åñêàÿ ãðóïïà ñ íåàáåëåâûì öî-

êîëåì N , ïðè÷åì N ∈ formG è H/N � ãðóïïà ïðîñòîãî ïîðÿäêà
q ∈ π.

Òåîðåìà 2. Ïóñòü G ∼= Sz(8) è π = π(G). Ïóñòü F � ôîðìàöèÿ,
îáëàäàþùàÿ òàêèì ëîêàëüíûì ýêðàíîì f , ÷òî f(q) � êëàññ âñåõ
ãðóïï, ÿâëÿþùèõñÿ ðàñøèðåíèåì ðàçðåøèìûõ ãðóïï ñ ïîìîùüþ êî-
íå÷íûõ ïðÿìûõ ïðîèçâåäåíèé ãðóïï, èçîìîðôíûõ G, åñëè q ∈ π, è
f(q) � êëàññ âñåõ ðàçðåøèìûõ ãðóïï, åñëè q /∈ π. Òîãäà:
1) F ÿâëÿåòñÿ íàñëåäñòâåííîé ëîêàëüíîé ñâåðõðàäèêàëüíîé ôîð-

ìàöèåé;
2) åñëè H � ìèíèìàëüíàÿ íå F-ãðóïïà ñ åäèíè÷íîé ïîäãðóïïîé

Ôðàòòèíè, òî ñïðàâåäëèâî îäíî èç ñëåäóþùèõ óòâåðæäåíèé:
à) H � ãðóïïà èç ñïèñêà: PSL2(2

p), p � ïðîñòîå ÷èñëî; PSL2(3
p),

p � íå÷åòíîå ïðîñòîå ÷èñëî; PSL2(p), p � ïðîñòîå ÷èñëî, áîëüøåå
3, äëÿ êîòîðîãî p2 + 1 ≡ 0 (mod 5); Sz(2p), p íå÷åòíîå ïðîñòîå
÷èñëî; PSL3(3); Sz(29);
á) H � ïðèìèòèâíàÿ ìîíîëèòè÷åñêàÿ ãðóïïà ñ íåàáåëåâûì öî-

êîëåì N , ïðè÷åì N ∈ formG è H/N � ãðóïïà ïðîñòîãî ïîðÿäêà
q ∈ π(G);
â) H � ïðèìèòèâíàÿ ãðóïïà ñ àáåëåâûì öîêîëåì N , ïðè÷åì H =

[N ]M , (|N |, |M |) = 1 è M/Φ(M) ∼= G.
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Ïàññèâíûå ìíîæåñòâà
àëãåáðû äèôôåðåíöèàëüíûõ ðÿäîâ

Î. Â. Êàïöîâ
Èíñòèòóò âû÷èñëèòåëüíîãî ìîäåëèðîâàíèÿ ÑÎ ÐÀÍ, Êðàñíîÿðñê

Â ïîñëåäíèå äåñÿòèëåòèÿ îôîðìèëîñü íîâîå íàïðàâëåíèå èññëå-
äîâàíèé - êîìïüþòåðíàÿ àëãåáðà [1]. Ýòî íàïðàâëåíèå òåñíî ñâÿçà-
íî ñ êîììóòàòèâíîé àëãåáðîé è àëãåáðàè÷åñêîé ãåîìåòðèåé. Îäíà-
êî ðàçðàáîòàííûå ìåòîäû è ñèñòåìû êîìïüþòåðíîé àëãåáðû ìîãóò
ïðèìåíÿòüñÿ â äðóãèõ îáëàñòÿõ, íàïðèìåð, äëÿ èçó÷åíèÿ äèôôåðåí-
öèàëüíûõ óðàâíåíèé.
Ïðèìåíåíèå ñîâðåìåííîãî ãëîáàëüíîãî ãåîìåòðè÷åñêîãî ÿçûêà [2]

óñëîæíèëî èçëîæåíèå êëàññè÷åñêèõ ðåçóëüòàòîâ è îòïóãíóëî èññëå-
äîâàòåëåé ñ ïðèêëàäíûì óêëîíîì. Ñëåäóåò îòìåòèòü, ÷òî âñå îñ-
íîâíûå ðåçóëüòàòû äàííîé òåîðèè íîñÿò ëîêàëüíûé õàðàêòåð. Ïî-
ýòîìó ïðåäñòàâëÿåòñÿ åñòåñòâåííûì ñíà÷àëà àêêóðàòíî ðàçâèòü ëî-
êàëüíûé ïîäõîä, ïîäîáíî òîìó êàê ýòî äåëàåòñÿ â àëãåáðàè÷åñêîé
ãåîìåòðèè è ìíîãîìåðíîì êîìïëåêñíîì àíàëèçå.
Â äàííîì äîêëàäå ââîäèòñÿ àëãåáðà ôîðìàëüíûõ F äèôôåðåíöè-

àëüíûõ ðÿäîâ, âêëþ÷àþùàÿ àëãåáðó äèôôåðåíöèàëüíûõ ìíîãî÷ëå-
íîâ. Â àëãåáðå F âìåñòî èíâîëþöèîííûõ ñèñòåì îïðåäåëÿþòñÿ ïàñ-
ñèâíûå ìíîæåñòâà. Ýòè ìíîæåñòâà îïðåäåëÿþòñÿ ÷èñòî àëãåáðàè÷å-
ñêè è íå èñïîëüçóþò ïðîñòðàíñòâà ñòðóé, êîòîðûå ïðèíÿòî ââîäèòü
â ãåîìåòðè÷åñêèõ òåîðèÿõ. Ãëàâíûì ðåçóëüòàòîì ñòàòüè ÿâëÿåòñÿ
òåîðåìà î äîñòàòî÷íûõ óñëîâèÿõ ïàññèâíîñòè êîíå÷íîãî ÷èñëà äèô-
ôåðåíöèàëüíûõ ðÿäîâ. Äîêàçàííàÿ òåîðåìà áëèçêà ê êëàññè÷åñêîìó
êðèòåðèþ Ðèêüå [3] ïàññèâíîñòè ñèñòåìû óðàâíåíèé ñ ÷àñòíûìè ïðî-
èçâîäíûìè. Îäíàêî ïðèâîäèìîå äîêàçàòåëüñòâî ÿâëÿåòñÿ íîâûì, è â
íåì òðåáîâàíèå î ïîëíîé óïîðÿäî÷åííîñòè ìíîæåñòâà ïðîèçâîäíûõ
ñ ïîìîùüþ ïîìåò Ðèêüå [3] çàìåíåíî íà áîëåå ñëàáîå óñëîâèå.
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Îáðàùåíèå ïåðåñòàíîâî÷íîãî ìíîãî÷ëåíà
íàä ïðèìàðíûì êîëüöîì

À. Â. Êàðïîâ
Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Òîìñê

Èçó÷àþòñÿ âîïðîñû ïîñòðîåíèÿ è îáðàùåíèÿ ïåðåñòàíîâî÷íûõ ìíî-
ãî÷ëåíîâ íàä ïðèìàðíûì êîëüöîì Zpk , ãäå p � ïðîñòîå è k > 1, ââå-
ä¼ííûõ â [1] è àêòèâíî èññëåäóåìûõ â ïîñëåäíåå âðåìÿ â ñâÿçè ñ èõ
ïðèëîæåíèÿìè â êðèïòîãðàôèè è òåîðèè êîäèðîâàíèÿ.
Ðàññìàòðèâàþòñÿ ìíîãî÷ëåíû ñ öåëûìè êîýôôèöèåíòàìè îò îä-

íîé ïåðåìåííîé. Êàæäûé òàêîé ìíîãî÷ëåí f(x) îïðåäåëÿåò ôóíê-
öèþ [f ]m : Zm → Zm, ãäå [f ]m : x 7→ x mod m, è íàçûâàåòñÿ
ïåðåñòàíîâî÷íûì ïî ìîäóëþ m, åñëè ôóíêöèÿ [f ]m ÿâëÿåòñÿ ïîä-
ñòàíîâêîé. Ïåðåñòàíîâî÷íûå ïî ìîäóëþ m ìíîãî÷ëåíû f(x) è g(x)
íàçûâàþòñÿ âçàèìíî îáðàòíûìè ïî ìîäóëþ m, åñëè âçàèìíî îáðàò-
íûìè ÿâëÿþòñÿ ïîäñòàíîâêè [f ]m è [g]m; ïðè ýòîì ìíîãî÷ëåí g(x)
íàçûâàåòñÿ îáðàòíûì ê ìíîãî÷ëåíó f(x) ïî ìîäóëþ m.
Â äîêëàäå ðàññìàòðèâàþòñÿ öåëî÷èñëåííûå ìíîãî÷ëåíû, ïåðåñòà-

íîâî÷íûå ïî ïðèìàðíîìó ìîäóëþ m = pk, ãäå p � ïðîñòîå è k > 1.
Íàõîäÿòñÿ íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ òîãî, ÷òî äâà òàêèõ
ìíîãî÷ëåíà ÿâëÿþòñÿ âçàèìíî îáðàòíûìè. Èõ äà¼ò
Òåîðåìà 1. Ìíîãî÷ëåíû f(x) è g(x) ÿâëÿþòñÿ âçàèìíî îáðàò-

íûìè ïî ìîäóëþ pk, åñëè è òîëüêî åñëè âûïîëíÿþòñÿ ñëåäóþùèå
äâà óñëîâèÿ:
(1) f ′(x)g′(f(x)) ≡ 1 mod pbk/2c äëÿ ëþáîãî öåëîãî x;
(2) g(x) îáðàùàåò f(x) â pdk/2e ðàçëè÷íûõ ïî ìîäóëþ pdk/2e òî÷-

êàõ.
Óñòàíàâëèâàåòñÿ ðåêóððåíòíàÿ ôîðìóëà

gk+1(x) = 2gk(x)− gk(f(gk(x)))
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äëÿ íàõîæäåíèÿ îáðàòíîãî ê ìíîãî÷ëåíó f(x) ïî ìîäóëþ pk+1 ìíî-
ãî÷ëåíà gk+1. Ýòèì çàäà÷à îáðàùåíèÿ ïî ìîäóëþ pk+1 ñâîäèòñÿ ïî
èíäóêöèè ê çàäà÷å îáðàùåíèÿ ïî ìîäóëþ p2.
Ïðåäëàãàåòñÿ ìåòîä ïîñòðîåíèÿ âçàèìíî îáðàòíûõ ïî ìîäóëþ pk

ïàð ìíîãî÷ëåíîâ íà îñíîâå îäíîé òàêîé ïàðû. Ìåòîä îñíîâûâàåòñÿ
íà ñëåäóþùåé òåîðåìå.
Òåîðåìà 2. Ïóñòü ìíîãî÷ëåíû f(x) è g(x) � âçàèìíî îáðàò-

íûå ïî ìîäóëþ pk, à ìíîãî÷ëåíû f0(x) è f ′0(x) èíäóöèðóþò íóëåâûå
ôóíêöèè ïî ìîäóëÿì pdk/2e è pbk/2c ñîîòâåòñòâåííî. Òîãäà îáðàò-
íûì ê ìíîãî÷ëåíó f(x) + f0(x) ïî ìîäóëþ pk ÿâëÿåòñÿ ìíîãî÷ëåí
g(x)− f0(gp(x))g′p(x).

Ñïèñîê ëèòåðàòóðû

1. Carlitz L. Functions and polynomials ( mod pn) // Acta Arithmetica.
1964. V. 9. P. 67�68.

Î ïðåäñòàâëåíèè ïîäêîäîâ îäíîãî êëàññà ÀÃ-êîäîâ
â âèäå ñëåä-êîäà

Þ. Ñ. Êàñàòêèíà
Áàëòèéñêèé ôåäåðàëüíûé óíèâåðñèòåò èì. È. Êàíòà, Êàëèíèíãðàä

À. Ñ. Êàñàòêèíà
Ôèëèàë ÐÀÍÕèÃÑ ïðè Ïðåçèäåíòå ÐÔ, Êàëèíèíãðàä

Äàííûå, ïîñòóïàþùèå â ñèñòåìó ñâÿçè îò èñòî÷íèêà äàííûõ, ìî-
ãóò ïîäâåðãàòüñÿ èñêàæåíèþ. Ýòî îáóñëîâëåíî âîçíèêíîâåíèåì â êà-
íàëå ñâÿçè ðàçëè÷íîãî òèïà øóìîâ. Òàêèì îáðàçîì, ïðè èìïîðòå è
ýêñïîðòå èíôîðìàöèè ïî êàíàëó ñâÿçè ñ øóìîì âîçíèêàåò íåîáõî-
äèìîñòü â îáåñïå÷åíèè íåêîòîðîãî óðîâíÿ ïîìåõîóñòîé÷èâîñòè ïå-
ðåäà÷è. Îäíèì èç îñíîâíûõ ñïîñîáîâ îáåñïå÷åíèÿ äîñòîâåðíîñòè
ïåðåäà÷è èíôîðìàöèè ïî êàíàëàì ñâÿçè ÿâëÿåòñÿ èñïîëüçîâàíèå
ïîìåõîóñòîé÷èâûõ êîäîâ, îáíàðóæèâàþùèõ è èñïðàâëÿþùèõ îøèá-
êè. Êîíñòðóêöèÿ íåêîòîðûõ êëàññîâ êîäîâ îñíîâàíà íà êðèâûõ, îá-
ëàäàþùèõ äîñòàòî÷íûì ÷èñëîì ðàöèîíàëüíûõ òî÷åê. Â ðàáîòå èñ-
ñëåäóþòñÿ àáåëåâû êðèâûå.
Ñîãëàñíî àëãîðèòìó ïîñòðîåíèÿ àáåëåâûõ êðèâûõ [1] âîçíèêàåò

íåîáõîäèìîñòü â ïðåäñòàâëåíèè ïîäêîäà íàèìåíüøåãî âåñà â âèäå
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ñëåä-êîäà. Ïóñòü CL(D, aP∞) � ðàöèîíàëüíûé êîä Ãîïïû íàä ïîëåì
Fp ñ ïàðàìåòðàìè [n, k] è Dr � r -ìåðíûé ïîäêîä ýòîãî êîäà, òàêîé,
÷òî |χ(Dr)| = dr(C). Òðåáóåòñÿ ïðåäñòàâèòü ïîäêîä, îáëàäàþùèé
íàèìåíüøèì âåñîì, â âèäå

TrConD(U) = Dr,

ãäå U� r -ìåðíîå Fp-âåêòîðíîå ïðîñòðàíñòâî.
Ïðåäïîëîæèì, ÷òî êîäDr ïîðîæäàåòñÿ êîäîâûìè ñëîâàìè c1, ..., cr,

ãäå ci = ϕ(fi), 1 ≤ i ≤ r. Ýëåìåíòû f1, ..., fr ∈ L(aP∞) ÿâëÿþòñÿ

ëèíåéíî íåçàâèñèìûìè íàä Fp è fi(x) =
a∏
j=1

(x− αij), ãäå αij ∈ Fp,

1 ≤ i ≤ r. Êàæäîìó ýëåìåíòó fi(x) ïîñòàâèì â ñîîòâåòñòâèå ýëåìåíò
Ri ∈ Fpm[x], îïðåäåëÿåìûé ñëåäóþùèì îáðàçîì:

Ri(x) = (
m−1∑
s=0

(bx)p
s

)a−1bx−
a∑
j=1

αij(
m−1∑
s=0

(bx)p
s

)a−2bx+

a∑
j 6=k

αijαik(
m−1∑
s=0

(bx)p
s

)a−3bx+ . . .+

(−1)a−1
a∑

j1<...<ja−1

αij1 · . . . · αija−1
bx+ (−1)aαi,

ãäå Tr(αi) =
a∏
j=1

αij. Çäåñü Tr : Fpm → Fp, m ∈ Z, m > 1.

Òàêèì îáðàçîì, ñóùåñòâóåò ýëåìåíò R ∈ Fpm[x], òàêîé, ÷òî êîäî-
âîå ñëîâî c ∈ Dr ìîæíî ïðåäñòàâèòü â âèäå TrCon(D)(R) = c. Ýëå-
ìåíòû, ñîîòâåòñòâóþùèå áàçèñó êîäà Dr, êàê è ïðåæäå, îáîçíà÷àåì
R1, ..., Rr. Ïîëîæèâ U = 〈R1, . . . , Rr〉, ïîëó÷èì TrConD(U) = Dr.
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Îïòèìèçàöèÿ âûáîðà ïàðàìåòðîâ
äëÿ ôàêòîðèçàöèîííîãî àëãîðèòìà Ïîëëàðäà

Êëèìèíà À.Ñ., Æäàíîâ Î.Í.
Ñèáèðñêèé ãîñóäàðñòâåííûé àýðîêîñìè÷åñêèé óíèâåðñèòåò

èì. àêàäåìèêà Ì.Ô. Ðåøåòíåâà, Êðàñíîÿðñê

Â íàñòîÿùåå âðåìÿ äëÿ çàùèòû èíôîðìàöèè îò íåñàíêöèîíèðî-
âàííîãî äîñòóïà âñå áîëüøåå ðàñïðîñòðàíåíèå ïîëó÷àþò àëãîðèòìû
øèôðîâàíèÿ ñ îòêðûòûì êëþ÷îì. Îäíèì èç âàæíûõ ïðèìåðîâ ÿâ-
ëÿåòñÿ àëãîðèòì RSA. Íåîáõîäèìûì ýòàïîì â ðàáîòå ÿâëÿåòñÿ àíà-
ëèç ñòîéêîñòè àëãîðèòìà øèôðîâàíèÿ. Ýòî îáóñëîâëèâàåò àêòóàëü-
íîñòü çàäà÷è ôàêòîðèçàöèè (íàõîæäåíèÿ ïðîñòûõ äåëèòåëåé ÷èñëà
N ). Äëÿ åå ðåøåíèÿ ÷àñòî èñïîëüçóåòñÿ (p-1)-àëãîðèòì Ïîëëàðäà
[1].
Àëãîðèòì Ïîëëàðäà ñîñòîèò èç ñëåäóþùèõ øàãîâ:
Øàã 1. Âûáèðàåì ÷èñëî k.
Øàã 2. Âûáèðàåì ïðîèçâîëüíîå a, 1 < a < N .
Øàã 3. Âû÷èñëÿåì d =ÍÎÄ(a,N). Åñëè d > 1, ìû ïîëó÷èëè

íåòðèâèàëüíûé äåëèòåëü N . Åñëè d = 1, ïåðåõîäèì ê øàãó 4.
Øàã 4. Âû÷èñëÿåì D = (ak − 1, N), è åñëè 1 < D < N , òî D

ÿâëÿåòñÿ äåëèòåëåì N . Åñëè D = 1, âîçâðàùàåìñÿ ê øàãó 1, à ïðè
D = N ê øàãó 2 è âûáèðàåì íîâîå a [1].
Ðàíåå â ñòàòüå À. Ñ. Êëèìèíîé [2] áûëè îïèñàíû ñëåäóþùèå ïîä-

õîäû ê âûáîðó ÷èñëà k:
1) k - ïðîèçâåäåíèå íåñêîëüêèõ ñëó÷àéíûõ ÷èñåë;
2) k - ôàêòîðèàë íåêîòîðîãî ÷èñëà;
3) ïåðåáîð ðàçëè÷íûõ ñòåïåíåé ïðîñòûõ ÷èñåë;
4) k - íàèìåíüøåå îáùåå êðàòíîå íåñêîëüêèõ ÷èñåë.
Àâòîðàìè ïðîàíàëèçèðîâàíû ðåçóëüòàòû ðàáîòû ïðîãðàììû è ïåð-

âûå äâà ìåòîäà îòêëîíåíû êàê òðåáóþùèå íåïðèåìëåìî áîëüøîãî
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êîëè÷åñòâà âðåìåíè. Áûë îòêëîíåí è ïîñëåäíèé ìåòîä, ïîñêîëüêó
äàâàë ìåíüøå óäà÷íûõ ðàçëîæåíèé, ÷åì ìåòîä ïåðåáîðà ñòåïåíåé
ïðîñòûõ ÷èñåë. Óâåëè÷åíèå ÷èñëà k ìîæåò ïðîèñõîäèòü â äâóõ íà-
ïðàâëåíèÿõ:
1) óâåëè÷åíèÿ êîëè÷åñòâà ïðîñòûõ ìíîæèòåëåé, âõîäÿùèõ â k;
2) óâåëè÷åíèå ñòåïåíåé ïðîñòûõ ìíîæèòåëåé, ñ êîòîðûìè îíè âõî-

äÿò â k.
Ïðåäëàãàåòñÿ óâåëè÷èâàòü êîëè÷åñòâî ïðîñòûõ ìíîæèòåëåé â êà-

íîíè÷åñêîì ðàçëîæåíèè k â ïðîöåññå ðàáîòû ïðîãðàììû, âûáèðàÿ
îäèíàêîâûå ñòåïåíè ïðîñòûõ.
Ïðåäëîæåííûé ñïîñîá îïòèìèçàöèè àëãîðèòìà Ïîëëàðäà ïîçâî-

ëÿåò ñîêðàòèòü êîëè÷åñòâî âû÷èñëåíèé â ñðàâíåíèè ñ ñóùåñòâóþ-
ùèìè ìåòîäàìè.

Ñïèñîê ëèòåðàòóðû

1. Ìàõîâåíêî Å. Á. Òåîðåòèêî-÷èñëîâûå àëãîðèòìû â êðèïòîãðà-
ôèè. Ì.: Ãåëèîñ ÀÐÂ, 2006.

2. Êëèìèíà À. Ñ. Îïòèìèçàöèÿ âûáîðà ïàðàìåòðîâ äëÿ àëãîðèò-
ìà Ïîëëàðäà: IV ÎÌÍÒÊ "Ìîëîäåæü. Òåõíèêà. Êîñìîñ". ÑÏá.:
ÁÃÒÓ, 2012. Ñ. 285-286.

Êàòåãîðèÿ âû÷èñëèòåëüíûõ ñèñòåì

Ñ. Ï. Êîâàë¼â
Èíñòèòóò ïðîáëåì óïðàâëåíèÿ èì. Â. À. Òðàïåçíèêîâà ÐÀÍ, Íîâîñèáèðñê

Âû÷èñëèòåëüíûå àëãîðèòìû îáû÷íî îïèñûâàþòñÿ â òåðìèíàõ àá-
ñòðàêòíûõ òèïîâ äàííûõ (÷èñëà, ñïèñêè è ò. ä.), îáðàçóþùèõ áåñêî-
íå÷íûå ìíîæåñòâà è íå ïðåäïîëàãàþùèõ ðàñïðåäåëåííîãî äîñòóïà.
Ïîýòîìó â õîäå ðåàëèçàöèè àëãîðèòìîâ â ãåòåðîãåííîé ðàñïðåäå-
ëåííîé âû÷èñëèòåëüíîé ñðåäå íåîáõîäèìî âûïîëíÿòü èõ îòîáðàæå-
íèå íà àðõèòåêòóðó ñðåäû [1] � ðåäóêöèþ íà êîíå÷íûå ìàññèâû ìà-
øèííîé ïàìÿòè, ïîäáîð ñðåäñòâ óïðàâëåíèÿ ïîòîêîì âû÷èñëåíèé,
êîìïëåêñèðîâàíèå âû÷èñëèòåëüíûõ êîìïîíåíòîâ â ðàñïðåäåëåííûå
ñèñòåìû, îöåíêó è ìèíèìèçàöèþ ñëîæíîñòè. Â öåëÿõ âåðèôèêàöèè
è àâòîìàòèçàöèè ïðîöåäóð îòîáðàæåíèÿ èõ íåîáõîäèìî ôîðìàëè-
çîâàòü. Çäåñü îñíîâíûì ïîíÿòèåì ÿâëÿåòñÿ ôîðìàëüíàÿ ìîäåëü âû-
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÷èñëåíèé � êîíå÷íàÿ àëãåáðà, ñîñòîÿùàÿ èç ñîâîêóïíîñòè ïîääåðæè-
âàåìûõ ÷èñåë è âû÷èñëèòåëüíûõ ïðèìèòèâîâ íàä íèìè. Äåéñòâèÿ ïî
èíòåãðàöèè ìîäåëåé âû÷èñëåíèé â ñèñòåìû ñîñòîÿò â ïåðåêîäèðîâà-
íèè çíà÷åíèé ÷èñåë ïðè îáìåíå äàííûìè. Âñå ìîäåëè âû÷èñëåíèé è
âñå äåéñòâèÿ ïî èõ èíòåãðàöèè îáðàçóþò êàòåãîðèþ, êîíñòðóêöèè â
êîòîðîé ïîçâîëÿþò àíàëèçèðîâàòü ñëîæíîñòü êîìïüþòåðíûõ ðåàëè-
çàöèé àëãîðèòìîâ � èõ ïðåäñòàâëåíèé ïîñëåäîâàòåëüíîñòÿìè òåðìîâ
(ïðèìèòèâîâ) è ìîðôèçìîâ (àêòîâ ïåðåäà÷è äàííûõ).
Äëÿ ôîðìàëüíîãî ñèíòåçà ìîäåëåé âû÷èñëåíèé ñ ó÷åòîì ðåñóðñ-

íûõ îãðàíè÷åíèé ïðåäëîæåí ìåòîä ÷àñòè÷íîé èíòåðïðåòàöèè [2] òåî-
ðèè ïåðâîãî ïîðÿäêà T . Îí ñîñòîèò â ïîñòðîåíèè ìîäåëè äëÿ ñîâî-
êóïíîñòè âñåõ ôîðìóë, âûâîäèìûõ èç T , âû÷èñëåíèå êîòîðûõ íå
âûõîäèò çà ðàìêè êîíå÷íîãî íàáîðà ñèãíàòóðíûõ êîíñòàíò. Â êà-
÷åñòâå T áåðóòñÿ àðèôìåòèêè íà ðàçëè÷íûõ êëàññàõ ÷èñåë, îáîãà-
ùåííûå ÷èñëîâûìè êîíñòàíòàìè. Èõ ÷àñòè÷íûìè èíòåðïðåòàöèÿìè
âûñòóïàþò ðàñïðîñòðàíåííûå ìàøèííûå ðåàëèçàöèè àðèôìåòèêè.
Îíè îáîãàùàþòñÿ ñðåäñòâàìè óïðàâëåíèÿ ïîòîêîì âû÷èñëåíèé, â
÷àñòíîñòè ôóíêöèÿìè Ifa(x, y, z), îòâå÷àþùèìè óñëîâíûì îïåðàòî-
ðàì if x = a then y else z. Âñå ôóíêöèè Ifa, a ∈ |A|, âõîäÿò â
ñîñòàâ òåðìàëüíûõ îïåðàöèé êîíå÷íîé àëãåáðû A òîãäà è òîëüêî
òîãäà, êîãäà åå êëîí ñîñòîèò èç âñåõ ôóíêöèé, ñîõðàíÿþùèõ âñå
åå ïîäàëãåáðû; òàêèå àëãåáðû íàçûâàþòñÿ ïîëóïðèìàëüíûìè (semi-
primal) [3].
Ïåðåõîä îò ÷àñòè÷íîé èíòåðïðåòàöèè ê ïîëóïðèìàëüíîé àëãåáðå

ìîæíî ôîðìàëüíî îïèñàòü êàê ôóíêòîð. Äëÿ ýòîãî ââîäèòñÿ ñëåäó-
þùåå îáîáùåíèå ãîìîìîðôèçìîâ àëãåáð:

Îïðåäåëåíèå 1. Ïóñòü A è B � êîíå÷íûå àëãåáðû. Îòîáðàæåíèå
ϕ : |A| → |B| íàçûâàåòñÿ ñòðóêòóðíûì, åñëè áèåêöèÿ ìíîæåñòâ
idϕ : |A|/kerϕ ↔ ϕ(|A|) èíäóöèðóåò âëîæåíèå êëîíà CloA/ϕ =
(CloA∩Pol {kerϕ})/kerϕ â êëîí CloB �ϕ= (CloB∩Pol {ϕ(|A|)}) �ϕ(|A|).

Ïóñòü Str � êëàññ âñåõ ñòðóêòóðíûõ îòîáðàæåíèé, HAlg � êëàññ
âñåõ ãîìîìîðôèçìîâ êîíå÷íûõ àëãåáð, MStr � êëàññ âñåõ ñòðóêòóð-
íûõ èíúåêöèé, FinAlg � êàòåãîðèÿ âñåõ êîíå÷íûõ àëãåáð è âñåõ
îòîáðàæåíèé èõ îñíîâíûõ ìíîæåñòâ. FinAlg ýêâèâàëåíòíà êàòåãî-
ðèè FinSet âñåõ êîíå÷íûõ ìíîæåñòâ è âñåõ èõ îòîáðàæåíèé.

Îïðåäåëåíèå 2. Êàòåãîðèÿ SCA ⊆ FinAlg íàçûâàåòñÿ ñòðóê-
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òóðíîé, åñëè HAlg ∪MStr ⊆ MorSCA ⊆ Str.

Îïðåäåëåíèå 3. Ïîäêàòåãîðèåé âû÷èñëèòåëüíûõ ñèñòåì ïðîèç-
âîëüíîé ñòðóêòóðíîé êàòåãîðèè àëãåáð SCA (îáîçíà÷àåòñÿ cs(SCA))
íàçûâàåòñÿ ïîëíàÿ ïîäêàòåãîðèÿ â SCA, êëàññ îáúåêòîâ êîòîðîé
ñîñòîèò èç âñåõ ïîëóïðèìàëüíûõ àëãåáð. Êàòåãîðèÿ SCA íàçûâà-
åòñÿ íîðìàëüíîé, åñëè cs(SCA) ðåôëåêòèâíà â SCA. SCA íàçûâà-
åòñÿ êàòåãîðèåé ñèíòåçà ìîäåëåé âû÷èñëåíèé, åñëè îíà îáëàäàåò
ñëåäóþùèìè ñâîéñòâàìè.

(i) Ïîäêàòåãîðèÿ âû÷èñëèòåëüíûõ ñèñòåì ëþáîé ñòðóêòóðíîé êà-
òåãîðèè ñîäåðæèòñÿ â SCA.

(ii) Ëþáàÿ ñòðóêòóðíàÿ êàòåãîðèÿ, ñîäåðæàùàÿ cs(SCA), ñîäåð-
æèò SCA.

Òåîðåìà 1. Ñóùåñòâóåò åäèíñòâåííàÿ êàòåãîðèÿ ñèíòåçà ìîäå-
ëåé âû÷èñëåíèé, ïðè÷åì îíà ÿâëÿåòñÿ íîðìàëüíîé.

Ñïèñîê ëèòåðàòóðû

1. Âîåâîäèí Â. Â. Îòîáðàæåíèå ïðîáëåì âû÷èñëèòåëüíîé ìàòåìà-
òèêè íà àðõèòåêòóðó âû÷èñëèòåëüíûõ ñèñòåì // Âû÷èñë. ìåòî-
äû è ïðîãðàììèðîâàíèå. 2000. Ò.1. Ñ. 37�44.

2. Êîâàë¼â Ñ. Ï. Ìàòåìàòè÷åñêèå îñíîâàíèÿ êîìïüþòåðíîé àðèô-
ìåòèêè // Ìàò. òð. 2005. Ò. 8. � 1. Ñ. 3�42.

3. Êîâàë¼â Ñ. Ï. Ïîëóïðèìàëüíûå ìîäåëè êîìïüþòåðíûõ âû÷èñëå-
íèé // Ìåæäóíàð. êîíô. "Àëãåáðà è åå ïðèëîæåíèÿ": òåç. äîêë.
Êðàñíîÿðñê: ÈÂÌ ÑÎ ÐÀÍ, 2007. Ñ. 73,74.

Ñòàáèëüíûå ýëåìåíòû
ñâîáîäíûõ íèëüïîòåíòíûõ ãðóïï ðàíãà 2

À. È. Êîâûðøèíà
Âîñòî÷íî-Ñèáèðñêàÿ ãîñóäàðñòâåííàÿ àêàäåìèÿ îáðàçîâàíèÿ, Èðêóòñê

Âîïðîñ î ñóùåñòâîâàíèè ñòàáèëüíûõ ýëåìåíòîâ â ñâîáîäíûõ íèëü-
ïîòåíòíûõ ãðóïïàõ áûë ïîñòàâëåí À. Ìÿñíèêîâûì â ïðîåêòå MAG-
NUS [1]. Â 1998 ã. Â. Â. Áëóäîâ [2] ïðèâåë ïðèìåðû òàêèõ ýëåìåíòîâ
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â ñâîáîäíûõ íèëüïîòåíòíûõ ãðóïïàõ ðàíãà 2. Â 2001 ã. A. Ïàïèñ-
òàñ [3] è E. Ôîðìàíåê [4] äîêàçàëè ñóùåñòâîâàíèå íåòðèâèàëüíûõ
ñòàáèëüíûõ ýëåìåíòîâ â ñâîáîäíîé íèëüïîòåíòíîé ãðóïïå ïðè îïðå-
äåëåííûõ óñëîâèÿõ íà ðàíã è ñòóïåíü.
Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ïîèñêó ñòàáèëüíûõ ýëåìåíòîâ ñ íåîä-

íîðîäíûì âõîæäåíèåì îáðàçóþùèõ â ñâîáîäíîé íèëüïîòåíòíîé ãðóï-
ïå F2,12. Ðàíåå áûë ðàññìîòðåí ñëó÷àé îäíîðîäíîãî âõîæäåíèÿ îá-
ðàçóþùèõ, ò. å. êîãäà êàæäûé èç îáðàçóþùèõ âõîäèò 6 ðàç â êîì-
ìóòàòîðû èç ïðåäñòàâëåíèÿ ýëåìåíòà g [5].
Ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ

Òåîðåìà 1. Ñðåäè ëèíåéíûõ êîìáèíàöèé áàçèñíûõ êîììóòàòîðîâ
ñ íåîäíîðîäíûì âõîæäåíèåì îáðàçóþùèõ â ñâîáîäíîé íèëüïîòåíò-
íîé ãðóïïå F2,12 íåò íåòðèâèàëüíûõ ñòàáèëüíûõ ýëåìåíòîâ.

Ó÷èòûâàÿ ðåçóëüòàò, ïîëó÷åííûé â ðàáîòå [5], äîêàçàíà

Òåîðåìà 2. Â ñâîáîäíîé íèëüïîòåíòíîé ãðóïïå F2,12 ñóùåñòâóåò
âñåãî 9 ëèíåéíî íåçàâèñèìûõ ñòàáèëüíûõ ýëåìåíòîâ.

Ñïèñîê ëèòåðàòóðû
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2. Áëóäîâ Â. Â. Íåïîäâèæíûå òî÷êè îòíîñèòåëüíî âñåõ àâòîìîð-
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3. Papistas A. A note on �xed points of certain relatively free nilpotent
groups // Commun. in algebra. 2001. V. 29. P. 4693�4699.
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1038.

5. Êîâûðøèíà À. È. Ñòàáèëüíûå ýëåìåíòû â ñâîáîäíûõ íèëüïî-
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Ðàñïîçíàâàåìîñòü ïî ãðàôó ïðîñòûõ ÷èñåë ãðóïïû E7(3)

À. Ñ. Êîíäðàòüåâ
Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ, Åêàòåðèíáóðã

Ïóñòü G � êîíå÷íàÿ ãðóïïà. Îáîçíà÷èì ÷åðåç ω(G) ñïåêòð ãðóï-
ïû G, ò. å. ìíîæåñòâî âñåõ ïîðÿäêîâ åå ýëåìåíòîâ. Ìíîæåñòâî ω(G)
îïðåäåëÿåò ãðàô ïðîñòûõ ÷èñåë (ãðàô Ãðþíáåðãà � Êåãåëÿ) Γ(G)
ãðóïïû G, â êîòîðîì âåðøèíàìè ñëóæàò ïðîñòûå äåëèòåëè ïîðÿäêà
ãðóïïû G è äâå ðàçëè÷íûå âåðøèíû p è q ñîåäèíåíû ðåáðîì òîãäà
è òîëüêî òîãäà, êîãäà pq ∈ ω(G).
Â òåîðèè êîíå÷íûõ ãðóïï ñëîæèëîñü è äèíàìè÷íî ðàçâèâàåòñÿ íà-

ïðàâëåíèå èññëåäîâàíèÿ ðàñïîçíàâàåìîñòè êîíå÷íûõ ãðóïï ïî ñïåê-
òðó èëè ãðàôó ïðîñòûõ ÷èñåë.
Êîíå÷íàÿ ãðóïïà G íàçûâàåòñÿ ðàñïîçíàâàåìîé ïî ñïåêòðó (ñî-

îòâåòñòâåííî ãðàôó ïðîñòûõ ÷èñåë), åñëè îíà îïðåäåëÿåòñÿ ñâîèì
ñïåêòðîì (ñîîòâåòñòâåííî ãðàôîì ïðîñòûõ ÷èñåë) ñ òî÷íîñòüþ äî
èçîìîðôèçìà. ßñíî, ÷òî èç ðàñïîçíàâàåìîñòè êîíå÷íîé ãðóïïû ïî
ãðàôó ïðîñòûõ ÷èñåë ñëåäóåò åå ðàñïîçíàâàåìîñòü ïî ñïåêòðó.
Â [1] àâòîðîì áûëà äîêàçàíà ðàñïîçíàâàåìîñòü ãðóïïû E7(3) ïî

ñïåêòðó.
Â íàñòîÿùåé ðàáîòå äîêàçàíà

Òåîðåìà 1. Ãðóïïà E7(3) ðàñïîçíàâàåìà ïî ãðàôó ïðîñòûõ ÷èñåë.

Çàìåòèì, ÷òî ãðàô Γ(E7(3)) èìååò òî÷íî 14 âåðøèí è 3 êîìïîíåí-
òû ñâÿçíîñòè.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 13-

01-00476), ÐÔÔÈ-ÃÔÅÍÊèòàÿ (ïðîåêò 12-01-91155), ïðîãðàììû Îò-
äåëåíèÿ ìàòåìàòè÷åñêèõ íàóê ÐÀÍ (ïðîåêò 12-Ò-1-1003) è ïðîãðàìì
ñîâìåñòíûõ èññëåäîâàíèé ÓðÎ ÐÀÍ, ÑÎ ÐÀÍ (ïðîåêò 12-Ñ-1-1018)
è ÍÀÍ Áåëàðóñè (ïðîåêò 12-Ñ-1-1009).

Ñïèñîê ëèòåðàòóðû

1. Êîíäðàòüåâ À. Ñ. Îá îäíîì âîïðîñå Â. Ä. Ìàçóðîâà // Àëãåáðà è
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Ñ. 82,83.

68



Î êîíå÷íûõ íåïðîñòûõ 4-ïðèìàðíûõ ãðóïïàõ
ñ íåñâÿçíûì ãðàôîì ïðîñòûõ ÷èñåë

À. Ñ. Êîíäðàòüåâ, È. Â. Õðàìöîâ
Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ, Åêàòåðèíáóðã

Äîêàçàíà ñëåäóþùàÿ

Òåîðåìà 1. Ïóñòü G � êîíå÷íàÿ íåðàçðåøèìàÿ 4-ïðèìàðíàÿ ãðóï-
ïà ñ íåñâÿçíûì ãðàôîì Γ(G), G := G/F (G) � ïî÷òè ïðîñòàÿ, íî
íåïðîñòàÿ 4-ïðèìàðíàÿ ãðóïïà èç ï. (7) çàêëþ÷åíèÿ òåîðåìû 1 èç
[1], F (G) 6= 1, π1(G) = {2, 3, 7}, π2(G) = {p} ⊂ {13, 19, 73} è âûïîë-
íåíî îäíî èç ñëåäóþùèõ óòâåðæäåíèé:

(1) p = 13, G ∼= L2(27).3, F (G) = O3(G), êàæäûé 3-ãëàâíûé
ôàêòîð ãðóïïû G èçîìîðôåí 12 èëè 36-ìåðíîìó íåïðèâîäèìîìó
GF (3)G-ìîäóëþ;

(2) p = 13, G ∼= 3D4(2).3, F (G) = O2(G), êàæäûé 2-ãëàâíûé
ôàêòîð ãðóïïû G èçîìîðôåí 24-ìåðíîìó íåïðèâîäèìîìó GF (2)G-
ìîäóëþ;

(3) p = 19, G ∼= U3(8).2, F (G) = O2(G), êàæäûé 2-ãëàâíûé
ôàêòîð ãðóïïû G èçîìîðôåí îäíîìó èç òðåõ 18-ìåðíûõ íåïðèâî-
äèìûõ GF (8)G-ìîäóëåé ëèáî 54-ìåðíîìó íåïðèâîäèìîìó GF (2)G-
ìîäóëþ;

(4) p = 19, G ∼= U3(8).31, F (G) = O2(G), êàæäûé 2-ãëàâíûé
ôàêòîð ãðóïïû G èçîìîðôåí îäíîìó èç ÷åòûðåõ 27-ìåðíûõ íåïðè-
âîäèìûõ GF (4)G-ìîäóëåé;

(5) p = 19, G ∼= U3(8).33, F (G) = O2(G) êàæäûé 2-ãëàâíûé ôàê-
òîð ãðóïïû G èçîìîðôåí îäíîìó èç äâóõ 27-ìåðíûõ íåïðèâîäèìûõ
ëèáî GF (4)G-ìîäóëåé èëè îäíîìó èç øåñòè 27-ìåðíûõ íåïðèâîäè-
ìûõ ëèáî GF (64)G-ìîäóëåé;

(6) p = 73, G ∼= L3(8).2, êàæäûé 2-ãëàâíûé ôàêòîð ãðóïïû G

èçîìîðôåí íåïðèâîäèìîìó GF (8)G-ìîäóëþ ðàçìåðíîñòè 6, 18 (äâà
ìîäóëÿ), 48 (äâà ìîäóëÿ), 54, 144 (äâà ìîäóëÿ) èëè íåïðèâîäèìîìó
GF (2)G-ìîäóëþ ðàçìåðíîñòè 54, êàæäûé r-ãëàâíûé ôàêòîð ãðóï-
ïû G èçîìîðôåí 72-ìåðíîìó íåïðèâîäèìîìó GF (rα)G-ìîäóëþ, ãäå
r ∈ {3, 7} è α = 2 ïðè r = 3, α = 1 ïðè r = 7;

(7) p = 73, G ∼= L3(8).3, êàæäûé 2-ãëàâíûé ôàêòîð ãðóïïû
G èçîìîðôåí íåïðèâîäèìîìó GF (2)G-ìîäóëþ ðàçìåðíîñòè 9, 27,
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72, 81, 216, êàæäûé r-ãëàâíûé ôàêòîð ãðóïïû G èçîìîðôåí 72-
ìåðíîìó íåïðèâîäèìîìó GF (r)G-ìîäóëþ, ãäå r ∈ {3, 7};

(8) p = 73, G ∼= L3(8).6, êàæäûé 2-ãëàâíûé ôàêòîð ãðóïïû
G èçîìîðôåí íåïðèâîäèìîìó GF (2)G-ìîäóëþ ðàçìåðíîñòè 18, 54,
144, 162, 432, êàæäûé r-ãëàâíûé ôàêòîð ãðóïïû G èçîìîðôåí 72-
ìåðíîìó íåïðèâîäèìîìó GF (rα)G-ìîäóëþ, ãäå r ∈ {3, 7} è α = 2
ïðè r = 3, α = 1 ïðè r = 7;

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 13-
01-00469), ÐÔÔÈ-ÃÔÅÍÊèòàÿ (ïðîåêò 12-01-91155), ïðîãðàììû Îò-
äåëåíèÿ ìàòåìàòè÷åñêèõ íàóê ÐÀÍ (ïðîåêò 12-Ò-1-1003), ïðîãðàìì
ñîâìåñòíûõ èññëåäîâàíèé ÓðÎ ÐÀÍ ñ ÑÎ ÐÀÍ (ïðîåêò 12-Ñ-1-1018)
è ñ ÍÀÍ Áåëàðóñè (ïðîåêò 12-C-1-1009), ñîâåòà ïî ãðàíòàì Ïðåçè-
äåíòà ÐÔ (ïðîåêò MK-3395.2012.1) è ãðàíòà ÈÌÌ ÓðÎ ÐÀÍ äëÿ
ìîëîäûõ ó÷åíûõ 2013 ã.

Ñïèñîê ëèòåðàòóðû

1. Êîíäðàòüåâ À. Ñ., Õðàìöîâ È. Â. Î êîíå÷íûõ ÷åòûðåïðèìàðíûõ
ãðóïïàõ // Òð. ÈÌÌ ÓðÎ ÐÀÍ. 2011. Ò. 17. � 4. Ñ. 142�159.

Òåîðåìû Ëè è Ýíãåëÿ äëÿ ëèåâûõ ïó÷êîâ

Í. À. Êîðåøêîâ
Êàçàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Êàçàíü

Ïîíÿòèå ëèåâîãî ïó÷êà áûëî ââåäåíî â ðàññìîòðåíèå â ðàáîòå
[1]. Ïðèâåäåì ñîîòâåòñòâóþùåå îïðåäåëåíèå. Îáîçíà÷èì ÷åðåç K =
K(L) ìíîæåñòâî âñåõ áèëèíåéíûõ êîñîñèììåòðè÷åñêèõ îòîáðàæå-
íèé êîíå÷íîìåðíîãî âåêòîðíîãî ïðîñòðàíñòâà L íàä ïîëåì P .
Îïðåäåëåíèå 1. Ëèåâûì ïó÷êîì L(S) áóäåì íàçûâàòü ïàðó âåê-

òîðíûõ ïðîñòðàíñòâ L, S, S ⊂ K(L), ÷òî äëÿ ëþáîãî îòîáðàæåíèÿ
s ∈ S àëãåáðà L(s) (ò. å. âåêòîðíîå ïðîñòðàíñòâî L c çàäàííûì íà
íåì óìíîæåíèåì s) ÿâëÿåòñÿ àëãåáðîé Ëè.
Îïðåäåëåíèå 2.Ïðåäñòàâëåíèåì ëèåâîãî ïó÷êà L(S) â ïðîñòðàí-

ñòâå V íàçûâàåòñÿ áèëèíåéíîå îòîáðàæåíèå ρ : S × L → EndP (V ),
åñëè äëÿ ëþáûõ s ∈ S è x, y ∈ L âûïîëíÿåòñÿ ñîîòíîøåíèå
%s(xsy) = %s(x)%s(y)− %s(y)%s(x),
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ãäå %s(a) - ëèíåéíûé îïåðàòîð, ÿâëÿþùèéñÿ îáðàçîì ïàðû (s, a) ∈
S × L.
Çäåñü xsy - îáðàç ïàðû (x, y) ∈ L× L ïðè îòîáðàæåíèè s ∈ S.
Äëÿ ëþáûõ äâóõ ïîäïðîñòðàíñòâ M è N ïðîñòðàíñòâà L îáîçíà-

÷èì ÷åðåç MN ïîäïðîñòðàíñòâî < msn|∀m ∈ M, ∀n ∈ N,∀s ∈
S >P ,
Ëèåâ ïó÷îê L = L(S) íàçîâåì ðàçðåøèìûì, åñëè ∃k ∈ N, ÷òî

L(k) = 0, ãäå L(i+1) = L(i)L(i), L(0) = L, i ≥ 0. Ñîîòâåòñòâåííî, ëèåâ
ïó÷îê L = L(S) íàçîâåì íèëüïîòåíòíûì, åñëè ∃k ∈ N, ÷òî Lk = 0,
ãäå Li+1 = LiL,L1 = L, i ≥ 1.
Ïóñòü % : S × L → EndP (V ) - ïðåäñòàâëåíèå ëèåâîãî ïó÷êà

L = L(S) â ïðîñòðàíñòâå V . Îáîçíà÷èì ÷åðåç L%(S, x) àëãåáðó Ëè
ëèíåéíûõ ïðåîáðàçîâàíèé, ïîðîæäåííóþ îïåðàòîðàìè %s(x), êîãäà
s ïðîáåãàåò âñå ïðîñòðàíñòâî S, à x - íåêîòîðûé ôèêñèðîâàííûé
ýëåìåíò àëãåáðû L(S).

Òåîðåìà 1. Ïóñòü % : S × L → EndP (V ) - ïðåäñòàâëåíèå êîíå÷-
íîìåðíîãî ðàçðåøèìîãî ëèåâîãî ïó÷êà L = L(S) â êîíå÷íîìåðíîì
ïðîñòðàíñòâå V íàä àëãåáðàè÷åñêè çàìêíóòûì ïîëåì P õàðàêòå-
ðèñòèêè 0. Åñëè àëãåáðà Ëè L%(S, x) ðàçðåøèìà äëÿ ëþáîãî x ∈ L,
òî â ïðîñòðàíñòâå V ñóùåñòâóåò áàçèñ, â êîòîðîì âñå îïåðàòîðû
%s(x)s ∈ S, x ∈ L îäíîâðåìåííî ïðèâîäÿòñÿ ê òðåóãîëüíîìó âèäó.

Çàìåòèì, ÷òî êàæäîå èç óñëîâèé ðàçðåøèìîñòè, ðàññìàòðèâàåìîå
îòäåëüíî, íåäîñòàòî÷íî äëÿ óòâåðæäåíèÿ ýòîé òåîðåìû.

Òåîðåìà 2. Êîíå÷íîìåðíûé ëèåâ ïó÷îê L(S) íàä áåñêîíå÷íûì ïî-
ëåì P íèëüïîòåíòåí òîãäà è òîëüêî òîãäà, êîãäà íèëüïîòåíòåí
êàæäûé îïåðàòîð adsx, s ∈ S, x ∈ L.

Çäåñü adsx - ýòî îïåðàòîð óìíîæåíèÿ, îïðåäåëåííûé ýëåìåíòîì x
è îòîáðàæåíèåì s.

Ñïèñîê ëèòåðàòóðû

1. Êàíòîð È. Ë., Ïåðñèö Ä. Á. Î çàìêíóòûõ ïó÷êàõ ëèíåéíûõ
ñêîáîê Ïóàññîíà. IX Âñåñîþçíàÿ ãåîìåòðè÷åñêàÿ êîíôåðåíöèÿ
(Øòèèíöà, Êèøèíåâ, 1998). Ñ. 141.
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Î ñòàáèëüíîñòè ãðóïïû àâòîìîðôèçìîâ
êîíå÷íîìåðíîãî âåêòîðíîãî ïðîñòðàíñòâà íàä òåëîì

À. À. Êîðîáîâ
Èíñòèòóò ìàòåìàòèêè èì. Ñ. Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê

Ïóñòü D � òåëî ïîëîæèòåëüíîé õàðàêòåðèñòèêè p. Áóäåì ãîâî-
ðèòü, ÷òî âåêòîðíîå ïðîñòðàíñòâî V íàä òåëîì D îáëàäàåò ñâîé-
ñòâîì P , åñëè èç òîãî, ÷òî äâà åãî óíèïîòåíòíûõ àâòîìîðôèçìà ïî-
ðÿäêà p ïîðîæäàþò óíèïîòåíòíóþ ïîäãðóïïó ñëåäóåò ëèáî íåòðèâè-
àëüíîñòü öåíòðà, ëèáî ïî÷òè ðàçðåøèìîñòü ýòîé ãðóïïû.
Ïðèâåä¼ì íåêîòîðûå ïðèìåðû òàêèõ âåêòîðíûõ ïðîñòðàíñòâ.

1. Ñâîéñòâîì P îáëàäàåò êîíå÷íîìåðíîå âåêòîðíîå ïðîñòðàíñòâî
íàä ëþáûì êîììóòàòèâíûì òåëîì ïîëîæèòåëüíîé õàðàêòåðè-
ñòèêè [1, 49.1.1].

2. Ñâîéñòâîì P îáëàäàåò êîíå÷íîìåðíîå âåêòîðíîå ïðîñòðàíñòâî
íàä òåëîì, ÿâëÿþùèìñÿ ëîêàëüíî êîíå÷íîìåðíûì íàä ñâîèì
öåíòðîì [2].

3. Ñâîéñòâîì P îáëàäàåò êîíå÷íîìåðíîå âåêòîðíîå ïðîñòðàíñòâî
íàä òåëîì õàðàêòåðèñòèêè 2 [3].

4. Ñâîéñòâîì P îáëàäàåò n-ìåðíîå âåêòîðíîå ïðîñòðàíñòâî íàä òå-
ëîì õàðàêòåðèñòèêè p, åñëè p > (n− 1)(n− [n/2]) [4].

5. Ñâîéñòâîì P îáëàäàåò ÷åòûð¼õìåðíîå âåêòîðíîå ïðîñòðàíñòâî
íàä ëþáûì òåëîì ïîëîæèòåëüíîé õàðàêòåðèñòèêè [2, 5] .

6. Ñâîéñòâîì P îáëàäàåò ïÿòèìåðíîå âåêòîðíîå ïðîñòðàíñòâî íàä
òåëîì õàðàêòåðèñòèêè 3.

Ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû.

Òåîðåìà 1. Ïóñòü êîíå÷íîìåðíîå âåêòîðíîå ïðîñòðàíñòâî V îá-
ëàäàåò ñâîéñòâîì P. Òîãäà âñÿêàÿ óíèïîòåíòíàÿ ãðóïïà àâòîìîð-
ôèçìîâ ïðîñòðàíñòâà V óíèòðèàíãóëèðóåìà.

Òåîðåìà 2. Âñÿêàÿ áèíàðíî êîíå÷íàÿ óíèïîòåíòíàÿ ãðóïïà àâ-
òîìîðôèçìîâ êîíå÷íîìåðíîãî âåêòîðíîãî ïðîñòðàíñòâà íàä ïðî-
èçâîëüíûì òåëîì ÿâëÿåòñÿ óíèòðèàíãóëèðóåìîé.
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Î ãðóïïàõ ñ ìàëåíüêèì öåíòðàëèçàòîðîì
ïî÷òè ðåãóëÿðíîé èíâîëþöèè

Î. À. Êîðîáîâ
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê

Öåíòðàëèçàòîðû èíâîëþöèé íàêëàäûâàþò æ¼ñòêèå îãðàíè÷åíèÿ
íà ñòðîåíèå ãðóïïû. Â êëàññå ãðóïï, ðàññìîòðåííûõ Â. Ï. Øóí-
êîâûì, ãðóïïû ñ íàèìåíüøèì öåíòðàëèçàòîðîì ïî÷òè ðåãóëÿðíîé
èíâîëþöèè ðàíåå èññëåäîâàë Â. Ì. Áóñàðêèí [1]. Îáîáùåíèåì åãî
ðåçóëüòàòà ÿâëÿåòñÿ ñëåäóþùàÿ

Òåîðåìà 1. Ïóñòü G � íåàáåëåâà ãðóïïà, ñîäåðæàùàÿ èíâîëþöèþ
a è (∀g ∈ G)|ãð(a, ag)| <∞, è ïóñòü |CG(a)| = 2. Òîãäà G � íåíèëü-
ïîòåíòíàÿ ìåòàáåëåâà ãðóïïà; |G : G′| = 2; (∀g ∈ G′)g = [g1, g2],
ãäå g1, g2 ∈ G; (∀g ∈ G′)ga = g−1; G′ = [a,G]; G′� 2′-ãðóïïà. Ïðè-
÷¼ì, åñëè ãðóïïà G áåñêîíå÷íà, òî FC(G) = G′.

Á. Õàðòëè è Ò. Ìåéêñíåð [2] ïîêàçàëè, ÷òî ñòóïåíü íèëüïîòåíòíî-
ñòè íåêîòîðîé ïîäãðóïïû êîíå÷íîãî èíäåêñà ëþáîé ïåðèîäè÷åñêîé
ãðóïïû ñ öåíòðàëèçàòîðîì èíâîëþöèè, ïîðÿäîê êîòîðîãî ðàâåí m,
ìîæíî îãðàíè÷èòü ôóíêöèåé îò m. Â 1982 ã. Â. Â. Áåëÿåâ è Í. Ô. Ñå-
ñåêèí ïðîäîëæèëè èçó÷åíèå ñòðîåíèÿ ïåðèîäè÷åñêîé ãðóïïû ñ ïî-
÷òè ðåãóëÿðíîé èíâîëþöèåé. Àâòîðîì äàííîé ïóáëèêàöèè ïîëó÷åíû
òåîðåìû, óñèëèâàþùèå ýòè ðåçóëüòàòû.
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Òåîðåìà 2. Ïóñòü G � ãðóïïà, ñîäåðæàùàÿ èíâîëþöèþ a ñ |CG(a)|
= m, (∀g ∈ G) |ãð(a, ag) | < ∞. Òîãäà: 1) |[FC(G), FC(G)]| < ∞;
2) ñóùåñòâóþò g(m) è ïîäãðóïïà M â G ñòóïåíè íèëüïîòåíòíî-
ñòè íå âûøå 2, òàêàÿ, ÷òî |G : M | ≤ g(m).

Òåîðåìà 3. Ïóñòü G � áåñêîíå÷íàÿ ãðóïïà, ñîäåðæàùàÿ èíâîëþ-
öèþ a, (∀g ∈ G) |ãð(a, ag)| < ∞. è ïóñòü CG(a) åñòü êîíå÷íàÿ
ðàçðåøèìàÿ ãðóïïà. Òîãäà ãðóïïà G ðàçðåøèìà.
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Î ïðîèçâåäåíèÿõ τ -çàìêíóòûõ êëàññîâ ãðóïï

Ì. A. Êîðïà÷åâà, Ë. Â. Ãðèùåíêîâà
Áðÿíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Áðÿíñê

Ðàññìàòðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû. Èñïîëüçóåìûå îïðå-
äåëåíèÿ è îáîçíà÷åíèÿ ìîæíî íàéòè â [1,2]. Ïóñòü X - íåêîòîðûé
íåïóñòîé êëàññ ãðóïï, θ - îòîáðàæåíèå, ñòàâÿùåå â ñîîòâåòñòâèå êàæ-
äîé ãðóïïå G èç X - íåêîòîðóþ ñèñòåìó θ(G) åå ïîäãðóïï. θ íàçûâà-
åòñÿ ïîäãðóïïîâûì X-ôóíêòîðîì (ïîäãðóïïîâûì ôóíêòîðîì íà X),
åñëè äëÿ ëþáîé ãðóïïû G ∈ X è ëþáîãî èçîìîðôèçìà ϕ ãðóïïû G

âûïîëíÿåòñÿ ðàâåíñòâî (θ(G))ϕ = θ(Gϕ). Ïîäãðóïïîâîé X-ôóíêòîð
íàçûâàåòñÿ ïîäãðóïïîâûì ôóíêòîðîì, åñëè X = E - êëàññ âñåõ êî-
íå÷íûõ ãðóïï.
Â ìîíîãðàôèè [2] ðàññìîòðåí êëàññ Fθ = (G ∈ F | θ(G) ⊆ F), ãäå

F - êëàññ ãðóïï, θ - ïîäãðóïïîâîé ôóíêòîð.
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Òåîðåìà 1. Ïóñòü F,H - êëàññû ãðóïï. Åñëè τ - ðåãóëÿðíûé ðàäè-
êàëüíûé ïîäãðóïïîâîé ôóíêòîð, òî FτHτ ⊆ (FH)τ .

Òåîðåìà 2. Ïóñòü τ - ðåãóëÿðíûé òðàíçèòèâíûé ïîäãðóïïîé ôóíê-
òîð è Sn ≤ τ . Åñëè F - êëàññ ãðóïï, H - τ -çàìêíóòûé êëàññ ãðóïï,
ïðè÷åì FH ⊆ F, òî (FH)τ ⊆ FτH.

Òåîðåìà 3. Ïóñòü τ - ðåãóëÿðíûé ðàäèêàëüíûé òðàíçèòèâíûé
ïîäãðóïïîé ôóíêòîð è Sn ≤ τ . Åñëè F - êëàññ ãðóïï, H - τ -çàìêíóòûé
êëàññ ãðóïï, ïðè÷åì FH ⊆ F, òî (FH)τ = FτHτ .
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2. Ñêèáà À. Í. Àëãåáðà ôîðìàöèé. Ìèíñê: Áåëàðóñêàÿ íàâóêà,
1997.

Î êëàññàõ ãðóïï, èíäóöèðîâàííûõ
ïîäãðóïïîâûìè ôóíêòîðàìè

Ì. À. Êîðïà÷åâà, Ì. Â. Êèðþøèíà
Áðÿíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Áðÿíñê

Ðàññìàòðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû. Èñïîëüçóåìûå îïðå-
äåëåíèÿ è îáîçíà÷åíèÿ ìîæíî íàéòè â [1,2]. Ïóñòü X - íåêîòîðûé
íåïóñòîé êëàññ ãðóïï, θ - îòîáðàæåíèå, ñòàâÿùåå â ñîîòâåòñòâèå êàæ-
äîé ãðóïïå G èç X - íåêîòîðóþ ñèñòåìó θ(G) åå ïîäãðóïï. θ íàçûâà-
åòñÿ ïîäãðóïïîâûì X-ôóíêòîðîì (ïîäãðóïïîâûì ôóíêòîðîì íà X),
åñëè äëÿ ëþáîé ãðóïïû G ∈ X è ëþáîãî èçîìîðôèçìà ϕ ãðóïïû G

âûïîëíÿåòñÿ ðàâåíñòâî (θ(G))ϕ = θ(Gϕ). Ïîäãðóïïîâîé X-ôóíêòîð
íàçûâàåòñÿ ïîäãðóïïîâûì ôóíêòîðîì, åñëè X = E - êëàññ âñåõ êî-
íå÷íûõ ãðóïï.
Â ìîíîãðàôèè [2] ðàññìîòðåí êëàññ Fθ = (G ∈ F | θ(G) ⊆ F), ãäå

F - êëàññ ãðóïï, θ - ïîäãðóïïîâîé ôóíêòîð.

Òåîðåìà 1. Ïóñòü F - êëàññ ãðóïï. Åñëè τ - ðåãóëÿðíûé ïîäãðóï-
ïîâîé ôóíêòîð, òî NpF

τ ⊆ (NpF)τ .
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Ñëåäñòâèå 1. Ïóñòü F - ôîðìàöèÿ, ïðè÷åì NpF ⊆ F. Åñëè τ -
ðåãóëÿðíûé ïîäãðóïïîâîé ôóíêòîð, òî NpF

τ = (NpF)τ .

Òåîðåìà 2. Ïóñòü F - êëàññ ãðóïï, τ - ðåãóëÿðíûé òðàíçèòèâ-
íûé ïîäãðóïïîé ôóíêòîð, θ - ðåãóëÿðíûé ïîäãðóïïîâîé ôóíêòîð,
ïðè÷åì θ ≤ τ . Òîãäà Fτ◦θ = (Fτ)θ.
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Î τ -çàìêíóòûõ ïîäôîðìàöèÿõ ω-âååðíûõ ôîðìàöèé

Ì. À. Êîðïà÷åâà, Þ. À. Ëåâøåíêîâà
Áðÿíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Áðÿíñê

Ðàññìàòðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû. Ïóñòü ω - íåïóñòîå
ïîäìíîæåñòâî ìíîæåñòâà âñåõ ïðîñòûõ ÷èñåë P , f : ω ∪ {ω′} −→
{ôîðìàöèè ãðóïï} è δ : P −→ {íåïóñòûå ôîðìàöèè Ôèòòèíãà} �
ωF -ôóíêöèÿ è PFR-ôóíêöèÿ ñîîòâåòñòâåííî. Ôîðìàöèÿ ωF (f, δ) =
(G : G/Oω(G) ∈ f(ω′) è G/Gδ(p) ∈ f(p) äëÿ âñåõ p ∈ ω ∩ π(G)) íà-
çûâàåòñÿ ω-âååðíîé ôîðìàöèåé ñ ω-ñïóòíèêîì f è ñ íàïðàâëåíèåì
δ [1].

Ïóñòü δ - íåêîòîðàÿ PFR-ôóíêöèÿ. Ïîäãðóïïîâîé ôóíêòîð τ íà-
çîâåì ωδ-ðàäèêàëüíûì, åñëè äëÿ âñÿêîé τ -ïîäãðóïïûN ëþáîé ãðóï-
ïû G âûïîëíÿþòñÿ ðàâåíñòâà Oω(G) ∩ N = Oω(N), è Gδ(p) ∩ N =
Nδ(p) äëÿ âñåõ p ∈ P .
Òåîðåìà 1. Ïóñòü δ - íåêîòîðàÿ PFR-ôóíêöèÿ, ïðè÷åì δ0 ≤ δ,
τ - ðåãóëÿðíûé ωδ-ðàäèêàëüíûé ïîäãðóïïîé ôóíêòîð. Åñëè F =
ωF (f, δ), òî Fτ = ωF (h, δ), ãäå h(ω′) = (f(ω′))τ , h(p) = (f(p))τ

äëÿ âñåõ p ∈ ω.
Òåîðåìà 2. Ïóñòü δ - íåêîòîðàÿ PFR-ôóíêöèÿ, τ - ðåãóëÿðíûé δ-
ðàäèêàëüíûé ïîäãðóïïîé ôóíêòîð, ïðè÷åì δ0 ≤ δ. Åñëè F = ωF (f, δ),
òî ôîðìàöèÿ Fτ ÿâëÿåòñÿ ïîäôîðìàöèåé ω-âååðíîé ôîðìàöèè H =
ωF (h, δ), ãäå h(ω′) = F, h(p) = Np(f(p))τ äëÿ âñåõ p ∈ ω.
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Íîâûå êîíñòàíòû â ñóïåðèíòóèöèîíèñòñêîé ëîãèêå L3

À. Ê. Êîùååâà
Óäìóðòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Èæåâñê

Ìîñêîâñêèé ãîðîäñêîé ïñèõîëîãî-ïåäàãîãè÷åñêèé óíèâåðñèòåò, Ìîñêâà

Ïóñòü Fm � ìíîæåñòâî ôîðìóë ñòàíäàðòíîãî ïðîïîçèöèîíàëüíî-
ãî ÿçûêà. Äîáàâèì ê ÿçûêó íàáîð ëîãè÷åñêèõ êîíñòàíò ϕ = {ϕ1, ϕ2,

. . . , ϕn}. Ïóñòü Fm(ϕ) � ìíîæåñòâî ôîðìóë ðàñøèðåííîãî ÿçûêà;
ôîðìóëû èç Fm íàçîâåì ÷èñòûìè.
ßâíûì ñîîòíîøåíèåì äëÿ êîíñòàíòû ϕi íàçîâåì ôîðìóëó âèäà

ϕi ↔ B, ãäå ïîäôîðìóëà B íå ñîäåðæèò ϕi (íî ìîæåò ñîäåðæàòü
êîíñòàíòû, îòëè÷íûå îò ϕi).
ϕ-Ëîãèêîé íàçûâàåòñÿ ìíîæåñòâî L ôîðìóë ðàñøèðåííîãî ÿçûêà,

âêëþ÷àþùåå Int è çàìêíóòîå îòíîñèòåëüíî ïðàâèë modus ponens è
ïîäñòàíîâêè.
ϕ-Ëîãèêà L íàçûâàåòñÿ êîíñåðâàòèâíûì ðàñøèðåíèåì ñ.è.ë. L,

åñëè L ⊆ L è äëÿ âñÿêîé ÷èñòîé ôîðìóëû A èç A ∈ L ñëåäóåò
A ∈ L.
Ïðîáëåìà íîâûõ îäíîìåñòíûõ ñâÿçîê â ñ.è. ëîãèêàõ áûëà ïîñòàâ-

ëåíà Ï. Ñ. Íîâèêîâûì è âïåðâûå ñôîðìóëèðîâàíà â ñòàòüå ß. Ñ. Ñìå-
òàíè÷à [1].
Ïîäõîä Ï. Ñ. Íîâèêîâà àäàïòèðîâàí ê ÿçûêó ñ äîïîëíèòåëüíûìè

êîíñòàíòàìè â ðàáîòå À. Ä. ßøèíà [3]: ϕ-ëîãèêà L îïðåäåëÿåò íîâûå
íåçàâèñèìûå ëîãè÷åñêèå êîíñòàíòû â L, åñëè L êîíñåðâàòèâíà íàä
L è äëÿ ëþáîãî ÿâíîãî ñîîòíîøåíèÿ ϕi ↔ B ϕ-ëîãèêà L + ϕi ↔ B

ÿâëÿåòñÿ íåêîíñåðâàòèâíîé íàä L.

77



ϕ-Ëîãèêà L íàçûâàåòñÿ ïîëíûì ïî Ï.Ñ. Íîâèêîâó ðàñøèðåíèåì
ñ.è.ëîãèêè L, åñëè L êîíñåðâàòèâíà íàä L è äëÿ ëþáîé ôîðìóëû
A ∈ Fm(ϕ) \ L ϕ-ëîãèêà L + A íåêîíñåðâàòèâíà íàä L (ò. å. L íå
äîïóñêàåò ïðèñîåäèíåíèÿ íîâûõ ôîðìóë).
Ïîä ïðîáëåìîé Ï.Ñ. Íîâèêîâà äëÿ L ïîíèìàåòñÿ îïèñàíèå êëàñ-

ñà âñåõ ïîëíûõ ïî Íîâèêîâó êîíñåðâàòèâíûõ ðàñøèðåíèé ëîãèêè L.
Â äàííîé ðàáîòå ïðîáëåìà Íîâèêîâà ðàññìàòðèâàåòñÿ ïðèìåíèòåëü-
íî ê ñ. è. ëîãèêå L3, êîòîðàÿ ñîãëàñíî [2] õàðàêòåðèçóåòñÿ êëàññîì
D = {Dn | n ∈ ω}, ãäå Dn � êîíå÷íàÿ êîðíåâàÿ øêàëà âûñîòû 3 ñ
íàèáîëüøèì ýëåìåíòîì è n òî÷êàìè â ñðåäíåì ñëîå � äàéìîíä.
Â ðàáîòå äàíà êëàññèôèêàöèÿ ñåìåéñòâà ïîëíûõ ïî Íîâèêîâó ðàñ-

øèðåíèé L3 â ÿçûêå ñ äâóìÿ êîíñòàíòàìè; óñòàíîâëåíî, ÷òî íà êàæ-
äîì ϕ-äàéìîíäå, ó êîòîðîãî âñå òî÷êè "ñðåäíåãî ñëîÿ" èìåþò ðàçíûå
öâåòà, êîíñòàíòû ϕ1, ϕ2 ìîæíî çàäàòü 16 ðàçíûìè ñïîñîáàìè; ïîêà-
çàíî, ÷òî êàæäîå èç ïîëíûõ ðàñøèðåíèé ÿâëÿåòñÿ àëãîðèòìè÷åñêè
ðàçðåøèìûì; óñòàíîâëåíà àëãîðèòìè÷åñêàÿ ðàçðåøèìîñòü ìàññîâîé
ïðîáëåìû: ÿâëÿåòñÿ ëè ϕ-ëîãèêà L3 +A(ϕ) êîíñåðâàòèâíîé íàä L3?
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Íåêîòîðûå ïîäãðóïïû àâòîìîðôèçìîâ
ïîëóïîëåâûõ ïëîñêîñòåé

Î. Â. Êðàâöîâà
Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Õîðîøî èçâåñòíà ãèïîòåçà [1]: ïîëíàÿ ãðóïïà àâòîìîðôèçìîâ âñÿ-
êîé êîíå÷íîé ïîëóïîëåâîé íåäåçàðãîâîé ïëîñêîñòè ðàçðåøèìà. Ê
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íàñòîÿùåìó ìîìåíòó ýòà ãèïîòåçà ïîäòâåðæäåíà ëèøü äëÿ íåêî-
òîðûõ êëàññîâ ïîëóïîëåâûõ ïëîñêîñòåé. Â ñèëó òåîðåìû Ôåéòà�
Òîìïñîíà î ðàçðåøèìîñòè ëþáîé ãðóïïû íå÷åòíîãî ïîðÿäêà äëÿ
ïîäòâåðæäåíèÿ ãèïîòåçû äîñòàòî÷íî ðàññìàòðèâàòü òîëüêî ïîëóïî-
ëåâûå ïëîñêîñòè, äîïóñêàþùèå àâòîìîðôèçìû ïîðÿäêà 2. Â ñîîò-
âåòñòâèè ñ êëàññè÷åñêèì ðåçóëüòàòîì [1] èíâîëþöèè â ãðóïïå àâòî-
ìîðôèçìîâ âñÿêîé ïðîåêòèâíîé ïëîñêîñòè ÿâëÿþòñÿ ëèáî ïåðñïåê-
òèâíîñòÿìè, ëèáî áýðîâñêèìè êîëëèíåàöèÿìè.
Â 1990-õ ãã. îïóáëèêîâàí ðÿä ðàáîò ([2] è äðóãèå), ïîñâÿùåííûõ

ïîñòðîåíèþ è èññëåäîâàíèþ ïîëóïîëåâûõ ïëîñêîñòåé ðàíãà 2, äî-
ïóñêàþùèõ áýðîâñêóþ èíâîëþöèþ. Ïîñòðîåíèÿ èñïîëüçîâàëè âåê-
òîðíîå ïðîñòðàíñòâî ðàçìåðíîñòè 4 è ñïåöèàëüíîå ñåìåéñòâî ëèíåé-
íûõ ïðåîáðàçîâàíèé � ðåãóëÿðíîå ìíîæåñòâî, ïðåäñòàâëåííîå 2× 2-
ìàòðèöàìè íàä ïîëåì ïîðÿäêà pn. Â ýòîì ñëó÷àå ôóíêöèè, çàäàþùèå
ðåãóëÿðíîå ìíîæåñòâî ïëîñêîñòè, åñòü ìíîãî÷ëåíû ñòåïåíè 6 pn−1.
Àâòîð ðàññìàòðèâàåò ïîëóïîëåâóþ ïëîñêîñòü, äîïóñêàþùóþ áý-

ðîâñêóþ èíâîëþöèþ, ñ èñïîëüçîâàíèåì ëèíåéíûõ ïðîñòðàíñòâ ïðî-
èçâîëüíîé ÷åòíîé ðàçìåðíîñòè íàä ïîëåì ïðîñòîãî ïîðÿäêà, ñëåä-
ñòâèåì ÷åãî ÿâëÿåòñÿ ïåðåõîä ê ëèíåéíûì ôóíêöèÿì. Äîêàçàíû ñëå-
äóþùèå ðåçóëüòàòû.

Òåîðåìà 1. Ïîëóïîëåâàÿ ïëîñêîñòü π íå÷åòíîãî ïîðÿäêà p2n (p
� ïðîñòîå), äîïóñêàþùàÿ áýðîâñêóþ èíâîëþöèþ τ â òðàíñëÿöèîí-
íîì äîïîëíåíèè, ìîæåò áûòü çàäàíà 4n-ìåðíûì âåêòîðíûì ïðî-
ñòðàíñòâîì íàä Zp òàê, ÷òî

τ =


E 0 0 0
0 −E 0 0
0 0 E 0
0 0 0 −E

 ,

ãäå E � åäèíè÷íàÿ n× n-ìàòðèöà. Ðåãóëÿðíîå ìíîæåñòâî ïëîñêî-
ñòè π îáðàçîâàíî ìàòðèöàìè âèäà

θ(V, U) =

(
m(U) f(V )
V U

)
,

ãäå {U} = K, {V } = Q � ìíîæåñòâà èç pn ìàòðèö â GLn(p)∪{0},
ñîäåðæàùèå 0, E è çàìêíóòûå ïî ñëîæåíèþ. K ÿâëÿåòñÿ ðåãóëÿð-
íûì ìíîæåñòâîì áýðîâñêîé ïîäïëîñêîñòè π0, ôèêñèðóåìîé èíâî-
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ëþöèåé τ . m è f � ëèíåéíûå îòîáðàæåíèÿ èç K è Q ñîîòâåò-
ñòâåííî â GLn(p) ∪ {0}, ïðè÷åì m(E) = E, f(E) 6= E.

Òåîðåìà 2. Ïîëóïîëåâàÿ ïëîñêîñòü π ÷åòíîãî ïîðÿäêà 22n, äî-
ïóñêàþùàÿ áýðîâñêóþ èíâîëþöèþ τ â òðàíñëÿöèîííîì äîïîëíåíèè,
ìîæåò áûòü çàäàíà 4n-ìåðíûì âåêòîðíûì ïðîñòðàíñòâîì íàä
Z2 òàê, ÷òî

τ =


E E 0 0
0 E 0 0
0 0 E E

0 0 0 E

 ,

ãäå E � åäèíè÷íàÿ n× n-ìàòðèöà. Ðåãóëÿðíîå ìíîæåñòâî ïëîñêî-
ñòè π îáðàçîâàíî ìàòðèöàìè âèäà

θ(V, U) =

(
U + V +m(V ) + w(V ) f(V ) +m(U)

V U + w(V )

)
,

ãäå {U} = {V } = K � ðåãóëÿðíîå ìíîæåñòâî áýðîâñêîé ïîäïëîñêî-
ñòè π0, ôèêñèðóåìîé èíâîëþöèåé τ ; m, w, f � ëèíåéíûå ïðåîáðà-
çîâàíèÿ ïðîñòðàíñòâà n × n-ìàòðèö íàä Z2, ïðè÷åì m(E) = 0 è
äëÿ âñåõ V ∈ K

w(V ) =

. . . . . . . .. . . . . . . .

0 . . . 0

 .

Â êà÷åñòâå èëëþñòðàöèè ïîëó÷åííûõ òåîðåòè÷åñêèõ ðåçóëüòàòîâ
ïîñòðîåíû íà îñíîâå êîìïüþòåðíûõ ðàñ÷åòîâ ïðèìåðû ïîëóïîëåâûõ
ïëîñêîñòåé ÷åòíîãî è íå÷åòíîãî ïîðÿäêà, äîïóñêàþùèõ áýðîâñêóþ
èíâîëþöèþ â òðàíñëÿöèîííîì äîïîëíåíèè.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 12-

01-00968).

Ñïèñîê ëèòåðàòóðû
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Î äåéñòâèè ãðóïïû Äæåâîíñà íà ìíîæåñòâå áèíàðíûõ
ïîñëåäîâàòåëüíîñòåé è áóëåâûõ ôóíêöèé

À. Ì. Êóêàðöåâ
Ñèáèðñêèé ãîñóäàðñòâåííûé àýðîêîñìè÷åñêèé óíèâåðñèòåò, Êðàñíîÿðñê

Áèíàðíûå ïîñëåäîâàòåëüíîñòè (óïîðÿäî÷åííûå ìíîæåñòâà íóëåé
è åäèíèö, äàëåå ÁÏ) è áóëåâû ôóíêöèè (äàëåå ÁÔ) ÿâëÿþòñÿ îáú-
åêòîì èññëåäîâàíèÿ ìíîãèõ ðàçäåëîâ ìàòåìàòèêè è òåîðåòè÷åñêîé
èíôîðìàòèêè, òàêèõ êàê äèñêðåòíàÿ ìàòåìàòèêà, òåîðèÿ ÁÔ, òåî-
ðèÿ èíôîðìàöèè è ïð. Äëÿ ýòèõ îáúåêòîâ ïðèìåíÿþòñÿ ðàçëè÷íûå
ìåòîäû àíàëèçà, âêëþ÷àÿ è ãðóïïîâûå. Îäíîé èç ãðóïï, êîòîðàÿ
ïðèìåíÿåòñÿ äëÿ àíàëèçà ÁÏ è ÁÔ, ÿâëÿåòñÿ ãðóïïà Äæåâîíñà [1,
ñ. 129]. Îíà èñïîëüçóåòñÿ äëÿ çàäà÷ êëàññèôèêàöèè ÁÔ (ñì. íàïðè-
ìåð, Ãàðâàäñêèé êàòàëîã [1, ñ. 119]), çàäà÷ ïåðå÷èñëåíèÿ (íàïðèìåð,
ïåðå÷èñëåíèÿ Ïîéà [1, ñ. 120]), à òàêæå ïðèìåíÿåòñÿ äëÿ ïîñòðîå-
íèÿ àëãîðèòìîâ îáðàáîòêè èíôîðìàöèè. Àíàëèç äåéñòâèé ãðóïïû
Äæåâîíñà íà ÁÏ è ÁÔ ïðåäñòàâëÿåòñÿ âåñüìà ñëîæíûì. Ñëîæíîñòü
îáóñëîâëåíà, âî-ïåðâûõ, ýêñïîíåíöèàëüíûì ðîñòîì êîëè÷åñòâà îá-
ðàáàòûâàåìûõ îáúåêòîâ, òàê, íàïðèìåð, ïðè ïîñòðîåíèè âëîæåíèÿ
ãðóïïû Äæåâîíñà, äåéñòâóþùåé íà àðãóìåíòàõ ÁÔ, â ãðóïïó Äæå-
âîíñà, äåéñòâóþùóþ íà ñàìèõ ÁÔ. Òàêîé ðîñò ñîçäà¼ò òðóäíîñòè
ïðè ïðîâåðêå è îòáðàêîâêå ãèïîòåç. Âî-âòîðûõ, íåîäíîçíà÷íîñòüþ
è ñëîæíîñòüþ ñàìèõ âû÷èñëèòåëüíûõ ìåòîäîâ. Ïðîâåðêà âðó÷íóþ
ïðîñòûõ (ïîðÿäîê ãðóïïû íå ïðåâîñõîäèò 4) ïðèìåðîâ çàíèìàåò ìíî-
ãî âðåìåíè è, êàê ïðàâèëî, ñîïðîâîæäàåòñÿ îøèáêàìè. Îäíèì èç
ïóòåé ðåøåíèÿ óêàçàííûõ ïðîáëåì ÿâëÿåòñÿ àâòîìàòèçèðîâàííàÿ
îáðàáîòêà âû÷èñëåíèÿ äåéñòâèé ãðóïïû Äæåâîíñà íà ÁÏ è ÁÔ ñ
ïîìîùüþ ÏÝÂÌ. Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ñîçäàíèå àâ-
òîìàòèçèðîâàííîãî âû÷èñëèòåëüíîãî èíñòðóìåíòàðèÿ äëÿ àíàëèçà
äåéñòâèÿ ãðóïïû Äæåâîíñà íà ÁÏ è ÁÔ. Âû÷èñëèòåëüíîå ñðåäñòâî
ðåàëèçóåò ñëåäóþùèå àëãîðèòìû îáðàáîòêè ÁÏ, ÁÔ è ïîäñòàíî-
âîê: àëãîðèòìû ââîäà-âûâîäà, àëãîðèòìû îñíîâíûõ ãðóïïîâûõ îïå-
ðàöèé, àëãîðèòìû ïåðå÷èñëåíèé è ðàíäîìèçàöèè, àëãîðèòìû äåé-
ñòâèé ãðóïïû Äæåâîíñà íà ìíîæåñòâå áèíàðíûõ ïîñëåäîâàòåëüíî-
ñòåé è ÁÔ (âêëþ÷àÿ àëãîðèòìû íåïîñðåäñòâåííîãî äåéñòâèÿ, àë-
ãîðèòìû êîììóòàöèè, àëãîðèòìû ïîñòðîåíèÿ èçîìîðôíûõ îáðàçîâ
ýëåìåíòîâ ãðóïï è ïð.), àëãîðèòìû ðàñ÷¼òîâ ãðóïï èíåðöèé è ïî-
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ñòðîåíèÿ êëàññîâ ÁÔ (îòíîñèòåëüíî ïîäãðóïï ãðóïïû Äæåâîíñà).
Âû÷èñëèòåëüíîå ñðåäñòâî ïðåäñòàâëÿåò ñîáîé ñèñòåìó ïðèìèòèâíûõ
ôóíêöèé, îáúåäèí¼ííûõ â áèáëèîòåêó ïîä îáùèì íàçâàíèåì domain
object processor (dop). Áèáëèîòåêà dop ñíàáæåíà ïîëíîé äîêóìåíòà-
öèåé, òåñòàìè è êîíòðîëüíûìè ïðèìåðàìè. Áèáëèîòåêà íàïèñàíà íà
C/C++ ñòàíäàðòà Ñ99. Â íåé ó÷òåíû ìåòîäû îïòèìèçàöèè èñïîë-
íèìîãî êîäà ïî âðåìåíè.

Ñïèñîê ëèòåðàòóðû

1. Ëîãà÷¼â Î.À., Ñàëüíèêîâ À.À., ßùåíêî Â.Â. Áóëåâû ôóíêöèè â
òåîðèè êîäèðîâàíèÿ è êðèïòîëîãèè. Ì.: ÌÖÍÌÎ, 2004. 470 ñ.

Öèêëè÷åñêè óïîðÿäî÷åííûå ãðóïïû è î-ìèíèìàëüíîñòü

Á. Ø. Êóëïåøîâ
Ìåæäóíàðîäíûé óíèâåðñèòåò èíôîðìàöèîííûõ òåõíîëîãèé, Àëìàòû

Ìû ïðîäîëæàåì èññëåäîâàíèå ïîíÿòèÿ ñëàáîé öèêëè÷åñêîé ìè-
íèìàëüíîñòè, ïåðâîíà÷àëüíî èñëåäîâàííîãî â ñîâìåñòíîé ðàáîòå ñ
Ä. Ìàêôåðñîíîì [1]. Îòíîøåíèå öèêëè÷åñêîãî ïîðÿäêà îïèñûâàåò-
ñÿ òåðíàðíûì îòíîøåíèåì K, óäîâëåòâîðÿþùèì ñëåäóþùèì ñâîé-
ñòâàì:
(co1) ∀x∀y∀z(K(x, y, z)→ K(y, z, x));
(co2) ∀x∀y∀z(K(x, y, z) ∧K(y, x, z)⇔ x = y ∨ y = z ∨ z = x);
(co3) ∀x∀y∀z(K(x, y, z)→ ∀t[K(x, y, t) ∨K(t, y, z)]);
(co4) ∀x∀y∀z(K(x, y, z) ∨K(y, x, z)).
Ìíîæåñòâî A öèêëè÷åñêè óïîðÿäî÷åííîé ñòðóêòóðû M íàçûâà-

åòñÿ âûïóêëûì, åñëè äëÿ ëþáûõ a, b ∈ A èìååò ìåñòî ñëåäóþùåå:
äëÿ êàæäîãî c ∈ M ñ óñëîâèåì K(a, c, b) ìû èìååì c ∈ A èëè äëÿ
êàæäîãî c ∈ M ñ óñëîâèåì K(b, c, a) ìû èìååì c ∈ A. Öèêëè÷å-
ñêè óïîðÿäî÷åííàÿ ñòðóêòóðà M = 〈M,K, . . .〉 íàçûâàåòñÿ öèêëè-
÷åñêè ìèíèìàëüíîé (ñëàáî öèêëè÷åñêè ìèíèìàëüíîé), åñëè ëþáîå
îïðåäåëèìîå (ñ ïàðàìåòðàìè) ïîäìíîæåñòâî ñòðóêòóðûM ÿâëÿåòñÿ
îáúåäèíåíèåì êîíå÷íîãî ÷èñëà èíòåðâàëîâ è òî÷åê (âûïóêëûõ ìíî-
æåñòâ). Ëþáàÿ ñëàáî î-ìèíèìàëüíàÿ ñòðóêòóðà ÿâëÿåòñÿ ñëàáî öèê-
ëè÷åñêè ìèíèìàëüíîé, îáðàòíîå íåâåðíî â îáùåì ñëó÷àå. Íåêîòîðûå
èíòåðåñíûå ïðèìåðû ñëàáî öèêëè÷åñêè ìèíèìàëüíûõ ñòðóêòóð, íå
ÿâëÿþùèõñÿ ñëàáî î-ìèíèìàëüíûìè, èçó÷àëèñü â [1�3].
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Â [4] áûëè èçó÷åíû öèêëè÷åñêè ìèíèìàëüíûå ãðóïïû è äîêàçà-
íî, ÷òî îíè ÿâëÿþòñÿ àáåëåâûìè è äåëèìûìè. Çäåñü ìû îáñóæäàåì
íåêîòîðûå ñâîéñòâà ñëàáî öèêëè÷åñêè ìèíèìàëüíûõ ãðóïï.

Ñïèñîê ëèòåðàòóðû
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Î ¾ìîäàëüíûõ¿ âàðèàíòàõ ðåçóëüòàòîâ
À. Â. Êóçíåöîâà 50-ëåòíåé äàâíîñòè

Ñ. È. Êó÷åðÿâûé
Îáíèíñêèé èíñòèòóò àòîìíîé ýíåðãåòèêè, Îáíèíñê

À. Â. ×àãðîâ
Òâåðñêîé ãîñóäàðñòâåííûé óíèâåðñèòåò, Òâåðü

Â 1963 ã. â æóðíàëå "Àëãåáðà è ëîãèêà"(ò. 2, âûï. 4) âûøëà ñòà-
òüÿ À. Â. Êóçíåöîâà , ãäå ðàññìàòðèâàëèñü èñ÷èñëåíèÿ, â ôîðìóëàõ
êîòîðûõ èñïîëüçóþòñÿ òîëüêî ñâÿçêè &, ∨, ⊃, ¬, àêñèîìû � ïðî-
èçâîëüíûå ôîðìóëû, à ïðàâèëà âûâîäà � òîëüêî ïðàâèëî ïîäñòà-
íîâêè è modus ponens. Íå ñàìûé ñèëüíûé, íî íàèáîëåå âïå÷àòëÿþ-
ùèé (äëÿ àâòîðîâ) ðåçóëüòàò À. Â. Êóçíåöîâà: äëÿ âñÿêîé êîíå÷íî-
àêñèîìàòèçèðóåìîé ñóïåðèíòóèöèîíèñòñêîé ëîãèêè L íå ñóùåñòâó-
åò àëãîðèòìà, êîòîðûé ïî ïðîèçâîëüíîé êîíå÷íîé (!) ñîâîêóïíîñòè
ôîðìóë äàâàë áû îòâåò íà âîïðîñ, áóäåò ëè ýòà ñîâîêóïíîñòü àêñèî-
ìàòèçàöèåé ëîãèêè L. Êîíå÷íîñòü çäåñü ñóùåñòâåííà â ñèëó åù¼ îä-
íîé òåîðåìû À. Â. Êóçíåöîâà (àíàëîãà òåîðåìû Ðàéñà�Óñïåíñêîãî),
íèêîãäà èì íå ïóáëèêîâàâøåéñÿ.
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Íåêîòîðîå âðåìÿ íàçàä íàì ñòàëè èçâåñòíû âîïðîñû Å. Å. Çîëèíà
îá àíàëîãàõ ðåçóëüòàòîâ À. Â. Êóçíåöîâà äëÿ ñëó÷àÿ äîáàâëåíèÿ â
ÿçûê ëîãèê ñâÿçêè 2. (Èõ ìîæíî áûëî áû îòíåñòè ê ôîëüêëîðíûì,
íî íàì íå èçâåñòíû ïóáëèêàöèè ïî ýòîìó ïîâîäó.) Óòî÷íèì îäèí èç
ýòèõ âîïðîñîâ.
Îäíîé èç âîçìîæíûõ àêñèîìàòèçàöèé ìèíèìàëüíîé (ïî âêëþ÷å-

íèþ) íîðìàëüíîé ìîäàëüíîé ëîãèêè K ÿâëÿåòñÿ ñëåäóþùåå èñ÷èñ-
ëåíèå K:

� àêñèîìû: 1) p ⊃ (q ⊃ p), 2) (p ⊃ (q ⊃ r)) ⊃ ((p ⊃ q) ⊃ (p ⊃ r)),
3) (p & q) ⊃ p, 4) (p & q) ⊃ q, 5) p ⊃ (q ⊃ (p & q)), 6) p ⊃ (p∨q),
7) p ⊃ (p ∨ q), 8) (p ⊃ r) ⊃ ((q ⊃ r) ⊃ ((p ∨ q)) ⊃ r), 9 (p ⊃ q) ⊃
((p ⊃ ¬q) ⊃ ¬p), 10) ¬¬p ⊃ p, 11) 2(p ⊃ q) ⊃ (2p ⊃ 2q);

� ïðàâèëà âûâîäà: ïîäñòàíîâêà, modus ponens (åñëè åñòü ôîðìóëû
ϕ è ϕ ⊃ ψ, òî åñòü è ôîðìóëà ψ), ïðàâèëî Ã¼äåëÿ (åñëè åñòü
ôîðìóëà ϕ, òî åñòü è ôîðìóëà 2ϕ).

Ðàññìàòðèâàåì èñ÷èñëåíèÿ, êîòîðûå çàäàþòñÿ àíàëîãè÷íî èñ÷èñ-
ëåíèþ K, íî ïðîèçâîëüíûì êîíå÷íûì ìíîæåñòâîì àêñèîì âìåñòî
ïðèâåä¼ííîãî âûøå ñïèñêà àêñèîì 1)�11). Âîïðîñ (ïðîáëåìà àêñèî-
ìàòèçàöèè K): ìîæíî ëè àëãîðèòìè÷åñêè âûÿñíèòü, ÿâëÿåòñÿ ëè
äàííîå èñ÷èñëåíèå àêñèîìàòèçàöèåé ëîãèêè K? Åñëè çäåñü ëîãè-
êó K çàìåíèòü íà ïðîòèâîðå÷èâóþ ëîãèêó (ò. å. ìíîæåñòâî âñåõ
"ìîäàëüíûõ"ôîðìóë), òî ïîëó÷èì ïðîáëåìó ïðîòèâîðå÷èâîñòè "ìî-
äàëüíûõ"èñ÷èñëåíèé.

Òåîðåìà 1. Ïðîáëåìà àêñèîìàòèçàöèè ëîãèêè K àëãîðèòìè÷åñêè
íåðàçðåøèìà.

Òåîðåìà 2. Ïðîáëåìà ïðîòèâîðå÷èâîñòè ìîäàëüíûõ èñ÷èñëåíèé
àëãîðèòìè÷åñêè íåðàçðåøèìà.

Îáùàÿ ñõåìà äîêàçàòåëüñòâ îáåèõ òåîðåì îäíà è òà æå, íî äåòà-
ëèçàöèÿ ýòîé ñõåìû ïðîâîäèòñÿ ad hoc.

84



Îá îäíîì êëàññå ïîäðåøåòîê ðåøåòêè ïîäïðîñòðàíñòâ
êîíå÷íîìåðíîãî âåêòîðíîãî ïðîñòðàíñòâà

íàä êîíå÷íûì ïîëåì

Ñ. Â. Ëàðèí
Êðàñíîÿðñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò

èì. Â. Ï. Àñòàôüåâà, Êðàñíîÿðñê

Ïîëå êëàññîâ âû÷åòîâ ïî ïðîñòîìó ìîäóëþ p áóäåì îáîçíà÷àòü Zp,
n-ìåðíîå âåêòîðíîå ïðîñòðàíñòâî íàä ïîëåì F � Vn(F ), à ðåøåòêó
åãî ïîäïðîñòðàíñòâ � L(Vn, F ).

Òåîðåìà 1. Ïðè n ≥ 3 ðåøåòêà L(Vn, Z2) èçîìîðôíà íåêîòîðîé
ïîäðåøåòêå ðåøåòêè L(Vn, F ) òîãäà è òîëüêî òîãäà, êîãäà õàðàê-
òåðèñòèêà ïîëÿ F ðàâíà 2.

Ñ÷èòàÿ ôîðìàëüíî B = {e1, . . . , en} åäèíûì áàçèñîì ïðîñòðàíñòâ
Vn(Z2) è Vn(F ), ìîæíî ðàññìàòðèâàòü ðåøåòêó L(Vn, Z2) êàê ïîä-
ìíîæåñòâî ýëåìåíòîâ ðåøåòêè L(Vn, F ). Âåêòîðû a = ε1α1e1+ε2α2e2+
· · · + εnαnen è b = ε′1β1e1 + ε′2β2e2 + · · · + ε′nβnen, ãäå εi, ε

′
i ∈ {0, 1},

αi, βi ∈ F ∗, íàçîâåì ýêâèâàëåíòíûìè, åñëè εi = ε′i äëÿ ëþáîãî i =
1, . . . , n. Äâà ïîäïðîñòðàíñòâà ýêâèâàëåíòíû, åñëè îíè èìåþò ýêâè-
âàëåíòíûå áàçèñû. Êëàññ ýëåìåíòîâ, ýêâèâàëåíòíûõ x ∈ Vn(F ), áó-
äåì îáîçíà÷àòü x. Èíòåðâàë [a, b] âûñîòû 2 â ïîäðåøåòêå L íàçîâåì
øèðîêèì â L, åñëè ñóùåñòâóåò íå ìåíåå òðåõ ýëåìåíòîâ x ∈ L, òà-
êèõ, ÷òî a < x < b. Ïîäðåøåòêó L ðåøåòêè L(Vn, F ) áóäåì íàçûâàòü
ñèëüíî âëîæåííîé, åñëè åå âûñîòà ðàâíà n è äëÿ âñÿêîãî øèðîêî-
ãî èíòåðâàëà [a, b] âûñîòû 2 ïîäðåøåòêè L è âñÿêîãî x ∈ L(Vn, F ),
åñëè a < x < b, òî x ∈ L. Ê îïèñàíèþ ñèëüíî âëîæåííûõ ïîäðå-
øåòîê ïðèâîäèò çàäà÷à îïèñàíèÿ ðåøåòîê ëèíåéíûõ îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ îïåðàòîðîâ. Ñèëüíî âëîæåííóþ ïîäðåøåòêó L
ðåøåòêè L(Vn, F ) íàçîâåì îïòèìàëüíî âëîæåííîé, åñëè äëÿ ëþáîé
èçîìîðôíîé åé ïîäðåøåòêè M ïðè ëþáîì íàòóðàëüíîì k ≤ n êî-
ëè÷åñòâî ïîäïðîñòðàíñòâ âèäà 〈ei1, . . . , eik〉, {i1, . . . , ik} ⊆ {1, . . . , n},
ïðèíàäëåæàùèõ L0 = L∩L(Vn, Z2), íå ìåíüøå, ÷åì ïðèíàäëåæàùèõ
M0 = M ∩ L(Vn, Z2). Îïèñàíèå ñèëüíî âëîæåííûõ ïîäðåøåòîê ñâî-
äèòñÿ ê îïèñàíèþ îïòèìàëüíî âëîæåííûõ ïîäðåøåòîê è îïèðàåòñÿ
íà ñëåäóþùèå òåîðåìû.
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Òåîðåìà 2. Åñëè n ≤ 4, L � îïòèìàëüíî âëîæåííàÿ ïîäðåøåòêà
âûñîòû n ðåøåòêè L(Vn, F ) è L0 = L ∩ L(Vn, Z2), òî L =

⋃
x∈L0

x .

Òåîðåìà 3. Ïóñòü L � îïòèìàëüíî âëîæåííàÿ ïîäðåøåòêà ðå-
øåòêè L(Vn, F ), K =

⋃
x∈L

x. Òîãäà L0 = K ∩ L(Vn, Z2) ÿâëÿåò-

ñÿ îïòèìàëüíî âëîæåííîé ïîäðåøåòêîé ðåøåòêè L(Vn, Z2) è âñÿ-
êèé ýëåìåíò z ∈ L ëèáî ïðèíàäëåæèò ïîäðåøåòêå L1, ïîðîæäåí-
íîé ìíîæåñòâîì K â ðåøåòêå L(Vn, F ), ëèáî ïðåäñòàâèì â âèäå
z = x+ y1 + · · ·+ ym, ãäå x ∈ L1, yi = 〈ai〉 /∈ L äëÿ i = 1, . . .m.

Ñïèñîê ëèòåðàòóðû

1. Ãðåòöåð Ã. Îáùàÿ òåîðèÿ ðåøåòîê. Ì.: Ìèð, 1982.

Àâòîìîðôèçìû íèëüïîäàëãåáð àëãåáð Øåâàëëå
ìàëûõ ëèåâûõ ðàíãîâ

À. Â. Ëèòàâðèí
Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Êàê è â [1,2], â àëãåáðå Øåâàëëå íàä ïîëåì (èëè êîëüöîì) K,
àññîöèèðîâàííîé ñ ñèñòåìîé êîðíåé Φ, âûáåðåì ïîäàëãåáðóNΦ(K) ñ
áàçèñîì {er, r ∈ Φ+}. Ìû èññëåäóåì àâòîìîðôèçìû àëãåáð NΦ(K)
ìàëûõ ðàíãîâ Φ, ÿâëÿþùèõñÿ, êàê ïðàâèëî, èñêëþ÷èòåëüíûìè.
Â òèïè÷íîì ñëó÷àå Φ òèïà B2 áàçó ñîñòàâëÿþò ea, eb, ea+b è e2a+b.

Íàðÿäó ñ âíóòðåííèìè àâòîìîðôèçìàìè [1,2], äëÿ àëãåáðû NB2(K)
âûäåëÿþò ïðè ëþáîì c ∈ K öåíòðàëüíûå àâòîìîðôèçìû

ηc : ea → ea + ce2a+b, er → er (r = b, a+ b, 2a+ b),

η′c : eb → eb + ce2a+b, er → er (r = a, a+ b, 2a+ b).

Ïðè 2K = K àëãåáðó NB2(K) ïîðîæäàþò ýëåìåíòû ea, eb. Ïóñòü
2K = 0. Òîãäà ìèíèìàëüíîå ïîðîæäàþùåå ìíîæåñòâî ñîñòàâëÿþò
ea, eb, e2a+b. Ïîêàçàíî, ÷òî ëþáîé ìàòðèöå A ∈ GL(2, K) îäíîçíà÷íî
ñîîòâåòñòâóåò àâòîìîðôèçì àëãåáðû NB2(K), ïåðåâîäÿùèé ñòîëáåö
(ea, eb)

T â A(ea, eb)
T è òîæäåñòâåííûé íà Ke2a+b; åãî îáîçíà÷àåì ÷å-

ðåç Ã. Äëÿ ýëåìåíòîâ t, c ∈ K c îáðàòèìûì ýëåìåíòîì t èñïîëüçóåì
òàêæå àâòîìîðôèçìû âèäà

ηt,c : e2a+b → te2a+b + cea+b, er → er (r = a, b, a+ b).
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Òåîðåìà 1. ÏóñòüK - àññîöèàòèâíî êîììóòàòèâíîå êîëüöî ñ åäè-
íèöåé. Åñëè 2K = 0, òî ãðóïïó àâòîìîðôèçìîâ àëãåáðû NB2(K)

ïîðîæäàþò G̃L(2, K), öåíòðàëüíûå âèäà ηt,c, ηc, η′c è âíóòðåííèå àâ-
òîìîðôèçìû.

Èññëåäîâàíèÿ ïîääåðæàíû ÐÔÔÈ (ïðîåêò 12-01-00968).

Ñïèñîê ëèòåðàòóðû

1. Carter R. Simple groups of Lie type. New York: Wiley and Sons,
1972.

2. Ëåâ÷óê Â. Ì., Àâòîìîðôèçìû óíèïîòåíòíûõ ïîäãðóïï ëèåâà òè-
ïà // Àëãåáðà è ëîãèêà. 1990. Ò. 29. � 2. Ñ. 141�161 ; � 3. Ñ. 315�
338.

Àêñèîìàòèçàöèÿ ëèíåéíîé ëîãèêè Çíàíèÿ è Âðåìåíè LTKr

À. Í. Ëóêüÿí÷óê, Â. Â. Ðèìàöêèé
Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Ïðåäñòàâëåíà êîíå÷íàÿ ñèñòåìà àêñèîì äëÿ ëèíåéíîé ëîãèêè Çíà-
íèÿ è Âðåìåíè LTKr ñ ðåôëåêñèâíûì è èíòðàíçèòèâíûì îòíîøå-
íèåì Âðåìåíè.
Àêñèîìa ASLTKr

:

Àêñèîìû CPC (êëàññè÷åñêîãî ïðîïîçèöèîíàëüíîãî èñ÷èñëåíèÿ);

L2T : 2T (2TA→ B) ∨2T (2TB → A);
K2ξ : 2ξ(A→ B)→ (2ξA→ 2ξB), ξ ∈ {T,∼, 1, . . . , k};
T2ξ : 2ξA→ A, ξ ∈ {T,∼, 1, . . . , k};
42ξ : 2ξA→ 2ξ2ξA, ξ ∈ {∼, 1, . . . , k};
52ξ : ¬2ξA→ 2ξ¬2ξA, ξ ∈ {∼, 1, . . . , k};
M.1: 2TA→ 2∼A;
M.2: 2∼A→ 2iA, 1 ≤ i ≤ k;
AL: 2∼A ∧2∼B ∧3T (¬A ∧2∼B)→ 2TB.

Ïðàâèëà âûâîäà ASLTKr
:

MP :
A,A→ B

B
Nec :

A

2ξA
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Îïðåäåëèì LTKrax := {A ∈ Fma(LLTK)| `ASLTKr A}.

Äîêàçàíû ñëåäóþùèå ðåçóëüòàòû:

Ëåììà 1. LTKrax íåïðîòèâîðå÷èâà.

Ëåììà 2. LTKrax = LTKr

Ñëåäñòâèå 1. Ëîãèêà LTKr ÿâëÿåòñÿ êîíå÷íî àêñèîìàòèçèðóå-
ìîé.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ è
íàóêè Ðîññèéñêîé Ôåäåðàöèè.

Ñïèñîê ëèòåðàòóðû

1. Lukyanchuk A. N. Decidability of multi-modal logic LTK of linear
time and knowledge // Journal of Siberian Federal University. 2013.
V. 6. � 2. P. 220�226.

2. Calardo E., Rybakov V. V. An axiomatisation for the multi-modal
logic of knowledge and linear time LTK // Logic Journal of the
IGPL. 2007. V. 15. � 3. P. 239�254.

Î ãðóïïàõ ïåðèîäà 72

Ä. Â. Ëûòêèíà
Ñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò òåëåêîììóíèêàöèé è èíôîðìàòèêè,

Íîâîñèáèðñê

Â. Ä. Ìàçóðîâ
Èíñòèòóò ìàòåìàòèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê

Ýíðèêî ßáàðà
Universit�a di Ca' Foscari San Giobbe, Âåíåöèÿ

Ïóñòü G � ïåðèîäè÷åñêàÿ ãðóïïà. Ñïåêòðîì ω(G) ãðóïïû G íà-
çûâàåòñÿ ìíîæåñòâî ïîðÿäêîâ å¼ ýëåìåíòîâ. Åñëè ìíîæåñòâî ω(G)
êîíå÷íî, òî ÷åðåç µ(G) îáîçíà÷àåòñÿ ìíîæåñòâî ìàêñèìàëüíûõ ïî
äåëèìîñòè ýëåìåíòîâ èç ω(G).

Òåîðåìà 1. Ïóñòü µ(G) = {8, 9}. Òîãäà G ëîêàëüíî êîíå÷íà.
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Òåîðåìà 2. Ïóñòü G � ëîêàëüíî êîíå÷íàÿ {2, 3}-ãðóïïà, íå ñîäåð-
æàùàÿ ýëåìåíòîâ ïîðÿäêà 6. Òîãäà âûïîëíÿåòñÿ îäíî èç ñëåäóþ-
ùèõ óòâåðæäåíèé:

(a) G = O3(G)T , ãäå O3(G) àáåëåâà, à T � ëîêàëüíî öèêëè÷å-
ñêàÿ èëè ëîêàëüíî êâàòåðíèîííàÿ ãðóïïà, äåéñòâóþùàÿ ñâîáîäíî
íà O3(G).

(b) G = O2(G)R, ãäå O2(G) íèëüïîòåíòíà ñòóïåíè íå âûøå
2, R � ëîêàëüíî öèêëè÷åñêàÿ 3-ãðóïïà, äåéñòâóþùàÿ ñâîáîäíî íà
O2(G).

(c) G = O2(G)D, ãäå D ñîäåðæèò ïîäãðóïïó R èíäåêñà 2, à
O2(G)R óäîâëåòâîðÿåò ï. (b).

(d) G � 2-ãðóïïà èëè 3-ãðóïïà.
Â ïï. (a)�(c) ãðóïïà G ðàçðåøèìà ñòóïåíè íå âûøå 4.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ ( ïðîåêòû
12�01�90006, 13-01-00505, 11�01�00456 è 11�01�91158), Ôåäåðàëüíîé
öåëåâîé ïðîãðàììû "Íàó÷íî-îáðàçîâàòåëüíûå êàäðû èííîâàöèîí-
íîé Ðîññèè"(ãîñ. êîíòðàêò � 14.740.11.0346) è ïðîãðàììû ÑÎ ÐÀÍ
ïðîåêòîâ ïàðòí¼ðñêèõ ôóíäàìåíòàëüíûõ èññëåäîâàíèé íà 2012�2014
ãã. (ïðîåêò 14).

Çíàêîïåðåìåííûå ãðóïïû â àòëàñå êîíå÷íûõ ïðîñòûõ
(2× 2, 2)-ïîðîæäåííûõ ãðóïï

À. È. Ìàêîñèé
Õàêàññêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Àáàêàí

Íàïîìíèì, ÷òî (2×2, 2)-òðîéêîé èíâîëþöèé ãðóïïû G íàçûâàåò-
ñÿ òðîéêà èíâîëþöèé (i, j, k) ãðóïïû G ñ óñëîâèåì G = 〈i, j, k〉 , ij =
ji. Åñëè ãðàôû Êîêñåòåðà (2 × 2, 2)-òðîåê èíâîëþöèé èçîìîðôíû,
òî òàêèå òðîéêè íå ðàçëè÷àþòñÿ.
Â ðàìêàõ ðåøåíèÿ çàäà÷è ïîñòðîåíèÿ â ÿâíîì âèäå (2 × 2, 2)-

òðîåê èíâîëþöèé êîíå÷íûõ ïðîñòûõ ãðóïï è ñîçäàíèÿ ýëåêòðîííîãî
àòëàñà òàêèõ òðîåê ïîëó÷åíî îïèñàíèå (2 × 2, 2)-òðîåê èíâîëþöèé
êàæäîé çíàêîïåðåìåííîé ãðóïïû ñòåïåíè ≤ 17 [1].
Â ðàáîòå [2] îáîñíîâûâàåòñÿ òåçèñ îá èñïîëüçîâàíèè àòëàñà (2 ×

2, 2)-òðîåê èíâîëþöèé è àíàëîãè÷íûõ êàê èíñòðóìåíòà èññëåäîâà-
íèÿ â òåîðèè ãðóïï è åå ïðèëîæåíèÿõ. Îäíèì èç ïðèëîæåíèé àòëà-
ñà ÿâëÿåòñÿ ïîñòðîåíèå ìíîæåñòâà, ìîùíîñòü êîòîðîãî îïðåäåëÿåò
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ââåäåííûé Â. Ï. Øóíêîâûì ïàðàìåòð âëîæåíèÿ èíâîëþöèè â ãðóï-
ïå G. Äëÿ èçó÷åíèÿ ýòîãî ìíîæåñòâà íåîáõîäèìî ðàçëè÷àòü íåñî-
ïðÿæåííûå (2 × 2, 2)-òðîéêè èíâîëþöèé ñ èçîìîðôíûìè ãðàôàìè
Êîêñåòåðà. Ïðåäïîëàãàåòñÿ, ÷òî ýëåêòðîííûé àòëàñ (2× 2, 2)-òðîåê
èíâîëþöèé êîíå÷íûõ ïðîñòûõ ãðóïï áóäåò ñîäåðæàòü òàêæå è ïðî-
ãðàììíîå îáåñïå÷åíèå, ïîçâîëÿþùåå èñïîëüçîâàòü ñâåäåíèÿ èç ýòîãî
àòëàñà â ïðèêëàäíûõ èññëåäîâàíèÿõ.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà ÍØ �10

Êðàñíîÿðñêîãî ãîñóäàðñòâåííîãî ïåäàãîãè÷åñêîãî óíèâåðñèòåòà
èì. Â.Ï. Àñòàôüåâà.

Ñïèñîê ëèòåðàòóðû

1. Ìàêîñèé À. È., Òèìîôååíêî À. Â. Àòëàñ êîíå÷íûõ ïðîñòûõ
(2× 2, 2)-ïîðîæäåííûõ ãðóïï, 2012. http://algebra.krasn.ru.

2. Ìàêîñèé À. È. Ýëåêòðîííûå àòëàñû ãðóïï êàê èíñòðóìåíò èñ-
ñëåäîâàíèÿ â òåîðèè ãðóïï è åå ïðèëîæåíèÿõ // Âåñòí. Êðàñíî-
ÿð. ãîñ. ïåä. óí-òà èì. Â. Ï. Àñòàôüåâà. 2013. Ò. 23. � 1. Ñ. 211�
215.

Î ñòðîãîé âåùåñòâåííîñòè óíèòðåóãîëüíîé ãðóïïû ìàòðèö
íàä ïîëåì õàðàêòåðèñòèêè 2

Í. Ñ. Ìàíàãàðîâà
Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Â 1995 ã. A. A. Êèðèëëîâ âûñêàçàë ãèïîòåçó î âåùåñòâåííîñòè õà-
ðàêòåðîâ óíèòðåóãîëüíîé ãðóïïû UTn(K) íàä ïîëåì K = GF (2),
ò. å. ãèïîòåçó î âåùåñòâåííîñòè UTn(2). Íàïîìíèì, ÷òî âåùåñòâåí-
íîñòü ãðóïïû ðàâíîñèëüíà ñîïðÿæåííîñòè êàæäîãî ýëåìåíòà ñî ñâî-
èì îáðàòíûì. À. Âåðà-Ëîïåç è Äæ. Ì. Àððåãè, îïèðàÿñü íà ðåçóëü-
òàòû [5, 6], óñòàíîâèëè âåùåñòâåííîñòü ãðóïïû UTn(2) ïðè n ≤ 12.
Â 1998 ã. È. Ì. Àéçåêñ è Ä. Êàðàãóèóçÿí [4] ïðèâåëè ïðèìåð ìàòðè-
öû A ∈ UT13(2), êîòîðàÿ íå ñîïðÿæåíà â UT13(2) ñî ñâîåé îáðàòíîé,
òåì ñàìûì ãèïîòåçà A. A. Êèðèëëîâà ïðè n ≥ 13 áûëà îïðîâåðãíóòà.
ÃðóïïóG íàçîâåì ñòðîãî âåùåñòâåííîé, åñëè ëþáîé åå íååäèíè÷-

íûé ýëåìåíò ñòðîãî âåùåñòâåííûé, ò. å. ñîïðÿæåí íåêîòîðîé èíâî-
ëþöèåé èç G ñî ñâîèì îáðàòíûì ýëåìåíòîì. ß. Í. Íóæèí çàïèñàë â
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Êîóðîâñêóþ òåòðàäü ñëåäóþùèé âîïðîñ: â êàêèõ ãðóïïàõ ëèåâà òèïà
íàä ïîëåì õàðàêòåðèñòèêè 2 ìàêñèìàëüíûå óíèïîòåíòíûå ïîäãðóï-
ïû ñòðîãî âåùåñòâåííû? [7, âîïðîñ 16.76].
Ðàíåå Ì. À. Ãàçäàíîâà è ß. Í. Íóæèí [1�3] óñòàíîâèëè, ÷òî ïðè

n ≤ 7 è n ≥ 13 ãðóïïû óíèòðåóãîëüíûõ ìàòðèö n× n íàä ïîëåì K

õàðàêòåðèñòèêè 2 ÿâëÿþòñÿ ñòðîãî âåùåñòâåííûìè. Àâòîðîì áûëà
äîêàçàíà ñòðîãàÿ âåùåñòâåííîñòü óêàçàííîé ãðóïïû ïðè n = 8, à
òàêæå íàéäåíû áîëåå ïðîñòûå äîêàçàòåëüñòâà äëÿ n ≤ 7. Ñóììèðóÿ
âñå ðåçóëüòàòû, ïîëó÷àåì, ÷òî ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 1. Ïóñòü K � ïîëå õàðàêòåðèñòèêè 2. Ãðóïïà UTn(K)
ÿâëÿåòñÿ ñòðîãî âåùåñòâåííîé, åñëè n 6 8, à ïðè n ≥ 13 � íåò.

Ñïèñîê ëèòåðàòóðû

1. Ãàçäàíîâà Ì. À., Íóæèí ß. Í. Î ñòðîãîé âåùåñòâåííîñòè óíèïî-
òåíòíûõ ïîäãðóïï ãðóïï ëèåâà òèïà íàä ïîëåì õàðàêòåðèñòèêè
2 // Ñèá. ìàò. æóðí. 2006. Ò. 47. � 5. Ñ. 1031�1051.

2. Ãàçäàíîâà Ì. À. Î ñòðîãîé âåùåñòâåííîñòè ãðóïïû óíèòðåóãîëü-
íûõ ìàòðèö ðàçìåðíîñòè 6 × 6 íàä ïîëåì õàðàêòåðèñòèêè 2 //
Algebra and Model Theory. Novosibirsk: NSTU. 2005. T. 5. C. 44�
53.

3. Ãàçäàíîâà Ì. À. Î ñòðîãîé âåùåñòâåííîñòè ãðóïïû óíèòðåóãîëü-
íûõ ìàòðèö ðàçìåðíîñòè 7 × 7 íàä ïîëåì õàðàêòåðèñòèêè 2 //
Âåñòí. ÊðàñÃÓ. Ôèç.-ìàò. íàóêè. Êðàñíîÿðñê. 2006. � 7. Ñ. 43�
53.

4. Isaacs I. M., Karagueuzian D. Conjugacy in groups of upper triagular
matrices // J. Algebra. 1998. V. 202. P. 704�711.

5. Arregi J. M., Vera-Lopez A. Conjugacy classes in Sylow p-subgroups
of GL(n, q) // J. Algebra. 1992. V. 152. P. 1�19.

6. Arregi J. M., Vera-Lopez A. Some algorithms for the calculation
conjugacy classes in the Sylow p-subgroups ofGL(n, q) // J. Algebra.
1995. V. 177. P. 899�925.

7. Êîóðîâñêàÿ òåòðàäü. Íîâîñèáèðñê: ÈÌ ÑÎ ÐÀÍ, 2006.
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Î íåàáåëåâûõ êîìïîçèöèîííûõ ôàêòîðàõ êîíå÷íîé
ãðóïïû, ìèíèìàëüíîé îòíîñèòåëüíî ïðîñòîãî ñïåêòðà

Í. Â. Ìàñëîâà
Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ, Åêàòåðèíáóðã

Ä. Î. Ðåâèí
Èíñòèòóò ìàòåìàòèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê

Ïóñòü G � êîíå÷íàÿ ãðóïïà. Ìíîæåñòâî âñåõ ïðîñòûõ äåëèòåëåé
÷èñëà |G| áóäåì íàçûâàòü ïðîñòûì ñïåêòðîì ãðóïïû G è îáîçíà-
÷àòü ÷åðåç π(G). Êîíå÷íóþ ãðóïïó G íàçîâåì ìèíèìàëüíîé ïî ïðî-
ñòîìó ñïåêòðó, åñëè π(H) 6= π(G) äëÿ ëþáîé ñîáñòâåííîé ïîäãðóï-
ïûH èçG. Êëàññ òàêèõ ãðóïï áóäåì îáîçíà÷àòü ÷åðåçY. Ï. Øóìÿö-
êèé çàïèñàë â Êîóðîâñêóþ òåòðàäü ãèïîòåçó [1, ïðîáëåìà 17.125],
ýêâèâàëåíòíóþ ñëåäóþùåé ãèïîòåçå 1: ëþáàÿ ãðóïïà èç êëàññà Y

ïîðîæäàåòñÿ ïàðîé ñîïðÿæåííûõ ýëåìåíòîâ. Â [2] áûëî ïîëó÷åíî
ïîäòâåðæäåíèå ãèïîòåçû 1 äëÿ êëàññà êîíå÷íûõ ãðóïï ñ õîëëîâû-
ìè ìàêñèìàëüíûìè ïîäãðóïïàìè. Ýòîò ðåçóëüòàò îñíîâûâàåòñÿ íà
ïîëó÷åííîì â [3] îïèñàíèè íåàáåëåâûõ êîìïîçèöèîííûõ ôàêòîðîâ
òàêèõ ãðóïï. Ïîýòîìó ïðåäñòàâëÿåòñÿ åñòåñòâåííîé è èíòåðåñíîé
ñëåäóþùàÿ ïðîáëåìà: êàêîâû íåàáåëåâû êîìïîçèöèîííûå ôàêòîðû
ãðóïï èç êëàññà Y?

Òåîðåìà 1. Ïóñòü S � êîíå÷íàÿ ïðîñòàÿ ñïîðàäè÷åñêàÿ ãðóïïà.
Òîãäà
(i) åñëè S ∈ {M11,M12,M24, HS,Co3, Co2}, òî S íå èçîìîðôíà

íèêàêîìó êîìïîçèöèîííîìó ôàêòîðó íèêàêîé ãðóïïû èç Y;
(ii) åñëè S ∈ {M22,M23, J1, J2, J3, J4, He,Ru, Suz,ON,HN,Ly, Th,

F i22, F i23, F i
′
24, Co1, B,M}, òî S ∈ Y;

(iii) ãðóïïà McL íå ïðèíàäëåæèò êëàññó Y, íî èçîìîðôíà êîì-
ïîçèöèîííîìó ôàêòîðó íåêîòîðîé ãðóïïû èç êëàññà Y. Ïðè ýòîì
ëþáàÿ ãðóïïà X ∈ Y, ñîäåðæàùàÿ êîìïîçèöèîííûé ôàêòîð S ∼=
McL, îáëàäàåò íîðìàëüíûì ðÿäîì X ≥ Y > Z ≥ 1, òàêèì, ÷òî

a) ãðóïïû X/Y è Z íå èìåþò êîìïîçèöèîííûõ ôàêòîðîâ, èçî-
ìîðôíûõ McL;

á) ôàêòîð-ãðóïïà Y/Z ÿâëÿåòñÿ ãëàâíûì ôàêòîðîì ãðóïïû X
è ðàâíà ïðÿìîìó ïðîèçâåäåíèþ ãðóïï, èçîìîðôíûõ McL;
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â) ôàêòîð-ãðóïïà X/Y íåðàçðåøèìà, åå ïîðÿäîê íå äåëèòñÿ
íà 7 è 11, à åå íåàáåëåâû êîìïîçèöèîííûå ôàêòîðû ñ òî÷íîñòüþ
äî èçîìîðôèçìà ïðèíàäëåæàò ñïèñêó {PSL2(q), PSL3(q), PSL4(q),
PSL5(q), PSU3(q), PSU4(q), PSU5(q),

2B2(q),
2 F4(q), J3}.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ïðîåêòû 13-01-00469
è 13-01-00505), ÔÖÏ "Íàó÷íûå è íàó÷íî-ïåäàãîãè÷åñêèå êàäðû èí-
íîâàöèîííîé Ðîññèè"(ïðîåêò 14.740.11.0346) è Ñîâåòà ïî ãðàíòàì
Ïðåçèäåíòà ÐÔ äëÿ ïîääåðæêè ìîëîäûõ ðîññèéñêèõ ó÷åíûõ (ïðî-
åêò ÌK-3395.2012.1), à òàêæå ïðîãðàììû ñîâìåñòíûõ èññëåäîâàíèé
ÑÎ ÐÀÍ è ÓðÎ ÐÀÍ (ïðîåêò 12-Ñ-1-1018), ãðàíòà ÈÌÌ ÓðÎ ÐÀÍ
äëÿ ìîëîäûõ ó÷åíûõ çà 2013 ã. è öåëåâîé ïðîãðàììû ÑÎ ÐÀÍ íà
2012�2014 ãã. (ïðîåêò 14).

Ñïèñîê ëèòåðàòóðû

1. Íåðåøåííûå âîïðîñû òåîðèè ãðóïï. Êîóðîâñêàÿ òåòðàäü.
17-å èçä. Íîâîñèáèðñê: Íîâîñèá. ãîñ. óí-ò, 2010.

2. Ìàñëîâà Í. Â., Ðåâèí Ä. Î. Ïîðîæäàåìîñòü êîíå÷íîé ãðóïïû
ñ õîëëîâûìè ìàêñèìàëüíûìè ïîäãðóïïàìè ïàðîé ñîïðÿæåííûõ
ýëåìåíòîâ // Òð. ÈÌÌ ÓðÎ ÐÀÍ. 2013. Ò. 19. � 3 (ïðèíÿòà ê
ïå÷àòè).

3. Ìàñëîâà Í. Â. Íåàáåëåâû êîìïîçèöèîííûå ôàêòîðû êîíå÷íîé
ãðóïïû, âñå ìàêñèìàëüíûå ïîäãðóïïû êîòîðîé õîëëîâû // Ñèá.
ìàò. æóðí. 2012. Ò. 53 � 5. Ñ. 1065�1076.

Î ãðàôàõ, â êîòîðûõ îêðåñòíîñòè âåðøèí
ñèëüíî ðåãóëÿðíû ñ ïàðàìåòðàìè (144,39,6,12)

À. À. Ìàõíåâ, Ä. Â. Ïàäó÷èõ
Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ, Åêàòåðèíáóðã

Â [1] ïðåäëîæåíà ïðîãðàììà èçó÷åíèÿ äèñòàíöèîííî ðåãóëÿðíûõ
ãðàôîâ, â êîòîðûõ îêðåñòíîñòè âåðøèí ñèëüíî ðåãóëÿðíû ñ ñîá-
ñòâåííûì çíà÷åíèåì 3. Òàì æå çàäà÷à ðåäóöèðîâàíà ê ñëó÷àþ, êîãäà
îêðåñòíîñòè âåðøèí ïðèíàäëåæàò êîíå÷íîìó ìíîæåñòâó èñêëþ÷è-
òåëüíûõ ãðàôîâ.
Â ðàáîòå èññëåäîâàíû ãðàôû, â êîòîðûõ îêðåñòíîñòè âåðøèí ñèëü-

íî ðåãóëÿðíû ñ ïàðàìåòðàìè (144,39,6,12). Ñèëüíî ðåãóëÿðíûé ãðàô
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ñ ïàðàìåòðàìè (144,39,6,12) ñóùåñòâóåò. Ýòî ãðàô ∆ ñ ãðóïïîé àâ-
òîìîðôèçìîâ G = SL3(3), è ñòàáèëèçàòîð âåðøèíû u ÿâëÿåòñÿ ðàñ-
øèðåíèåì ãðóïïû ïîðÿäêà 13 ñ ïîìîùüþ ãðóïïû ïîðÿäêà 3.

Òåîðåìà 1. Ïóñòü Γ � âïîëíå ðåãóëÿðíûé ãðàô, â êîòîðîì îêðåñò-
íîñòè âåðøèí � ñèëüíî ðåãóëÿðíûå ãðàôû ñ ïàðàìåòðàìè (144, 39,
6, 12). Òîãäà d(Γ) = 3 è âûïîëíÿåòñÿ îäíî èç óòâåðæäåíèé:

(1) µ = 36, 2 ≤ k3 ≤ 28;
(2) µ = 39, 2 ≤ k3 ≤ 22;
(3) µ = 48, 2 ≤ k3 ≤ 11.

Â ÷àñòíîñòè, ãðàô èç çàêëþ÷åíèÿ òåîðåìû íå ÿâëÿåòñÿ äèñòàíöè-
îííî ðåãóëÿðíûì.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ïðîåêò 12-01-00012),
ÐÔÔÈ-ÃÔÅÍ Êèòàÿ (ïðîåêò 12-01-91155), ïðîãðàììû Îòäåëåíèÿ
ìàòåìàòè÷åñêèõ íàóê ÐÀÍ (ïðîåêò 12-Ò-1-1003) è ïðîãðàìì ñîâ-
ìåñòíûõ èññëåäîâàíèé ÓðÎ ÐÀÍ ñ ÑÎ ÐÀÍ (ïðîåêò 12-Ñ-1-1018)
è ñ ÍÀÍ Áåëàðóñè (ïðîåêò 12-Ñ-1-1009).

Ñïèñîê ëèòåðàòóðû

1. Ìàõíåâ À. À. Î ñèëüíî ðåãóëÿðíûõ ãðàôàõ ñ ñîáñòâåííûì çíà-
÷åíèåì 3 è èõ ðàñøèðåíèÿõ // Äîêë. Àêàä. íàóê. 2013. Ò. 452.
� 5. Ñ. 475�478.

Êëàññîâûå êîëüöà õàðàêòåðîâ ñïîðàäè÷åñêèõ ãðóïï

Ì. È. Ìîëîäîðè÷
Þæíî-Óðàëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ×åëÿáèíñê

Ïóñòü G � êîíå÷íàÿ ãðóïïà, X(G) � ìíîæåñòâî ïðåäñòàâèòåëåé
âñåõ êëàññîâ ñîïðÿæ¼ííîñòè â G, Irr(G) � ìíîæåñòâî âñåõ íåïðè-
âîäèìûõ õàðàêòåðîâ ãðóïïû G è χ ∈ Irr(G). Ïîëîæèì

Z[cl, χ] =
{ 1

degχ

∑
x∈X(G)

|xG|χ(x)γ(x)
∣∣∣ γ(x) ∈ Z ∀x ∈ X(G)

}
.

Z[cl, χ] � íàçûâàåòñÿ êëàññîâûì êîëüöîì õàðàêòåðà χ.

Ëåììà 1. Ïóñòü χ ∈ Irr(G). Òîãäà âûïîëíÿþòñÿ ñëåäóþùèå óòâåð-
æäåíèÿ:
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1) îòîáðàæåíèå fχ : Z(ZG) → C, ãäå äëÿ u =
∑

ξ∈Irr(G) βu(ξ)e(ξ)
ïîëàãàåì fχ(u) = βu(χ), áóäåò ãîìîìîðôèçìîì êîëüöà Z(ZG)
â ïîëå êîìïëåêñíûõ ÷èñåë C;

2) îáðàç fχ ñîâïàäàåò ñ Z[cl, χ] è ïîòîìó Z[cl, χ] � ïîäêîëüöî â
C;

3) Z[cl, χ] � ïîäêîëüöî êîëüöà öåëûõ I(Q(χ)) ïîëÿ õàðàêòåðà χ.

Ýòà ëåììà è îïðåäåëåíèå êëàññîâîãî êîëüöà õàðàêòåðà âçÿòû èç [1].
Êëàññîâîå êîëüöî õàðàêòåðà íàçîâ¼ì òðèâèàëüíûì ïî óìíîæå-

íèþ, åñëè îíî ñîâïàäàåò ñ êîëüöîì öåëûõ ÷èñåë Z, èëè ÿâëÿåò-
ñÿ ïîäêîëüöîì êîëüöà öåëûõ ìíèìîãî êâàäðàòè÷íîãî ïîëÿ. Íàéäå-
íû âñå íåòðèâèàëüíûå ïî óìíîæåíèþ êëàññîâûå êîëüöà õàðàêòåðîâ
âñåõ ñïîðàäè÷åñêèõ ãðóïï. Ïîñêîëüêó ïîëíîå îïèñàíèå âñåõ ñëó÷àåâ
î÷åíü ãðîìîçäêî, òî ïðèâåä¼ì îïèñàíèå òîëüêî äëÿ äâóõ ãðóïï.

Òåîðåìà 1. Ïóñòü ζn � ïåðâîîáðàçíûé êîðåíü èç 1 ñòåïåíè n.
1)Íåòðèâèàëüíûì ïî óìíîæåíèþ êëàññîâûì êîëüöîì õàðàêòåðà
äëÿ ãðóïïû Ru ÿâëÿåòñÿ îäíî èç ñëåäóþùèõ êîëåö:

Z + 2435329
√

9Z, Z + 2105 · 29
1 +
√

5

2
Z, Z + 22537 · 13

1 +
√

29

2
Z,

Z + 2913 · 29AZ + 2913 · 29BZ,Z + 2953 · 29GZ + 2953 · 29HZ,

ãäå

A = −ζ7 + ζ2
7 + ζ3

7 + ζ4
7 + ζ5

7 − ζ6
7 , B = ζ7 − ζ2

7 + ζ3
7 + ζ4

7 − ζ5
7 + ζ6

7 ,

G = ζ13 − ζ2
13 − ζ3

13 − ζ4
13 + ζ5

13 − ζ6
13 − ζ7

13 + ζ8
13 − ζ9

13 − ζ10
13 − ζ11

13 + ζ12
13 ,

H = −ζ13 − ζ2
13 − ζ3

13 + ζ4
13 − ζ5

13 + ζ6
13 + ζ7

13 − ζ8
13 − ζ9

13 − ζ10
13 − ζ11

13 + ζ12
13 .

2)Íåòðèâèàëüíûì ïî óìíîæåíèþ êëàññîâûì êîëüöîì õàðàêòåðà
äëÿ ãðóïïû He ÿâëÿåòñÿ îäíî èç ñëåäóþùèõ êîëåö:

Z + 21335 1 +
√

5

2
Z, Z + 21234 1 +

√
21

2
Z, Z + 213325

1 +
√

13

2
Z.

Ñïèñîê ëèòåðàòóðû

1. Àëååâ Ð. Æ. Öåíòðàëüíûå ýëåìåíòû öåëî÷èñëåííûõ ãðóïïîâûõ
êîëåö // Àëãåáðà è ëîãèêà. 2000. Ò. 39. � 5. Ñ. 513�525.
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Êëàññû ñêðó÷åííîé ñîïðÿæåííîñòè
â ýëåìåíòàðíûõ ãðóïïàõ Øåâàëëå

Ò. Ð. Íàñûáóëëîâ
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê

Ïóñòü G � ãðóïïà, ϕ � åå àâòîìîðôèçì. Ãîâîðèì, ÷òî ýëåìåí-
òû x, y èç G ϕ-ñîïðÿæåíû (îáîçíà÷àåì x ∼ϕ y), åñëè äëÿ íåêîòî-
ðîãî z ∈ G ñïðàâåäëèâî ðàâåíñòâî x = zyϕ(z−1). Îòíîøåíèå ϕ-
ñîïðÿæåííîñòè ÿâëÿåòñÿ îòíîøåíèåì ýêâèâàëåíòíîñòè è ðàçáèâàåò
ãðóïïó G íà êëàññû ϕ-ñîïðÿæåííîñòè. Åñëè ϕ � òîæäåñòâåííûé àâ-
òîìîðôèçì, òî êëàññû ϕ-ñîïðÿæåííîñòè � ýòî îáû÷íûå êëàññû ñî-
ïðÿæåííîñòè. ÑèìâîëîìR(ϕ) îáîçíà÷èì ÷èñëî êëàññîâ ϕ-ñîïðÿæåí-
íîñòè. Åñëè R(ϕ) = ∞ äëÿ âñÿêîãî àâòîìîðôèçìà ϕ ∈ Aut G, òî
ãîâîðèì, ÷òî ãðóïïà G îáëàäàåò ñâîéñòâîì R∞.
Â ðàáîòå [1] ñôîðìóëèðîâàí âîïðîñ îá îïèñàíèè ãðóïï ñî ñâîé-

ñòâîì R∞, à â ðàáîòå [2] ýòîò âîïðîñ ðàññìîòðåí äëÿ íåêîòîðûõ ëè-
íåéíûõ ãðóïï. Óñòàíîâëåíî, â ÷àñòíîñòè,÷òî îáùàÿ ëèíåéíàÿ ãðóïïà
GLn(K) è ñïåöèàëüíàÿ ëèíåéíàÿ ãðóïïà SLn(K) ïðè n ≥ 3 îáëàäàþò
ñâîéñòâîì R∞, åñëè K � öåëîñòíîå êîëüöî, ñîäåðæàùåå ïîäêîëüöî
öåëûõ ÷èñåë, ó êîòîðîãî ãðóïïà àâòîìîðôèçìîâ Aut K ïåðèîäè÷íà.
Â äàííîé ðàáîòå ýòîò ðåçóëüòàò îáîáùåí íà ýëåìåíòàðíûå ãðóïïû

Øåâàëëå íàä ïîëåì. Äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Ïóñòü G = Eπ(Φ, F ) � ýëåìåíòàðíàÿ ãðóïïà Øåâàëëå
ñ íåïðèâîäèìîé ñèñòåìîé êîðíåé òèïà Φ íàä ïîëåì F . Åñëè ãðóïïà
àâòîìîðôèçìîâ ïîëÿ F ïåðèîäè÷íà, òî G îáëàäàåò ñâîéñòâîì R∞.

Ïðè äîêàçàòåëüñòâå äàííîãî ðåçóëüòàòà èñïîëüçîâàëîñü îïèñàíèå
àâòîìîðôèçìîâ ãðóïï Øåâàëëå íàä ïîëåì, ïîëó÷åííîå Äæ. Õàìô-
ðèñîì â 1969 ã.

Ñïèñîê ëèòåðàòóðû
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Î ïîëóðåøåòêàõ Ðîäæåðñà êîíå÷íûõ ñåìåéñòâ
â èåðàðõèè Åðøîâà

Ñ. Ñ. Îñïè÷åâ
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê

Îäíèì èç îñíîâíûõ íàïðàâëåíèé èññëåäîâàíèé â òåîðèè íóìåðà-
öèé ÿâëÿåòñÿ èçó÷åíèå ïîëóðåøåòîê Ðîäæåðñà â ðàçëè÷íûõ èåðàð-
õèÿõ ìíîæåñòâ [1]. Öåëü äàííîé ðàáîòû � ïîñòðîåíèå ñåìåéñòâ Σ−1

a -
ìíîæåñòâ [2] ñ ïîëóðåøåòêàìè Ðîäæåðñà, èçîìîðôíûìè íåêîòîðûì
áîëåå èëè ìåíåå èçó÷åííûì îáúåêòàì.
Ïóñòü S = {A,B} � ñåìåéñòâî ìíîæåñòâ, M ⊂ ω. Îïðåäåëèì

íóìåðàöèþ νM :

νMn = B, n ∈M ;
νMn = A, n /∈M .

Â ðàáîòå äîêàçàíà

Òåîðåìà 1. Ïóñòü S = {A,B} � ñåìåéñòâî íåïóñòûõ íåïåðåñåêà-
þùèõñÿ âû÷èñëèìî ïåðå÷èñëèìûõ ìíîæåñòâ. Íóìåðàöèÿ νM ñå-
ìåéñòâà S áóäåò Σ−1

a -âû÷èñëèìîé òîãäà è òîëüêî òîãäà, êîãäà
M ∈ ∆−1

a äëÿ ëþáîãî îðäèíàëüíîãî îáîçíà÷åíèÿ a.

Òåîðåìà 2. Ïóñòü S = {A,B} � ñåìåéñòâî íåïóñòûõ âû÷èñëèìî
ïåðå÷èñëèìûõ ìíîæåñòâ è A ⊂ B, a � îðäèíàëüíîå îáîçíà÷åíèå
íå÷åòíîãî èëè ïðåäåëüíîãî îðäèíàëà. Íóìåðàöèÿ νM ñåìåéñòâà S
áóäåò Σ−1

a -âû÷èñëèìîé òîãäà è òîëüêî òîãäà, êîãäà M ∈ Σ−1
a .

Äëÿ îðäèíàëüíûõ îáîçíà÷åíèé ÷åòíûõ îðäèíàëîâ äîêàçàíà

Ëåììà 1. Ïóñòü S = {A,B} � ñåìåéñòâî íåïóñòûõ âû÷èñëèìî
ïåðå÷èñëèìûõ ìíîæåñòâ è A ⊂ B, a � îðäèíàëüíîå îáîçíà÷åíèå
÷åòíîãî íåïðåäåëüíîãî îðäèíàëà.

1. Åñëè íóìåðàöèÿ νM ñåìåéñòâà S áóäåò Σ−1
a -âû÷èñëèìîé, òî

M ∈ Σ−1
a .

2. Ñóùåñòâóþò ñåìåéñòâî S ñ óïîìÿíóòûìè ñâîéñòâàìè è ìíî-
æåñòâîìM ∈ Σ−1

2 , òàêèå ÷òî νM íå ÿâëÿåòñÿ Σ−1
2 -âû÷èñëèìîé.
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Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ñîâåòà ïî ãðàí-
òàì Ïðåçèäåíòà ÐÔ äëÿ ãîñóäàðñòâåííîé ïîääåðæêè âåäóùèõ íà-
ó÷íûõ øêîë (ïðîåêò ÍØ-276.2012.1) è ïðè ïîääåðæêå ÔÖÏ Íàó÷-
íûå è íàó÷íî-ïåäàãîãè÷åñêèå êàäðû èííîâàöèîííîé Ðîññèè íà 2009�
2013 ãã. (Ñîãëàøåíèå � 8227).

Ñïèñîê ëèòåðàòóðû

1. Goncharov S. S., Badaev S. Theory of numberings, open problems
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2. Àðñëàíîâ Ì. Ì. Èåðàðõèÿ Åðøîâà. Êàçàíü: Êàçàí. ãîñ. óí-ò,
2007.

Ïðèìåíåíèå àëãåáðàè÷åñêèõ ìåòîäîâ
äëÿ îöåíêè óñòîé÷èâîñòè

íåêîòîðûõ êîìïüþòåðíûõ âû÷èñëåíèé

À. Í. Îñòûëîâñêèé
Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Äëÿ ðåøåíèÿ ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

akuk−1 + bkuk + ckuk+1 = fk, k = 1, . . . , N

õîðîøî èçâåñòåí ìåòîä ïðîãîíêè. Ðàññìîòðåí ïðîöåññ íàêîïëåíèÿ
îøèáîê ïðè ðåàëèçàöèè ýòîãî àëãîðèòìà â ñëåäóþùåé ìîäåëè ìà-
øèííîé àðèôìåòèêè

(x ∗ y)M = (x ∗ y)(1 + ε), |ε| ≤ εM , ∗ ∈ {+,−,×,÷}.

Ñ èñïîëüçîâàíèåì àëãåáðàè÷åñêîãî àïïàðàòà (æîðäàíîâà ôîðìà,
ìàòðè÷íîå ïðåäñòàâëåíèå ïðîåêòèâíûõ ïðåîáðàçîâàíèé) ïîëó÷åíà

Òåîðåìà 1. Ïóñòü a′k = ak/bk, c
′
k = ck/bk è ìàøèííîå εM ïðè

íåêîòîðîì δ ∈ (0, 1) óäîâëåòâîðÿþò óñëîâèÿì:

εM < min{(1− δ)2/64, δ/2, 0.01},

(1− δ)2|a′k|+ |c′k| ≤ 1− δ − 8εM ,

|a′k| ≤
1− δ − 9

√
εM

1 + (1− δ)2
, k = 1, . . . , N.
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Òîãäà àáñîëþòíàÿ ïîãðåøíîñòü ìàøèííîãî ðåøåíèÿ íå çàâèñèò
îò N è ñ òî÷íîñòüþ äî ìàëûõ âûñøåãî ïîðÿäêà îòíîñèòåëüíî

√
εM

óäîâëåòâîðÿåò íåðàâåíñòâó

|∆uk| ≤
24F ′
√
εM

δ(δ − 2εM)2
,

ãäå F ′ = max|fk|, k = 1, . . . , N .

Îòìåòèì, ÷òî ïðåäëîæåííàÿ îöåíêà â îòëè÷èå îò [1�4] òðåáóåò
óñëîâèÿ ñëàáåå êëàññè÷åñêîãî óñëîâèÿ äèàãîíàëüíîãî ïðåîáëàäàíèÿ,
íå òðåáóåò óñëîâèÿ ãëàäêîñòè êîýôôèöèåíòîâ è íå ñîäåðæèò íèêà-
êèõ íåîïðåäåë¼ííûõ êîíñòàíò.

Ñïèñîê ëèòåðàòóðû
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2. Âîåâîäèí À. Ô., Øóãðèí Ñ. Ì. Ìåòîäû ðåøåíèÿ îäíîìåðíûõ
ýâîëþöèîííûõ ñèñòåì. Íîâîñèáèðñê: Íàóêà, 1993.

3. Èëüèí Â. Ï., Êóçíåöîâ Þ. È. Òð¼õäèàãîíàëüíûå ìàòðèöû è èõ
ïðèëîæåíèÿ. Ì.: Íàóêà, 1985.

4. Ostylovsky A. N. An estimate of the absolute value and width of
the solution of a linear system of equations with tridiagonal interval
matrix by the interval sweep method. Reliable Computing, 1(4)
(1995), Institute of New Technologiesin Education. St.Petersburg
- Moscow. P. 393�401.

Î ñîïðÿæåíèè öåíòðàëüíûõ ìîäóëÿòîðîâ

Èí. È. Ïàâëþê, Ë. È. Òåíÿåâà
Ïàâëîäàðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ïàâëîäàð

Èçâåñòíî [1], ÷òî â ãðóïïå G öåíòðàëèçàòîðû C(a) = {x/ax = a},
C(b) = {y/by = b} ñîïðÿæåííûõ ýëåìåíòîâ

(a c ≡b)
Def
= ((∃x ∈ G) (ax = b))

ñîïðÿæåíû ìåæäó ñîáîé - C(a) c ≡ C(b). Îòíîøåíèå öåíòðàëüíîé
ñðàâíèìîñòè ýëåìåíòîâ a, b ãðóïïû G ââîäèòñÿ ôîðìóëîé [2]
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(a 1 ≡ : b)
Def
= (|C(b) : C(b)

⋂
C(a)| = 1),

à ìíîæåñòâî ýëåìåíòîâ x ãðóïïû G, óäîâëåòâîðÿþùèõ ñðàâíåíèþ
x 1 ≡ : a, íàçûâàåòñÿ öåíòðàëüíûì ìîäóëÿòîðîì

1≡M(a) ýëåìåíòà
a â ãðóïïå G, ò. å.

1≡M(a) = {x/x 1 ≡ : a}.

Óñòàíîâëåíî [2], ÷òî
1≡M(a) - ïîäãðóïïà ãðóïïû C(a).

Ïðåäëîæåíèå. Â ãðóïïå G öåíòðàëüíûå ìîäóëÿòîðû ñîïðÿæåí-
íûõ ýëåìåíòîâ ñîïðÿæåíû ìåæäó ñîáîé, ò. å.

(((∀a, b ∈ G) (a c ≡ b))⇒ (
1≡M(a) c ≡ 1≡M(b))).

Òåîðåìà. Â ãðóïïåG äëÿ ëþáûõ åå ýëåìåíòîâ a, x âåðíà ôîðìóëà
(∀a, x ∈ G) ((

1≡M(a))x =
1≡M(ax)).

Ñïèñîê ëèòåðàòóðû
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Ïîëóïîëÿ è ïîëóïîëåâûå ïëîñêîñòè íå÷åòíîãî ïîðÿäêà

Ñ. Â. Ïàíîâ
Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Õîðîøî èçâåñòíà ãèïîòåçà î ðàçðåøèìîñòè ãðóïïû êîëëèíåàöèé
êîíå÷íîé íåäåçàðãîâîé ïîëóïîëåâîé ïëîñêîñòè [1]. Äîêëàä ïîñâÿ-
ùåí ïåðå÷èñëåíèÿì ìåòîäàìè [1,2] êîíå÷íûõ ïîëóïîëåâûõ ïëîñêî-
ñòåé íå÷åòíîãî ïîðÿäêà íàðÿäó ñ ïðîâåðêîé ãèïîòåçû äëÿ íèõ, à òàê-
æå âçàèìîñâÿçàííîìó ïåðå÷èñëåíèþ êîíå÷íûõ ïîëóïîëåé. Â ÷àñòíî-
ñòè, äîêàçàíî, ÷òî íåäåçàðãîâàÿ ïîëóïîëåâàÿ ïëîñêîñòü ïîðÿäêà 27
åäèíñòâåííà ñ òî÷íîñòüþ äî èçîìîðôèçìîâ, à åå ãðóïïà êîëëèíåàöèé
ðàçðåøèìà [3].

Èññëåäîâàíèå ïîääåðæàíî ÐÔÔÈ (ïðîåêò 12-01-00968).
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Ïîëèíîìèàëüíûå ïîäñòàíîâêè è èõ öèêëû
íàä ïðèìàðíûì êîëüöîì

Í. Ã. Ïàðâàòîâ
Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Òîìñê

Èçó÷àåòñÿ öèêëîâàÿ ñòðóêòóðà ïîëèíîìèàëüíîé ïîäñòàíîâêè íàä
ïðèìàðíûì êîëüöîì Zpk , ãäå p � ïðîñòîå è k > 1.
Ïóñòü m � öåëîå ïîëîæèòåëüíîå ÷èñëî è Zm = {0, 1, . . . ,m − 1}

� êîëüöî êëàññîâ âû÷åòîâ ïî ìîäóëþ m. Âñÿêèé öåëî÷èñëåííûé
ìíîãî÷ëåí f(x) èç Z[x] îïðåäåëÿåò ôóíêöèþ [f ]m : Zm → Zm, ãäå
[f ]m : x 7→ f(x) mod m, êîòîðàÿ íàçûâàåòñÿ ïîëèíîìèàëüíîé íàä
Zm. Äëÿ ïðèìàðíîãî ìîäóëÿ m = pk (ýòî îñíîâíîé ñëó÷àé) òàêèå
ôóíêöèè, èìåþùèå ïðèëîæåíèÿ â êðèïòîãðàôèè è òåîðèè êîäèðî-
âàíèÿ, îõàðàêòåðèçîâàíû â [1].
Ìíîãî÷ëåí f(x) íàçûâàåòñÿ ïåðåñòàíîâî÷íûì ïî ìîäóëþ m, åñëè

ôóíêöèÿ [f ]m ÿâëÿåòñÿ ïîäñòàíîâêîé íàä êîëüöîì Zm. Â ýòîì ñëó-
÷àå äëÿ ëþáîãî öåëîãî ÷èñëà x èç Z ÷èñòî ïåðèîäè÷åñêîé ÿâëÿåòñÿ
ðåêóððåíòíàÿ ïîñëåäîâàòåëüíîñòü f (l)(x) mod m, ãäå l = 0, 1, 2, . . .,
f (l)(x) = x ïðè l = 0 è f (l)(x) = f (l−1)(f(x)) ïðè l > 0. Îáîçíà÷èì
÷åðåç T (x, f,m) ìíîæåñòâî å¼ ýëåìåíòîâ.
Â äîêëàäå ðàññìàòðèâàþòñÿ öåëî÷èñëåííûå ìíîãî÷ëåíû, ïåðåñòà-

íîâî÷íûå ïî ïðèìàðíîìó ìîäóëþ m = pk, ãäå p � ïðîñòîå è k > 1, è
îïðåäåëÿþùèå çàäàííóþ ïîäñòàíîâêó ïî ìîäóëþ p. Äëÿ ïðîèçâîëü-
íîãî òàêîãî ìíîãî÷ëåíà f(x) èçó÷àåòñÿ öèêëîâàÿ ñòðóêòóðà ïîäñòà-
íîâêè [f ]pk .
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Ïðèíöèïèàëüíûì äëÿ ðàññìàòðèâàåìîé çàäà÷è ÿâëÿåòñÿ ñëó÷àé
k = 2 è ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 1. Ïóñòü f � öåëî÷èñëåííûé ìíîãî÷ëåí, ïåðåñòàíîâî÷-
íûé ïî ìîäóëþ p2, x � öåëîå ÷èñëî, T = ∪l∈ZT (x + pl, f, p2) è
n = |T (x, f, p)|. Òîãäà âûïîëíÿåòñÿ àëüòåðíàòèâà:
1) ìíîæåñòâî T ðàçáèâàåòñÿ ïîäñòàíîâêîé [f ]p2 íà p å¼ öèêëîâ

äëèíû n èëè ñîñòàâëÿåò îòäåëüíûé å¼ öèêë äëèíû pn;
2) äëÿ íåêîòîðîãî k, òàêîãî, ÷òî 1 < k è k|p− 1, ìíîæåñòâî T

ðàçáèâàåòñÿ ïîäñòàíîâêîé [f ]p2 íà p−1
k å¼ öèêëîâ äëèíû kn è îäèí

öèêë äëèíû n.

Èíûìè ñëîâàìè, öèêë äëèíû n ïîëèíîìèàëüíîé ïîäñòàíîâêè [f ]p
ïîðîæäàåò â ïîäñòàíîâêå [f ]p2 ëèáî îäèí öèêë äëèíû pn, ëèáî îäèí
öèêë äëèíû n è p−1

k öèêëîâ äëèíû kn äëÿ íåêîòîðîãî k|p−1. Êàêàÿ
èìåííî èç àëüòåðíàòèâ, óêàçàííûõ â òåîðåìå, èìååò ìåñòî, îïðåäå-
ëÿåòñÿ çíà÷åíèÿìè ïðîèçâîäíîé f ′ íà ýëåìåíòàõ öèêëà T (x, f, p).
Áîëåå äåòàëüíîå ðàññìîòðåíèå ïîçâîëÿåò ñôîðìóëèðîâàòü ìåòîäû
ïåðå÷èñëåíèÿ ïåðåñòàíîâî÷íûõ ìíîãî÷ëåíîâ ñ çàäàííîé öèêëîâîé
ñòðóêòóðîé ïî ìîäóëþ pk.

Ñïèñîê ëèòåðàòóðû

1. Carlitz L. Functions and polynomials ( mod pn) // Acta Arithmetica.
1964. T. 9. P. 67�68.

Ðàçâèòèå ïîíÿòèÿ ðàâíîìåðíîãî ïðîèçâåäåíèÿ ïîäãðóïï

Î. Â. Ïàøêîâñêàÿ
Êðàñíîÿðñêèé èíñòèòóò æåëåçíîäîðîæíîãî òðàíñïîðòà, Êðàñíîÿðñê

Îïðåäåëåíèå ðàâíîìåðíîãî ïðîèçâåäåíèÿ áûëî ïðåäëîæåíî Ñ. Í. ×åð-
íèêîâûì (ñì., íàïðèìåð, [1]).
Ïóñòü G � ãðóïïà, I � íåïóñòîå ìíîæåñòâî èíäåêñîâ, ñîñòîÿùåå

íå ìåíåå ÷åì èç äâóõ ýëåìåíòîâ, è Ai, i ∈ I, � íåêîòîðûå (íåîáÿ-
çàòåëüíî ïîïàðíî ðàçëè÷íûå) ïîäãðóïïû ãðóïïû G. Ãðóïïà G ÿâ-
ëÿåòñÿ ðàâíîìåðíûì ïðîèçâåäåíèåì ïîäãðóïï Ai, i ∈ I, åñëè îíà
ïîðîæäàåòñÿ èìè, è ïðè ëþáûõ ðàçëè÷íûõ èíäåêñàõ i ∈ I è j ∈ I
ïðîèçâîëüíàÿ öèêëè÷åñêàÿ ïîäãðóïïà ãðóïïû Ai ïåðåñòàíîâî÷íà ñ
ïðîèçâîëüíîé öèêëè÷åñêîé ïîäãðóïïîé ãðóïïû Aj.
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Ñòðîåíèå ãðóïï, êîòîðûå ÿâëÿþòñÿ ðàâíîìåðíûì ïðîèçâåäåíèåì
ñèëîâñêèõ ïîäãðóïï, áûëî îïèñàíî Â. Ï. Øóíêîâûì â [2].
Ïðîäîëæàÿ èçó÷àòü ñòðîåíèå ãðóïï ñ óñëîâèÿìè ïåðåñòàíîâî÷-

íîñòè íà ñèñòåìû ïîäãðóïï, ìû ïîëó÷èëè îïðåäåëåíèå îáîáùåííî
ðàâíîìåðíîãî ïðîèçâåäåíèÿ.
ÃðóïïàG íàçûâàåòñÿ îáîáùåííî ðàâíîìåðíûì ïðîèçâåäåíèåì ñâî-

èõ ïîäãðóïï Qi, i ∈ I, åñëè: G = ãð(Qi | i ∈ I), ãäå Qi � qi-
ïîäãðóïïû, è âûïîëíÿþòñÿ óñëîâèÿ:

1) QiQj = QjQi, i, j ∈ I;
2) åñëè Qi îáëàäàåò ýëåìåíòàðíîé àáåëåâîé ïîäãðóïïîé Ri ïî-

ðÿäêà ≥ q2
i , òî Ri ïåðåñòàíîâî÷íà ñ ëþáîé íåöèêëè÷åñêîé ýëåìåí-

òàðíîé àáåëåâîé ïîäãðóïïîé èç Qj, i 6= j;
3) ãðóïïà, ïîðîæäåííàÿ âñåìè Qj, íå ñîäåðæàùèìè ýëåìåíòàð-

íûõ àáåëåâûõ ïîäãðóïï ïîðÿäêà ≥ q2
j , ÿâëÿåòñÿ ðàâíîìåðíûì ïðî-

èçâåäåíèåì ïîäãðóïï Qj.
Â [3] ïîëó÷åíî îïèñàíèå ñòðîåíèÿ ãðóïï, ÿâëÿþùèõñÿ îáîáùåííî

ðàâíîìåðíûì ïðîèçâåäåíèåì ñâîèõ ñèëîâñêèõ ïîäãðóïï.
Â íàñòîÿùåå âðåìÿ ðàññìàòðèâàþòñÿ ãðóïïû, ïðåäñòàâèìûå â âè-

äå ïðîèçâåäåíèÿ ãðóïï ñ ðàçëè÷íûìè ñèñòåìàìè ïåðåñòàíîâî÷íûõ
ïîäãðóïï [4]. Ïîëó÷åíî îïèñàíèå íåêîòîðûõ ÷àñòíûõ ñëó÷àåâ òàêèõ
ïðîèçâåäåíèé (íàïðèìåð, ñ ñèñòåìàìè ïåðåñòàíîâî÷íûõ ïîäãðóïï
ðàíãà 3).

Ñïèñîê ëèòåðàòóðû
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3. Ïàøêîâñêàÿ Î. Â. Îáîáùåííî ðàâíîìåðíûå àâòîìîðôèçìû è îá-
îáùåííî ðàâíîìåðíûå ïðîèçâåäåíèÿ. Ì., 2005. 6 ñ. Äåï. â ÂÈ-
ÍÈÒÈ (02.02.05). � 152�Â2005.

4. Ïàøêîâñêàÿ Î. Â. Ãðóïïû, ðàçëîæèìûå â îáîáùåííî ðàâíîìåð-
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Îá ýêñïîíåíòàõ íåêîòîðûõ àññîöèàòèâíûõ àëãåáð

Ñ. Ì. Ðàöååâ
Óëüÿíîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Óëüÿíîâñê

Ïóñòü A(X) � ñâîáîäíàÿ àññîöèàòèâíàÿ àëãåáðà îò ñ÷åòíîãî ìíî-
æåñòâà ñâîáîäíûõ îáðàçóþùèõ X = {x1, x2, ...}, Pn � ïîäïðîñòðàí-
ñòâî â A(X), ñîñòîÿùåå èç âñåõ ïîëèëèíåéíûõ ýëåìåíòîâ ñòåïåíè n
îò ïåðåìåííûõ x1, ..., xn. Ïóñòü òàêæå V � íåêîòîðîå ìíîãîîáðàçèå
àññîöèàòèâíûõ àëãåáð, Id(V ) � èäåàë òîæäåñòâ ìíîãîîáðàçèÿ V .
Îáîçíà÷èì

Pn(V ) = Pn/(Pn∩Id(V )), cn(V ) = dim Pn(V ), exp(V ) = lim
n→∞

n
√
cn(V ).

Íàïîìíèì, ÷òî â ñëó÷àå îñíîâíîãî ïîëÿ íóëåâîé õàðàêòåðèñòèêè
Sn-ìîäóëü Pn(V ) ÿâëÿåòñÿ âïîëíå ïðèâîäèìûì è ðàçëîæåíèå åãî
õàðàêòåðà â öåëî÷èñëåííóþ êîìáèíàöèþ íåïðèâîäèìûõ õàðàêòåðîâ
èìååò ñëåäóþùèé âèä:

χn(V ) = χ(Pn(V )) =
∑
λ`n

mλ(V )χλ. (1)

Îáîçíà÷èì ÷åðåç Us ìíîãîîáðàçèå àññîöèàòèâíûõ àëãåáð, îïðåäå-
ëåííîå òîæäåñòâîì

[x1, x2]...[x2s−1, x2s] = 0.

Â ðàáîòàõ [1,2], â ÷àñòíîñòè, ïîêàçàíî, ÷òî äëÿ ëþáîãî ìíîãîîáðà-
çèÿ àññîöèàòèâíûõ àëãåáð V íàä ïðîèçâîëüíûì ïîëåì exp(V ∩ Us)
ñóùåñòâóåò è ÿâëÿåòñÿ öåëûì ÷èñëîì.

Òåîðåìà 1. Ïóñòü V � ìíîãîîáðàçèå àññîöèàòèâíûõ àëãåáð íàä
ïîëåì íóëåâîé õàðàêòåðèñòèêè è d � íåêîòîðîå íåîòðèöàòåëüíîå
öåëîå ÷èñëî. Òîãäà ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû.

1) exp(V ∩ Ud+1) ≤ d;
2) äëÿ ëþáîãî öåëîãî s > d âûïîëíåíî íåðàâåíñòâî exp(V ∩Us) ≤

d;
3) ñóùåñòâóåò òàêàÿ êîíñòàíòà C, ÷òî â ñóììå (1) mλ(V ∩

Ud+1) = 0 â ñëó÷àå, åñëè âûïîëíåíî óñëîâèå n−(λ1+λ2+...+λd) > C;
4) äëÿ ëþáîãî öåëîãî s > d ñóùåñòâóåò òàêàÿ êîíñòàíòà C =

C(s), ÷òî â ñóììå (1) mλ(V ∩ Us) = 0 â ñëó÷àå, åñëè âûïîëíåíî
óñëîâèå n− (λ1 + λ2 + ...+ λd) > C.
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Òåîðåìà 2. Ïóñòü äëÿ íåêîòîðîãî ìíîãîîáðàçèÿ àññîöèàòèâíûõ
àëãåáð V íàä ïîëåì íóëåâîé õàðàêòåðèñòèêè è íåêîòîðîãî öåëîãî
íåîòðèöàòåëüíîãî d âûïîëíåíî ðàâåíñòâî exp(V ∩Ud+1) = d. Òîãäà
äëÿ ëþáîãî öåëîãî s > d áóäåò âûïîëíåíî ðàâåíñòâî exp(V ∩Us) =
d.

Ñïèñîê ëèòåðàòóðû
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Áàçèñ äîïóñòèìûõ ïðàâèë ëîãèê
êîíå÷íîé ãëóáèíû íàä S4.

Â. Â. Ðèìàöêèé
Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Ïóñòü λ � ôèíèòíî àïïðîêñèìèðóåìàÿ ìîäàëüíàÿ ëîãèêà íàä S4
êîíå÷íîé ãëóáèíû. Äëÿ ïîñòðîåíèÿ ïîñëåäîâàòåëüíîñòè ïðàâèë âû-
âîäà îïðåäåëèì ôîðìóëû f(i) ñëåäóþùèì îáðàçîì. Âûáåðåì ïðî-
èçâîëüíóþ íåòðèâèàëüíóþ àíòèöåïü X ⊆ Chw(λ), èìåþùóþ îäíî-
ýëåìåíòíîå êî-íàêðûòèå z â w-õàðàêòåðèñòè÷åñêîé ìîäåëè Chw(λ)
(ò. å. ôðåéì zR = {z} ∪ XR ÿâëÿåòñÿ λ-ôðåéìîì). Çàòåì ïîñòðîèì
êî-íàêðûòèéíûé ïîñëåäîâàòåëü Coλ(zR) è âûáåðåì íàèìåíüøåå n
òàê, ÷òîáû âûïîëíèëîñü Coλ(zR) v Chn(λ). Ïåðåíåñåì îçíà÷èâàíèå
V ñ Chn(λ) íà Coλ(zR), ò. å. ââåäåì îçíà÷èâàíèå S, êîòîðîå äàëåå
áóäåì ñ÷èòàòü ôèêñèðîâàííûì íà Coλ(zR).
Èíäóêöèåé ïî ãëóáèíå ýëåìåíòà a ∈ Coλ(z

R) îïðåäåëèì ôîð-
ìóëó f(a) ñëåäóþùèì îáðàçîì. Äëÿ êàæäîãî ýëåìåíòà a îïðåäå-
ëèì p(a) := {i | a 
S pi} è α(a) :=

∧
i∈p(a) pi ∧

∧
i/∈p(a) ¬pi. Äëÿ

ëþáîãî íåâûðîæäåííîãî ñãóñòêà C îïðåäåëèì ôîðìóëó α(C) :=∧
a∈C 3α(a). Äëÿ êàæäîãî ðåôëåêñèâíîãî ýëåìåíòà a ∈ Coλ(zR) ãëó-

áèíû 1 îïðåäåëèì ôîðìóëó f(a) := α(a) ∧ α(C(a)) ∧ 2(α(C(a)).
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Îïðåäåëèì òàêæå ôîðìóëó

δ(a) :=
∧

c∈{a}R<
3f(c) ∧

∧
c∈S≤i(Coλ(zR))&c/∈{a}R<

¬3f(c).

Ðàññìîòðèì ðåôëåêñèâíûé ýëåìåíò a èç Si+1(Coλ(z
R)) è ñãóñòîê

C(a), ñîäåðæàùèé a. Äëÿ òàêîãî ýëåìåíòà a çàôèêñèðóåì ôîðìóëû:

γ(i) :=
∧

c∈S≤i(Coλ(zR)

¬f(c),

θ(a) :=
∧
{3(α(d) ∧ δ(a) ∧ γ(i)) | d ∈ C(a)},

φ(a) := 2(
∨

c∈{a}R<
f(c) ∨

∨
d∈C(a)

(α(d) ∧ δ(a) ∧ θ(a)),

f(a) := α(a) ∧ δ(a) ∧ γ(i) ∧ θ(a) ∧ φ(a).

Îïðåäåëèì ïðàâèëà âûâîäà ñëåäóþùèì îáðàçîì:

R1 :=
3p ∧3¬p
p ∧ ¬p

; R(z;X ) :=

∨
i∈[Coλ(zR)\{z}]

f(i)

¬f(z)
.

Îïðåäåëèì òåïåðü ìíîæåñòâî ïðàâèë âûâîäàR = {R1∪{R(z;X )}}
ïî âñåì âîçìîæíûì ðàçëè÷íûì íåòðèâèàëüíûì àíòèöåïÿì X ⊆
Chw(λ), äîïóñêàþùèõ λ-êî-íàêðûòèå z. Îñíîâíûì ðåçóëüòàòîì ÿâ-
ëÿåòñÿ

Òåîðåìà 1. Ïóñòü λ � ôèíèòíî àïïðîêñèìèðóåìàÿ ìîäàëüíàÿ ëî-
ãèêà íàä S4 êîíå÷íîé ãëóáèíû. Ìíîæåñòâî ïðàâèë âûâîäà R =
{R1 ∪ {R(z;X )}} ïî âñåì âîçìîæíûì ðàçëè÷íûì íåòðèâèàëüíûì
àíòèöåïÿì X ⊆ Chw(λ), äîïóñêàþùèõ λ-êî-íàêðûòèå z, ÿâëÿåòñÿ
áàçèñîì äëÿ äîïóñòèìûõ ïðàâèë ëîãèêè λ.
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Î ëîêàëüíîì ðàñïðåäåëåíèè ïðîñòûõ ÷èñåë

À. Â. Ðîæêîâ
Ñåâåðî-Êàâêàçñêèé ôåäåðàëüíûé óíèâåðñèòåò, Ñòàâðîïîëü

Ðàñïðåäåëåíèå ïðîñòûõ ÷èñåë îïðåäåëÿåòñÿ òåîðåìîé Ï. Ë. ×å-
áûøåâà.
Õîðîøî èçó÷åíû íåáîëüøèå ñåìåéñòâà ïðîñòûõ ÷èñåë. Ïðîñòûå

÷èñëà âèäà (p, p+ 2) � áëèçíåöû, (p, p+ 2, p+ 6); (p, p+ 4, p+ 6) �
òðèïëåòû è (p, p+ 2, p+ 6, p+ 8) � ñäâîåííûå áëèçíåöû.
Ïðåäëàãàåòñÿ îáîáùåíèå ýòèõ ïîíÿòèé.
Åñëè n ïðîñòûõ ÷èñåë, áîëüøèõ n, ñîäåðæèòñÿ âíóòðè îòðåçêà

ìèíèìàëüíî âîçìîæíîé äëèíû, òî ìû íàçîâåì èõ ïëîòíîé n-êîé.
Áëèçíåöû, òðèïëåòû è ñäâîåííûå áëèçíåöû � ýòî ïëîòíûå 2-êè,

3-êè è 4-êè ñîîòâåòñòâåííî. Óñëîâèå "áîëüøèõ n"ïðèíöèïèàëüíî,
÷òîáû îòñå÷ü íà÷àëî êîîðäèíàò è ðàñïðîñòðàíèòü ïîíÿòèå íà âåñü
íàòóðàëüíûé ðÿä.
Îïðåäåëåíèå ïëîòíûõ n−ê ðåêóððåíòíî. Íå çíàÿ äëèíó n−êè, ìû

íå ìîæåì íàéòè (n+ 1)-êó. Áàçà èíäóêöèè � ñäâîåííûå áëèçíåöû.
Ïîèñê âèäà ïëîòíûõ n−ê ðåàëèçîâàí â âèäå ïðîãðàììû íà GAP.

Àëãîðèòì èìååò ïî÷òè íóëåâóþ ñëîæíîñòü ñ÷åòà, íî òðåáóåò ïåðå-
áîðà ýêñïîíåíöèàëüíî ðàñòóùåãî ÷èñëà âàðèàíòîâ, ôàêòè÷åñêè âåð-
øèí ñëîéíî îäíîðîäíîãî äåðåâà ñ âåòâëåíèåì 3, 5, 7, ..., p, ãäå p �
ìàêñèìàëüíîå ïðîñòîå ÷èñëî, íå ïðåâîñõîäÿùåå n. Íàéäåí âèä âñåõ
ïëîòíûõ n−ê äî n = 191 âêëþ÷èòåëüíî. Ðàçíûõ âèäîâ ïëîòíûõ 105-
ê îêàçàëîñü 486 � ýòî ëîêàëüíûé ìàêñèìóì. Ïëîòíûå n−êè âëîæå-
íû äðóã â äðóãà. Ãðóïïà àâòîìîðôèçìîâ ãðàôà âëîæåíèé (ïðîâåðå-
íî äî n = 30) � ýëåìåíòàðíàÿ àáåëåâà.
Òàêæå íà GAP íàïèñàíà ïðîãðàììà ïî ïîèñêó ïëîòíûõ n−ê êîí-

êðåòíîãî âèäà. Ïðîãðàììà èìååò ýêñïîíåíöèàëüíî ðàñòóùóþ ñëîæ-
íîñòü âû÷èñëåíèé. Ïðè ïåðåõîäå îò n−êè ê (n + 1)−êå êîëè÷åñòâî
÷èñåë, êîòîðûå íåîáõîäèìî ïðîâåðèòü íà ïðîñòîòó, óâåëè÷èâàåòñÿ
ïðèìåðíî â 100 ðàç. Íàïðèìåð, äëÿ ïîèñêà 15-ê íóæíî ïðîâåðèòü íà
ïðîñòîòó ïîðÿäêà 1020 20-çíà÷íûõ ÷èñåë. Â íàñòîÿùåå âðåìÿ íàéäå-
íû ïëîòíûå n−êè âñåõ òèïîâ äî n = 15 âêëþ÷èòåëüíî.
Âû÷èñëåíèÿ ïîêàçàëè, ÷òî ïëîòíûå n−êè ïîÿâëÿþòñÿ â äèàïà-

çîíå äî 10
2k
3 . Ïî ×åáûøåâó îíè äîëæíû áûëè ïîÿâèòüñÿ â ðàéîíå 10k

äëÿ ïîäõîäÿùåãî k = k(n). Äëÿ ïëîòíûõ 15-ê ýòî îçíà÷àåò, ÷òî èõ
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íà ïðîìåæóòêå [0, 1020] ïðèìåðíî â ìèëëèîí ðàç áîëüøå, ÷åì ïðåä-
ñêàçûâàåò çàêîí ðàñïðåäåëåíèÿ ïðîñòûõ ÷èñåë. Ïðîñòûå ÷èñëà ÿâíî
ñêëîííû ê ëîêàëüíûì ñãóùåíèÿì, ÷òî âàæíî äëÿ êðèïòîãðàôèè.
Ãèïîòåçà. Äëÿ ëþáîãî íàòóðàëüíîãî N íàéäåòñÿ íàòóðàëüíîå

K, òàêîå, ÷òî íà îòðåçêå [K,K+N ] áóäåò íå ìåíåå π(N)−ln π(N)
ïðîñòûõ ÷èñåë, ãäå π(N) � êîëè÷åñòâî ïðîñòûõ ÷èñåë íà îòðåçêå
[3, N ].
Èñêîìûé îòðåçîê � ïëîòíàÿ n−êà äëÿ ïîäõîäÿùåãî n. Ãèïîòå-

çà ïðîâåðåíà äî N = 1200, â òîì ñìûñëå, ÷òî íà îòðåçêå äëèíû
1200 óìåùàåòñÿ ïëîòíàÿ 191-êà. Ñòðóêòóðà åå âû÷èñëåíà, îñòàåòñÿ
åå íàéòè.

Øóíêîâñêèå óñëîâèÿ êîíå÷íîñòè
â ãðóïïàõ àâòîìîðôèçìîâ îäíîðîäíûõ äåðåâüåâ

À. Â. Ðîæêîâ
Ñåâåðî-Êàâêàçñêèé ôåäåðàëüíûé óíèâåðñèòåò, Ñòàâðîïîëü

Â ðàáîòå [1] ââåäåí ðÿä óñëîâèé êîíå÷íîñòè â äóõå Â. Ï. Øóíêîâà
è ïðèâåäåíû ïðèìåðû ÀÒ-ãðóïï, ðàçãðàíè÷èâàþùèå êëàññû ãðóïï
ñ ýòèìè óñëîâèÿì. Â Êîóðîâñêîé òåòðàäè [2] çàïèñàí âîïðîñ 16.79.

Âåðíî ëè, ÷òî â ëþáîé êîíå÷íî ïîðîæäåííîé AT-ãðóïïå íàä ïîñëå-
äîâàòåëüíîñòüþ öèêëè÷åñêèõ ãðóïï, ïîðÿäêè êîòîðûõ îãðàíè÷åíû,
âñå ñèëîâñêèå ïîäãðóïïû ëîêàëüíî êîíå÷íû?

Ñ èñïîëüçîâàíèåì ìåòîäîâ ðàáîòû [1] ýòîò âîïðîñ ðåøàåòñÿ îòðè-
öàòåëüíî.

Òåîðåìà 1. Åñëè ïîñëåäîâàòåëüíîñòü öèêëè÷åñêèõ ïîäãðóïï, ïî-
ðÿäêè êîòîðûõ îãðàíè÷åíû, ñîäåðæèò òîëüêî êîíå÷íîå ÷èñëî ÷ëå-
íîâ ïðîñòîãî ïîðÿäêà, òî ñóùåñòâóåò ÀÒ-ãðóïïà íàä ýòîé ïîñëå-
äîâàòåëüíîñòüþ, â êîòîðîé õîòÿ áû îäíà ñèëîâñêàÿ ïîäãðóïïà íå
ëîêàëüíî êîíå÷íà.

Òåîðåìà 2. Ñèëîâñêèå ïîäãðóïïû ëþáîé êîíå÷íî ïîðîæäåííîé ôè-
íèòíî àïïðîêñèìèðóåìîé ïåðèîäè÷åñêîé ÀÒ-ãðóïïû íàä ïîñëåäîâà-
òåëüíîñòüþ êîíå÷íûõ ãðóïï áåñêîíå÷íû.

Ïîëó÷åíû íåêîòîðûå ïðîìåæóòî÷íûå ðåçóëüòàòû â ñâÿçè ñ âîïðî-
ñîì 13.55.
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Ñóùåñòâóåò ëè ãðóïïà Ãîëîäà, èçîìîðôíàÿ AT-ãðóïïå?

Òåîðåìà 3. Äëÿ ëþáîãî ïðîñòîãî ÷èñëà p ñóùåñòâóåò ÀÒ-ãðóïïà,
â êîòîðîé âñå ñèëîâñêèå p-ïîäãðóïïû êîíå÷íû è ñîïðÿæåíû.

Ãèïîòåçà àâòîðà ñîñòîèò â òîì, ÷òî âîïðîñ î ãðóïïàõ Ãîëîäà è
Àëåøèíà ðåøàåòñÿ îòðèöàòåëüíî. Êëþ÷ ê ðàçãàäêå ëåæèò öåíòðå
ãðóïïû. Ó ãðóïï Àëåøèíà öåíòð âñåãäà òðèâèàëåí, à ó ãðóïï Ãîëîäà
÷àñòî íåò.

Ñïèñîê ëèòåðàòóðû

1. Ðîæêîâ À. Â. Óñëîâèÿ êîíå÷íîñòè â ãðóïïàõ àâòîìîðôèçìîâ äå-
ðåâüåâ // Àëãåáðà è ëîãèêà. 1998. Ò. 37. � 5. Ñ. 568�605.

2. Êîóðîâñêàÿ òåòðàäü. 17-å èçä. Íîâîñèáèðñê: Èíñòèòóò ìàòåìà-
òèêè ÑÎ ÐÀÍ, 2010.

Ýêçèñòåíöèàëüíî çàìêíóòûå ïîäãðóïïû
ñâîáîäíûõ íèëüïîòåíòíûõ ãðóïï

Â. À. Ðîìàíüêîâ
Îìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ô. Ì. Äîñòîåâñêîãî, Îìñê

Í. Ã. Õèñàìèåâ
Âîñòî÷íî-Êàçàõñòàíñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò èì. Ä.

Ñåðèêáàåâà, Óñòü-Êàìåíîãîðñê

ÏîäìíîæåñòâîB àëãåáðàè÷åñêîé ñèñòåìûA íàçûâàåòñÿ ýêçèñòåí-
öèàëüíî çàìêíóòûì â A, åñëè ëþáàÿ ýêçèñòåíöèàëüíàÿ ôîðìóëà ñ
êîíñòàíòàìè èç B ñïðàâåäëèâà â A òîãäà è òîëüêî òîãäà, êîãäà îíà
ñïðàâåäëèâà â B.

Òåîðåìà 1. Ïîäãðóïïà N ñâîáîäíîé íèëüïîòåíòíîé ãðóïïû Nr,c

ðàíãà r ≥ 3 ñòóïåíè íèëüïîòåíòíîñòè c ≥ 3 ýêçèñòåíöèàëüíî
çàìêíóòà â Nr,c òîãäà è òîëüêî òîãäà, êîãäà N ÿâëÿåòñÿ ñâîáîä-
íûì ìíîæèòåëåì ãðóïïû Nr,c îòíîñèòåëüíî ìíîãîîáðàçèÿ Nc âñåõ
íèëüïîòåíòíûõ ãðóïï ñòóïåíè ≤ c, ñëåäîâàòåëüíî, N ' Nm,c, 1 ≤
m ≤ r, è m ≥ c − 1. Äëÿ c = 2 ïîñëåäíåå îãðàíè÷åíèå ñëåäóåò
çàìåíèòü íà m ≥ 2.
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Çàìåòèì, ÷òî ýêçèñòåíöèàëüíî çàìêíóòûìè ïîäãðóïïàìè ñâîáîä-
íûõ àáåëåâûõ ãðóïï ÿâëÿþòñÿ èõ ïðÿìûå ìíîæèòåëè.
Èññëåäîâàíèå âûïîëíåíî ïðè ïîääåðæêå ÌÎèÍ Ðîññèéñêîé Ôå-

äåðàöèè (ïðîåêòû 14.B37.21.0359/0859) è ÌÎèÍ Ðåñïóáëèêè Êàçàõ-
ñòàí (ïðîåêò 90-419-13).

Î ñâîéñòâàõ îäíîïîðîæäåííûõ lτω∞-ôîðìàöèé

Â. Ã. Ñàôîíîâ
Áåëîðóññêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ìèíñê

Âñå ðàññìàòðèâàåìûå ãðóïïû êîíå÷íû. Èñïîëüçóåòñÿ òåðìèíîëî-
ãèÿ, ïðèíÿòàÿ â [1, 2].
Ïóñòü ω � íåêîòîðîå íåïóñòîå ïîäìíîæåñòâî ìíîæåñòâà âñåõ ïðî-

ñòûõ ÷èñåë P, ω′ = P\ω. Ôóíêöèÿ âèäà f : ω∪{ω′} −→ {ôîðìàöèè}
íàçûâàåòñÿ ω-ëîêàëüíûì ñïóòíèêîì. ×åðåç LFω(f) îáîçíà÷àåòñÿ
êëàññ âñåõ òàêèõ ãðóïï G, ÷òî G/Gωd ∈ f(ω′) è G/Fp(G) ∈ f(p) äëÿ
ëþáîãî p ∈ ω ∩ π(G). Åñëè ôîðìàöèÿ F òàêîâà, ÷òî F = LFω(f), òî
ãîâîðÿò, ÷òî F ω-íàñûùåííàÿ ôîðìàöèÿ, à f � å¼ ω-ëîêàëüíûé ñïóò-
íèê. Âñÿêóþ ôîðìàöèþ ñ÷èòàþò 0-êðàòíî ω-íàñûùåííîé. Ïðè n ≥
1 ôîðìàöèþ F íàçûâàþò n-êðàòíî ω-íàñûùåííîé, åñëè F = LFω(f),
ãäå âñå çíà÷åíèÿ ω-ëîêàëüíîãî ñïóòíèêà f ÿâëÿþòñÿ (n− 1)-êðàòíî
ω-íàñûùåííûìè ôîðìàöèÿìè. Ôîðìàöèþ n-êðàòíî ω-íàñûùåííóþ
äëÿ ëþáîãî öåëîãî íåîòðèöàòåëüíîãî n íàçûâàþòòîòàëüíî ω-íàñû-
ùåííîé. Ïîäãðóïïîâûì ôóíêòîðîì íàçûâàþò îòîáðàæåíèå τ , ñîïî-
ñòàâëÿþùåå êàæäîé ãðóïïå G òàêóþ ñèñòåìó åå ïîäãðóïï τ(G), ÷òî:
1) G ∈ τ(G); 2) äëÿ ëþáûõ ãðóïï H ∈ τ(A) è T ∈ τ(B) è ëþáîãî
ýïèìîðôèçìà ϕ : A → B èìååò ìåñòî Hϕ ∈ τ(B) è Tϕ

−1 ∈ τ(A).
Òîòàëüíî ω-íàñûùåííóþ ôîðìàöèþ F íàçûâàþò τ -çàìêíóòîé, åñ-
ëè τ(G) ⊆ F äëÿ ëþáîé ãðóïïû G ∈ F. Ñîâîêóïíîñòü lτω∞ âñåõ
τ -çàìêíóòûõ òîòàëüíî ω-íàñûùåííûõ ôîðìàöèé îáðàçóåò ïîëíóþ
ìîäóëÿðíóþ ðåøåòêó. Ôîðìàöèè èç lτω∞ íàçûâàþò lτω∞-ôîðìàöèÿìè.
Äëÿ ëþáîãî ìíîæåñòâà ãðóïï X ÷åðåç lτω∞formX îáîçíà÷àþò ïåðå-

ñå÷åíèå âñåõ lτω∞-ôîðìàöèé, ñîäåðæàùèõ X. Â ÷àñòíîñòè, åñëè X =
{G}, ôîðìàöèþ lτω∞formX = lτω∞formG íàçûâàþò îäíîïîðîæäåííîé
lτω∞-ôîðìàöèåé.
Ïóñòü H � íåêîòîðûé êëàññ ãðóïï, F � lτω∞-ôîðìàöèÿ. Òîãäà,

åñëè F 6⊆ H, íî êàæäàÿ åå ñîáñòâåííàÿ lτω∞-ïîäôîðìàöèÿ ñîäåðæèò-
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ñÿ â H, òî F íàçûâàþò ìèíèìàëüíîé τ -çàìêíóòîé òîòàëüíî ω-
íàñûùåííîé íå H-ôîðìàöèåé, èëè Hτ

ω∞
-êðèòè÷åñêîé ôîðìàöèåé.

Ïóñòü F è H � lτω∞-ôîðìàöèè, F 6⊆ H. Òîãäà äëèíó ðåøåòêè
F/τω∞H∩F l

τ
ω∞
-ôîðìàöèé, çàêëþ÷åííûõ ìåæäó H∩F è F, íàçûâàþò

Hτ
ω∞
-äåôåêòîì ôîðìàöèè F.

Òåîðåìà 1. Ïóñòü F � îäíîïîðîæäåííàÿ lτω∞-ôîðìàöèÿ, H � τ -
çàìêíóòàÿ òîòàëüíî íàñûùåííàÿ ôîðìàöèÿ. Òîãäà, åñëè F 6⊆ H,
òî â F ñîäåðæèòñÿ êîíå÷íîå ÷èñëî Hτ

ω∞
-êðèòè÷åñêèõ ôîðìàöèé.

Ñëåäñòâèå 1. Ïóñòü F � îäíîïîðîæäåííàÿ lτω∞-ôîðìàöèÿ, H �
ðàçðåøèìàÿ τ -çàìêíóòàÿ òîòàëüíî íàñûùåííàÿ ôîðìàöèÿ. Òîãäà,
åñëè F 6⊆ H, òî â F ñîäåðæèòñÿ êîíå÷íîå ÷èñëî lτω∞-ôîðìàöèé ñ
Hτ
ω∞
-äåôåêòîì 1.

Ñïèñîê ëèòåðàòóðû

1. Ñêèáà À. Í., Øåìåòêîâ Ë. À. Êðàòíî ω-ëîêàëüíûå ôîðìàöèè è
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Î ïðèâîäèìûõ cω∞-ôîðìàöèÿõ ñ Nω
∞-äåôåêòîì ≤ 2

È. Í. Ñàôîíîâà
Ìåæäóíàðîäíûé ãîñóäàðñòâåííûé ýêîëîãè÷åñêèé óíèâåðñèòåò

èì. À. Ä. Ñàõàðîâà, Ìèíñê

Âñå ðàññìàòðèâàåìûå ãðóïïû ïðåäïîëàãàþòñÿ êîíå÷íûìè. Íåîá-
õîäèìóþ òåðìèíîëîãèþ ìîæíî íàéòè â [1].
Ïóñòü ω � íåïóñòîå ïîäìíîæåñòâî ìíîæåñòâà âñåõ ïðîñòûõ ÷è-

ñåë. Âñÿêóþ ôóíêöèþ âèäà f : ω ∪ {ω′} → {ôîðìàöèè ãðóïï}
íàçûâàþò ω-êîìïîçèöèîííûì ñïóòíèêîì. Äëÿ ïðîèçâîëüíîãî ω-
êîìïîçèöèîííîãî ñïóòíèêà f ïîëàãàþò CFω(f) = {G | G/Rω(G) ∈
f(ω′) è G/Cp(G) ∈ f(p) äëÿ âñåõ p ∈ π(Com(G)) ∩ ω}, ãäå Com(G)
îáîçíà÷àåò ìíîæåñòâî âñåõ êîìïîçèöèîííûõ àáåëåâûõ ôàêòîðîâ ãðóï-
ïû G. Åñëè ôîðìàöèÿ F òàêîâà, ÷òî F = CFω(f) äëÿ íåêîòîðîãî
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ω-êîìïîçèöèîííîãî ñïóòíèêà f , òî F íàçûâàþò ω-êîìïîçèöèîííîé
ôîðìàöèåé, à f � ω-êîìïîçèöèîííûì ñïóòíèêîì ôîðìàöèè F.
Âñÿêóþ ôîðìàöèþ ñ÷èòàþò 0-êðàòíî ω-êîìïîçèöèîííîé.Ïðè n ≥

1 ôîðìàöèþ F íàçûâàþò n-êðàòíî ω-êîìïîçèöèîííîé, åñëè F =
CFω(f), ãäå âñå çíà÷åíèÿ f ÿâëÿþòñÿ (n−1)-êðàòíî ω-êîìïîçèöèîí-
íûìè ôîðìàöèÿìè. Ôîðìàöèÿ F íàçûâàåòñÿ òîòàëüíî ω-êîìïîçè-
öèîííîé (èëè cω∞-ôîðìàöèåé), åñëè îíà ÿâëÿåòñÿ n-êðàòíî ω-êîìïî-
çèöèîííîé äëÿ âñÿêîãî öåëîãî íåîòðèöàòåëüíîãî n.
Ïóñòü X � íåêîòîðàÿ ñîâîêóïíîñòü ãðóïï. Òîãäà ÷åðåç cω∞formX

îáîçíà÷àþò ïåðåñå÷åíèå âñåõ cω∞-ôîðìàöèé, ñîäåðæàùèõ X. Äëÿ ëþ-
áûõ cω∞-ôîðìàöèé M è H ïîëàãàþò M ∨ω∞ H = cω∞form(M ∪ H).
Ïóñòü H � íåêîòîðûé êëàññ ãðóïï. Òîãäà, åñëè F 6⊆ H, íî êàæäàÿ åå
ñîáñòâåííàÿ cω∞-ïîäôîðìàöèÿ ñîäåðæèòñÿ â H, òî F íàçûâàþò ìè-
íèìàëüíîé òîòàëüíî ω-êîìïîçèöèîííîé íå X-ôîðìàöèåé, èëè Hω

∞-
êðèòè÷åñêîé ôîðìàöèåé.
Åñëè H � cω∞-ôîðìàöèÿ, òî Hω

∞-äåôåêòîì cω∞-ôîðìàöèè F íàçû-
âàþò äëèíó ðåøåòêè F/ω∞F ∩ H cω∞-ôîðìàöèé, çàêëþ÷åííûõ ìåæäó
F ∩ H è F, è îáîçíà÷àþò ÷åðåç |F : F ∩ H|ω∞. Åñëè H = N, òî Nω

∞-
äåôåêò cω∞-ôîðìàöèè íàçûâàþò åå íèëüïîòåíòíûì cω∞-äåôåêòîì.
cω∞-Ôîðìàöèþ F íàçûâàþò cω∞-íåïðèâîäèìîé, åñëè

F 6= cω∞form(∪i∈IXi) = ∨ω∞(Xi|i ∈ I),

ãäå {Xi|i ∈ I} � íàáîð âñåõ ñîáñòâåííûõ cω∞-ïîäôîðìàöèé èç F. Â
ïðîòèâíîì ñëó÷àå ôîðìàöèþ F íàçûâàþò cω∞-ïðèâîäèìîé.

Òåîðåìà 1. Ïóñòü F � cω∞-ôîðìàöèÿ. Òîãäà è òîëüêî òîãäà íèëü-
ïîòåíòíûé cω∞-äåôåêò ôîðìàöèè F ðàâåí 1, êîãäà F = M∨ω∞H, ãäå
M � íèëüïîòåíòíàÿ cω∞-ôîðìàöèÿ, H � Nω

∞-êðèòè÷åñêàÿ ôîðìà-
öèÿ, ïðè ýòîì âñÿêàÿ íèëüïîòåíòíàÿ cω∞-ïîäôîðìàöèÿ èç F âõî-
äèò â M∨ω∞ (H∩N); âñÿêàÿ íåíèëüïîòåíòíàÿ cω∞-ïîäôîðìàöèÿ F1

èç F èìååò âèä H ∨ω∞ (F1 ∩N).

Òåîðåìà 2. Ïóñòü F � ïðèâîäèìàÿ cω∞-ôîðìàöèÿ. Òîãäà è òîëüêî
òîãäà |F : F ∩ H|ω∞ = 2, êîãäà âûïîëíÿåòñÿ îäíî èç ñëåäóþùèõ
óñëîâèé: 1) F = X1 ∨ω∞ X2 ∨ω∞ M, ãäå X1 è X2 � ðàçëè÷íûå Nω

∞-
êðèòè÷åñêèå ôîðìàöèè, M ⊆ N; 2) F = X ∨ω∞ M, ãäå M ⊆ N,
à X � òàêàÿ íåïðèâîäèìàÿ cω∞-ôîðìàöèÿ ñ Nω

∞-äåôåêòîì 2, ÷òî
M 6⊆ X.
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Ñïèñîê ëèòåðàòóðû

1. Ñêèáà À. Í., Øåìåòêîâ Ë. À. Êðàòíî L-êîìïîçèöèîííûå ôîðìà-
öèè êîíå÷íûõ ãðóïï // Óêð. ìàò. æóðí. 2000. Ò. 52. � 6. Ñ. 783�
797.

Êîíå÷íûå ãðóïïû, ó êîòîðûõ ïîäãðóïïû Øìèäòà
îáîáùåííî ñóáíîðìàëüíû

Â. Í. Ñåìåí÷óê, Â. Ô. Âåëåñíèöêèé
Ãîìåëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ô. Ñêîðèíû, Ãîìåëü

Âàæíåéøåé çàäà÷åé òåîðèè êîíå÷íûõ ãðóïï ÿâëÿåòñÿ çàäà÷à èçó-
÷åíèÿ ñòðîåíèÿ êîíå÷íûõ ãðóïï, êîòîðûå íå ïðèíàäëåæàò íåêîòî-
ðîìó êëàññó ãðóïï F, à âñå ñîáñòâåííûå ïîäãðóïïû êîòîðûõ ïðèíàä-
ëåæàò F. Â íàñòîÿùåå âðåìÿ òàêèå ãðóïïû íàçûâàþòñÿ ìèíèìàëü-
íûìè íå F-ãðóïïàìè (êðèòè÷åñêèìè ãðóïïàìè). Âàæíîñòü èçó÷åíèÿ
êðèòè÷åñêèõ ãðóïï ñëåäóåò èç òîãî, ÷òî ëþáàÿ êîíå÷íàÿ ãðóïïà, íå
ïðèíàäëåæàùàÿ íåêîòîðîìó êëàññó ãðóïï F, ñîäåðæèò ìèíèìàëü-
íóþ íå F-ãðóïïó.
Â òåîðèè êëàññîâ êîíå÷íûõ ãðóïï åñòåñòâåííûì îáîáùåíèåì ïî-

íÿòèÿ ñóáíîðìàëüíîñòè ÿâëÿåòñÿ ïîíÿòèå F-äîñòèæèìîñòè.
Ïîäãðóïïó H íàçûâàþò F-äîñòèæèìîé, åñëè ñóùåñòâóåò öåïü

ïîäãðóïï
G = H0 ⊇ H1 ⊇ . . . ⊇ Hm = H,

òàêàÿ, ÷òî äëÿ ëþáîãî i = 1, 2, . . . ,m ëèáî ïîäãðóïïà Hi íîðìàëüíà
â Hi−1, ëèáî (Hi−1)

F ⊆ Hi.

Òåîðåìà 1. Ïóñòü H � íàñûùåííàÿ íàñëåäñòâåííàÿ ôîðìàöèÿ,
F � íàñëåäñòâåííàÿ íàñûùåííàÿ ôîðìàöèÿ ñ ðåøåòî÷íûì ñâîé-
ñòâîì, ïðè÷åì F ⊆ H. Åñëè âñå ìèíèìàëüíûå íå H-ïîäãðóïïû ãðóï-
ïû ðàçðåøèìû è F-äîñòèæèìû â G, òî G/F (G) ∈ H.

Ñëåäñòâèå 1. Åñëè â ãðóïïå G âñå ïîäãðóïïû Øìèäòà F-äîñòèæèìû
(F � êëàññ âñåõ p-ðàçëîæèìûõ ãðóïï), òî G/F (G) � p-ðàçëîæèìà.

Èç äàííîé òåîðåìû òàêæå ñëåäóåò èçâåñòíûé ðåçóëüòàò Â. Í. Ñå-
ìåí÷óêà èç ðàáîòû [1].
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Ñëåäñòâèå 2. Åñëè â ãðóïïå G âñå ïîäãðóïïû Øìèäòà ñóáíîð-
ìàëüíû, òî G � ìåòàíèëüïîòåíòíà.

Ñïèñîê ëèòåðàòóðû

1. Ñåìåí÷óê Â. Í. Êîíå÷íûå ãðóïïû ñ ñèñòåìîé ìèíèìàëüíûõ íå
F-ïîäãðóïï // Ïîäãðóïïîâîå ñòðîåíèå êîíå÷íûõ ãðóïï. Ìèíñê:
Íàóêà è òåõíèêà, 1981. Ñ. 138�149.

Î âûïóêëûõ ñîåäèíåíèÿõ ìíîãîãðàííèêîâ M3,M8,M20

À. Â. Ñåíàøîâ
Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Íàéäåíû âñå âûïóêëûå ñîåäèíåíèÿ ìíîãîãðàííèêîâ Çàëãàëëåðà
M3,M8, M20. Êðîìå 8 òàêèõ ñîåäèíåíèé, èìåþùèõñÿ â êëàññèôè-
êàöèîííîé òåîðåìå î âûïóêëûõ ïðàâèëüíîãðàííèêàõ (À. Ì. Ãóðèí,
Â. À. Çàëãàëëåð, À. Â. Òèìîôååíêî, 2008-2011, ñì., íàïðèìåð, [1]),
ïîëó÷åíû åùå ÷åòûðå ìíîãîãðàííèêà, íåêîòîðûå ãðàíè êîòîðûõ ñî-
ñòàâëåíû èç ïðàâèëüíûõ ìíîãîóãîëüíèêîâ òàê, ÷òî íåêîòîðûå âåð-
øèíû ýòèõ ìíîãîóãîëüíèêîâ ïîïàäàþò âíóòðü ðåáðà ìíîãîãðàííèêà.
Òåîðåìà, îïèñûâàþùàÿ âñå âûïóêëûå ìíîãîãðàííèêè ñ òàêèìè âåð-
øèíàìè, ïîêà íå ñîçäàíà. Ñëåäóþùàÿ òåîðåìà ÿâëÿåòñÿ åå ÷àñòüþ.

Òåîðåìà 1. Âûïóêëûé ìíîãîãðàííèê ñîñòàâëåí èç òåëM3,M8,M20

òîãäà è òîëüêî òîãäà, êîãäà îí ÿâëÿåòñÿ îäíèì èç ñëåäóþùèõ ñî-
åäèíåíèé:

S1 = M3 +M3, S2 = M3 +M8, S3 = M3 +M20;

S4 = S2 +M3, S5 = S2 +M ′
3, S6 = S2 +M ′′

3 , S7 = S3 +M3;

S8 = S4 +M3, S9 = M3 + S7;

S10 = M3 + S6.

ØòðèõèM ′
3,M

′′
3 îáîçíà÷àþò, ÷òî ïèðàìèäàM3 ïðèñîåäèíåíà â S5

è S6 íå ê òàêèì ãðàíÿì, êàê â S4.
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1. Òèìîôååíêî À. Â. Ê ïåðå÷íþ âûïóêëûõ ïðàâèëüíîãðàííèêîâ //
Ñîâðåìåííûå ïðîáëåìû ìàòåìàòèêè è ìåõàíèêè. Ò. VI. Ìàòåìà-
òèêà. Âûï. 3. Ê 100-ëåòèþ ñî äíÿ ðîæäåíèÿ Í. Â. Åôèìîâà/ ïîä
ðåä. È. Õ. Ñàáèòîâà è Â. Í. ×óáàðèêîâà. Ì.: Èçä-âî ÌÃÓ, 2011.
Ñ. 155�170.

Î ïî÷òè ñëîéíî êîíå÷íûõ ãðóïïàõ

Â. È. Ñåíàøîâ
Èíñòèòóò âû÷èñëèòåëüíîãî ìîäåëèðîâàíèÿ ÑÎ ÐÀÍ, Êðàñíîÿðñê

Ãðóïïà íàçûâàåòñÿ ñëîéíî êîíå÷íîé, åñëè îíà èìååò íå áîëåå ÷åì
êîíå÷íîå ÷èñëî ýëåìåíòîâ êàæäîãî ïîðÿäêà. Ýòî ïîíÿòèå âïåðâûå
áûëî ââåäåíî Ñ. Í. ×åðíèêîâûì â ðàáîòå [1]. Ñëîéíî êîíå÷íûå ãðóï-
ïû èññëåäîâàëè Ñ. Í. ×åðíèêîâ, Ð. Áýð, Õ. Õ. Ìóõàìåäæàí, ß. Ä. Ïî-
ëîâèöêèé è äð. Òåîðèÿ òàêèõ ãðóïï â ðàçâåðíóòîì âèäå èçëîæåíà â
ìîíîãðàôèÿõ [2, 3].
Ïî÷òè ñëîéíî êîíå÷íàÿ ãðóïïà � ýòî ãðóïïà, ÿâëÿþùàÿñÿ ðàñ-

øèðåíèåì ñëîéíî êîíå÷íîé ãðóïïû ïðè ïîìîùè êîíå÷íîé ãðóïïû.
Ïî÷òè ñëîéíî êîíå÷íûå ãðóïïû ïðåäñòàâëÿþò ñîáîé ñóùåñòâåííî

áîëåå øèðîêèé êëàññ ãðóïï, ÷åì ñëîéíî êîíå÷íûå ãðóïïû, â íåãî, â
÷àñòíîñòè, âõîäÿò âñå ÷åðíèêîâñêèå ãðóïïû.
Íàïîìíèì, ÷òî ãðóïïà íàçûâàåòñÿ ÷åðíèêîâñêîé, åñëè îíà ëèáî

êîíå÷íà, ëèáî ÿâëÿåòñÿ êîíå÷íûì ðàñøèðåíèåì ïðÿìîãî ïðîèçâåäå-
íèÿ êîíå÷íîãî ÷èñëà êâàçèöèêëè÷åñêèõ ãðóïï.
Â òî æå âðåìÿ ëåãêî ïðèâåñòè ïðèìåð ÷åðíèêîâñêîé ãðóïïû, êî-

òîðàÿ íå ÿâëÿåòñÿ ñëîéíî êîíå÷íîé.
Àâòîðîì ïîëó÷åíû íîâûå ñâîéñòâà ïî÷òè ñëîéíî êîíå÷íûõ ãðóïï.

Â äîêëàäå áóäåò ïðèâåäåíî ìíîãî ïðèìåðîâ ãðóïï, ðàçäåëÿþùèõ ïî-
÷òè ñëîéíî êîíå÷íûå ãðóïïû è áëèçêèå ïî ñâîéñòâàì êëàññû ãðóïï.

Ñïèñîê ëèòåðàòóðû

1. ×åðíèêîâ Ñ. Í. Ê òåîðèè áåñêîíå÷íûõ p-ãðóïï // Äîêë. ÀÍ ÑÑÑÐ.
1945. Ò. 50. Ñ. 71�72.

2. ×åðíèêîâ Ñ. Í. Ãðóïïû ñ çàäàííûìè ñâîéñòâàìè ñèñòåìû ïîä-
ãðóïï. Ì.: Íàóêà, 1980. 384 ñ.
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3. Ñåíàøîâ Â. È. Ñëîéíî êîíå÷íûå ãðóïïû. Íîâîñèáèðñê: Íàóêà,
1993. 159 c.

Áàçèñ ïîëèëèíåéíîé ÷àñòè ìíîãîîáðàçèÿ Ṽ3

àëãåáð Ëåéáíèöà

Ò. Â. Ñêîðàÿ
Óëüÿíîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Óëüÿíîâñê

Îñíîâíîå ïîëå Φ èìååò íóëåâóþ õàðàêòåðèñòèêó. Âñå íåîïðåäåëÿ-
åìûå ïîíÿòèÿ ìîæíî íàéòè â êíèãå [1].
Îáîáùåíèåì ïîíÿòèÿ àëãåáðû Ëè ÿâëÿåòñÿ àëãåáðà Ëåéáíèöà, êî-

òîðàÿ îïðåäåëÿåòñÿ òîæäåñòâîì (xy)z ≡ (xz)y + x(yz) è, âåðîÿòíî,
âïåðâûå ïîÿâèëàñü â ðàáîòå [2].
Ïóñòü T = Φ[t] � êîëüöî ìíîãî÷ëåíîâ îò ïåðåìåííîé t. Ðàññìîò-

ðèì òðåõìåðíóþ àëãåáðó Ãåéçåíáåðãà H ñ áàçèñîì {a, b, c} è óìíî-
æåíèåì ba = −ab = c, ïðîèçâåäåíèå îñòàëüíûõ áàçèñíûõ ýëåìåíòîâ
ðàâíî íóëþ. Ïðåâðàòèì êîëüöî ìíîãî÷ëåíîâ T â ïðàâûé ìîäóëü àë-
ãåáðû H, â êîòîðîì áàçèñíûå ýëåìåíòû àëãåáðû H äåéñòâóþò ñïðà-
âà íà ìíîãî÷ëåí f èç T ñëåäóþùèì îáðàçîì: fa = f ′, fb = tf, fc =
f, ãäå f ′ � ÷àñòíàÿ ïðîèçâîäíàÿ ìíîãî÷ëåíà f ïî ïåðåìåííîé t.
Ðàññìîòðèì ïðÿìóþ ñóììó âåêòîðíûõ ïðîñòðàíñòâ H è T ñ óìíî-
æåíèåì ïî ïðàâèëó: (x + f)(y + g) = xy + fy, ãäå x, y èç H; f, g èç
T . Îáîçíà÷èì åå ñèìâîëîì H̃. Íåïîñðåäñòâåííîé ïðîâåðêîé ìîæíî
óáåäèòüñÿ, ÷òî H̃ ÿâëÿåòñÿ àëãåáðîé Ëåéáíèöà.
Ïîñòðîåííàÿ òàêèì îáðàçîì àëãåáðà H̃ ïîðîæäàåò ìíîãîîáðàçèå

Ṽ3 àëãåáð Ëåéáíèöà. Äàííîå ìíîãîîáðàçèå ÿâëÿåòñÿ àíàëîãîì õîðî-
øî èçâåñòíîãî ìíîãîîáðàçèÿ V3 àëãåáð Ëè. Ðàíåå, â ðàáîòå [3], îòíî-
ñèòåëüíî ìíîãîîáðàçèÿ Ṽ3 áûëà äîêàçàíà ïî÷òè ïîëèíîìèàëüíîñòü
åãî ðîñòà, â ðàáîòå [4] áûëè îïðåäåëåíû åãî êðàòíîñòè è êîäëèíà.
Â 1949 ã. À. È. Ìàëüöåâ äîêàçàë, ÷òî â ñëó÷àå, êîãäà îñíîâíîå ïî-

ëå èìååò íóëåâóþ õàðàêòåðèñòèêó, âñÿêîå òîæäåñòâî ýêâèâàëåíòíî
ñèñòåìå ïîëèëèíåéíûõ òîæäåñòâ. Ïîýòîìó â ýòîì ñëó÷àå âñÿ èíôîð-
ìàöèÿ î ìíîãîîáðàçèè ñîäåðæèòñÿ â ïðîñòðàíñòâå ïîëèëèíåéíûõ
ýëåìåíòîâ ñòåïåíè n îò ïåðåìåííûõ x1, x2, . . . xn, òàê íàçûâàåìûõ
ïîëèëèíåéíûõ êîìïîíåíòîâ îòíîñèòåëüíî ñâîáîäíîé àëãåáðû ìíî-
ãîîáðàçèÿ.
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Ïóñòü V � íåêîòîðîå ìíîãîîáðàçèå ëèíåéíûõ àëãåáð. Ïðîñòðàí-
ñòâî åãî ïîëèëèíåéíûõ ýëåìåíòîâ áóäåì îáîçíà÷àòü Pn(V).

Òåîðåìà 1. Ñîâîêóïíîñòü ýëåìåíòîâ âèäà

θ(i, i1, ..., im, j1, ..., jm) = xi(xi1xj1)(xi2xj2)...(ximxjm)xk1
xk2
...xkn−2m−1

,

ãäå is < js, s = 1, 2, ...,m, i1 < i2 < ... < im, j1 < j2 < ... < jm, k1 <

k2 < ... < kn−2m−1, îáðàçóåò áàçèñ ïðîñòðàíñòâà Pn(Ṽ3).

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 12-
01-33031).
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Ñâîéñòâà ýôôåêòèâíîñòè èíòóèöèîíèñòñêîé òåîðèè
ìíîæåñòâ, ñîäåðæàùåé îáîáùåííûé òåçèñ ×åð÷à

Ä. Ì. Ñìåëÿíñêèé
Ìîñêîâñêèé ïåäàãîãè÷åñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ìîñêâà

Â 1973 ã. Ìàéõèëë â [2] ïîñòðîèë îáîáùåíèå øòðèõ-ðåàëèçóåìîñòè
Êëèíè, ïîçâîëèâøåå åìó äîêàçàòü ðÿä ñâîéñòâ ýôôåêòèâíîñòè äëÿ
èíòóèöèîíèñòñêîé òåîðèè ìíîæåñòâ òèïà Öåðìåëî-Ôðåíêåëÿ. Òàì
æå áûëà ïîñòàâëåíà çàäà÷à: ðàñïðîñòðàíèòü ïîëó÷åííûå ðåçóëüòà-
òû íà âàðèàíòû òåîðèè ìíîæåñòâ, ñîäåðæàùèå òåçèñ ×åð÷à. Â äàí-
íîé ðàáîòå ïðåäëàãàåòñÿ ðåøåíèå ýòîé çàäà÷è äëÿ óñèëåííîé âåðñèè
ýòîãî ïðèíöèïà. Â êà÷åñòâå îñíîâíîé òåîðèè óäîáíî ðàññìàòðèâàòü
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äâóñîðòíóþ òåîðèþ ìíîæåñòâ ñ àðèôìåòèêîé íà ïåðâîì óðîâíå, â
äàëüíåéøåì îáîçíà÷àåìóþ ÷åðåç Z. Àëôàâèò ñîäåðæèò äâà ñîðòà
ïåðåìåííûõ: ïî íàòóðàëüíûì ÷èñëàì � a, b, c..., è ïî ìíîæåñòâàì
� x, y, z..., ïðåäèêàòíûå ñèìâîëû � ∈ = , ñèìâîëû ëîãè÷åñêèõ ñâÿ-
çîê ∧, ∨, →, êâàíòîð ∃, ∀, ñèìâîë ⊥ (ëîæü), èíäèâèäíûé ñèìâîë
0, ôóíêöèîíàëüíûé ñèìâîë ′. Ïîëíûé ñïèñîê àêñèîì èìååòñÿ â [3],
âìåñòî ïðîñòîãî âàðèàíòà ÑÒ áåðåòñÿ ïðèíöèï ÅÑÒ:
foralla(ψ(a) → ∃bϕ(a, b)) → ∃e∀a(ψ(a) → ∃b(b = e(a) ∧ ϕ(a, b))),
ãäå ψ(a) - ïî÷òè íåãàòèâíàÿ ôîðìóëà ÿçûêà àðèôìåòèêè (ò. å. íå
ñîäåðæèò ïåðåìåííûõ ïî ìíîæåñòâàì). Äëÿ ðåøåíèÿ çàäà÷è ïðåä-
ëàãàåòñÿ ñëåäóþùàÿ ìîäåëü ðåàëèçóåìîñòè: àíàëîãè÷íî Ìàéõèëëó
â [2] ñòðîÿòñÿ êîíñåðâàòèâíûå ðàñøèðåíèÿ Zc,Z

′
c,Z
∗
c , äàëåå îïðåäå-

ëÿåòñÿ ïðåäèêàò R(e, ϕ):

1.1. R(e, n = m)� n = m

1.2. R(e, n ∈ t)� 〈e, overlinen〉 ∈ t+

1.3. R(e, s ∈ t)� 〈e, s〉 ∈ t+

2. ¬R(e, ⊥)

3. R(e, ϕ ∧ ψ)� R(e1, ϕ) è R(e2, ψ)

4. R(e, ϕ∨ψ)� (e1 = 0⇒ R(e2, ϕ) è Z∗c ` ϕ) è (e1 6= 0⇒ R(e2, ψ)
è Z∗c ` ψ)

5. R(e, ϕ→ ψ)� ∀h(R(h, ϕ) è Z∗c ` ϕ⇒!e(h) è R(e(h), ψ))

6.1. R(e, ∀aϕ)� ∀a(!e(a) è R(e(a), ϕ(a)))

6.2. R(e, ∀xϕ)� ∀t, h(t+ext h⇒ R(e(h), ϕ))

7.1. R(e, ∃aϕ)� R(e1, ϕ(e2)) è Z∗c ` ϕ(e2)

7.2. R(e, ∃xϕ)� ∃t (t+ext e1 ⇒ R(e2, ϕ(t)) è Z∗c ` ϕ(t))

Ðàññìàòðèâàåìàÿ òåîðèÿ êîððåêòíà îòíîñèòåëüíî äàííîé ìîäåëè:

Òåîðåìà 1. Ïóñòü ϕ � çàìêíóòàÿ ôîðìóëà Z, ïðè÷åì ` ϕ; òî-
ãäà íàéäåòñÿ (ýôôåêòèâíî ïî ϕ) íàòóðàëüíîå ÷èñëî e, òàêîå, ÷òî
R(e, ϕ).

Â êà÷åñòâå ñëåäñòâèé òåîðåìû ïîëó÷àåì ñâîéñòâà ýôôåêòèâíîñòè
òåîðèè:
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Ñëåäñòâèå 1. Ïóñòü ϕ, ψ � çàìêíóòûå ôîðìóëû òåîðèè Z è Z `
ϕ ∨ ψ. Òîãäà Z ` ϕ èëè Z ` ψ.

Ñëåäñòâèå 2. Ïóñòü ϕ, ψ � ôîðìóëû òåîðèè Z, íå ñîäåðæàùèå
ñâîáîäíûõ ïåðåìåííûõ ïî íàòóðàëüíûì ÷èñëàì, è Z ` ϕ∨ψ. Òîãäà
Z ` ϕ èëè Z ` ψ.(Òàêæå Z ` ∀x(ϕ ∨ ψ)⇒ Z ` ∀xϕ èëè Z ` ∀xψ).

Ñëåäñòâèå 3. Åñëè ∃xϕ � çàìêíóòàÿ ôîðìóëà òåîðèè Z è Z′ `
∃xϕ(x), òî íàéäåòñÿ òàêîé çàìêíóòûé òåðì c, ÷òî Z′ ` ϕ(c).

Ñëåäñòâèå 4. Åñëè ∀x1, ..., xn∃yϕ � çàìêíóòàÿ âûâîäèìàÿ ôîð-
ìóëà òåîðèè Z, òî íàéäåòñÿ ôîðìóëà ψ òåîðèè Z, ñâîáîäíûìè
êîòîðîé ìîãóò ÿâëÿòüñÿ òîëüêî x1, ..., xn, y, òàêàÿ, ÷òî

Z ` ∀x1, ..., xn∃y(ϕ(y)∀z(z ∈ y → ψ(x1, ..., xn, z)).
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Î íåêîòîðûõ ïî÷òè-îáëàñòÿõ, òî÷íî äâàæäû
òðàíçèòèâíûõ ãðóïïàõ è Z∗-òåîðåìå

À. È. Ñîçóòîâ, Å. Á. Äóðàêîâ
Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Êàê èçâåñòíî, ãðóïïà T2(F ) àôôèííûõ ïðåîáðàçîâàíèé τa,b : x→
a + bx ïî÷òè-îáëàñòè F òî÷íî äâàæäû òðàíçèòèâíà íà F è äëÿ
êàæäîé òî÷íî äâàæäû òðàíçèòèâíîé ãðóïïû T ñóùåñòâóåò ïî÷òè-
îáëàñòü F , äëÿ êîòîðîé T = T2(F ) [1, ãë. V]. Ïðè ýòîì ãðóïïà
T2(F ) òîãäà è òîëüêî òîãäà îáëàäàåò ðåãóëÿðíîé àáåëåâîé íîðìàëü-
íîé ïîäãðóïïîé, êîãäà ïî÷òè-îáëàñòü F ÿâëÿåòñÿ ïî÷òè-ïîëåì [1].
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Ïî÷òè-ïîëå F (+, ·) íàçûâàåòñÿ ïëàíàðíûì (ïëîñêèì), åñëè äëÿ ëþ-
áûõ ýëåìåíòîâ a, b ∈ F ïðè b 6= 1 óðàâíåíèå a + bx = x ðàçðåøèìî
â F .
Ïóñòü äàëåå F = F (+, ·) � ïî÷òè-îáëàñòü, T = T2(F ) è Tα �

ñòàáèëèçàòîð òî÷êè α ∈ F . Ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû.

Òåîðåìà 1. Åñëè Char 6= 2 è F ñîäåðæèò ïëàíàðíîå ïî÷òè-ïîëå
P (+, ·), â ìóëüòèïëèêàòèâíîé ãðóïïå P (·) êîòîðîãî åñòü íîðìàëü-
íàÿ â F (·) ïîäãðóïïà ïîðÿäêà > 2, òî ïî÷òè-îáëàñòü F ÿâëÿåòñÿ
ïî÷òè-ïîëåì.

Òåîðåìà 2 îáîáùàåò òåîðåìó 2 èç [2].

Òåîðåìà 2. Åñëè T ñîäåðæèò ãðóïïó Ôðîáåíèóñà V ñ äîïîëíåíèåì
H = V ∩Tα è â H åñòü íîðìàëüíàÿ â Tα ïîäãðóïïà ïîðÿäêà > 2, òî
ãðóïïà T îáëàäàåò ðåãóëÿðíîé àáåëåâîé íîðìàëüíîé ïîäãðóïïîé.

Íàïîìíèì, ÷òî íååäèíè÷íûå ýëåìåíòû a, b ãðóïïû G íàçûâàþòñÿ
îáîáùåííî êîíå÷íûìè, åñëè â G êîíå÷íû âñå ïîäãðóïïû 〈a, bg〉 (g ∈
G). Òåîðåìà 3 îáîáùàåò òåîðåìó 2 èç [3]:

Òåîðåìà 3. Åñëè â ãðóïïå T åñòü îáîáùåííî êîíå÷íûé ýëåìåíò ïî-
ðÿäêà > 2, òî F ÿâëÿåòñÿ ïî÷òè-ïîëåì ïðîñòîé õàðàêòåðèñòèêè.

Îïèðàÿñü íà ñâîéñòâà ãðóïï ÀäÿíàA(m,n) [4], ìû ïîñòðîèëè ïðè-
ìåðû ïåðèîäè÷åñêèõ ãðóïï, â êîòîðûõ íå âûïîëíÿåòñÿ àíàëîã Z∗-
òåîðåìû Ãëàóáåðìàíà. Òåì ñàìûì ïîëó÷åí îòðèöàòåëüíûé îòâåò íà
âîïðîñ 11.13 À. Â. Áîðîâèêà èç Êîóðîâñêîé òåòðàäè [5].
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5. Êîóðîâñêàÿ òåòðàäü: Íåðåøåííûå âîïðîñû òåîðèè ãðóïï. 6-17-å
èçä. Íîâîñèáèðñê, 1978�2012 ãã.

Ãåíåòè÷åñêèå êîäû íåêîòîðûõ ãðóïï ñ 3-òðàíñïîçèöèÿìè

À. È. Ñîçóòîâ, À. À. Êóçíåöîâ, Â. Ì. Ñèíèöèí
Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Â [1] áûëè íàéäåíû ñèñòåìû ïîðîæäàþùèõ 3-òðàíñïîçèöèé ãðóïï
Ŝp2m(2),O±2m(2), áëèçêèå ê ñèñòåìàì ïîðîæäàþùèõ Êîêñåòåðà ãðóïï
Âåéëÿ W (En). Ïðåäñòàâèì ýòè ðåçóëüòàòû íàãëÿäíî:

En, n ≥ 6 : e e ee e eO−

1 2 3

4

5 6 7 8 9 10 11 12 13 14 15 16

Ŝp O+ 28 O+ Ŝp O− 212 O− Ŝp O+e e eq e e e eq e e e
In, n ≥ 7 :

e ee e eHH
��

e eqO− 26 O− Ŝp O+ 210 O+ Ŝp O− 214 O−e e e eq e e e eq e1 2

3 4
6 5

7 8 9 10 11 12 13 14 15 16

Jn, n ≥ 9 : e e e e ee eq e e e eq e e e eq eO+ Ŝp O− 210 O− Ŝp O+ 214 O+

8 7 6 5

4

3 2 1 9 10 11 12 13 14 15 16

Ïîä âåðøèíàìè ãðàôîâ Γn ñòîÿò èõ íîìåðà, à íàä âåðøèíàìè �
òèïû ñîîòâåòñòâóþùèõ ãðóïï, èçîìîðôíûõ ãðóïïàìW (Γn) [1]. Åñëè
æå íàä âåðøèíîé n ñòîèò ÷èñëî 2n−1, òî ãðóïïà W (Γn) îáëàäàåò
íîðìàëüíîé ýëåìåíòàðíîé àáåëåâîé 2-ïîäãðóïïîé ïîðÿäêà 2n−1.
Ìíîæåñòâî ïîðîæäàþùèõ è îïðåäåëÿþùèõ ñîîòíîøåíèé Êîêñå-

òåðà, çàäàâàåìûõ ãðàôîì Γn, îáîçíà÷èì ÷åðåç S(Γn) è R(Γn) ñîîò-
âåòñòâåííî, à ãðóïïó Êîêñåòåðà ÷åðåç G(Γn), â ÷àñòíîñòè, G(Γn) =
〈S(Γn)|R(Γn)〉.
Ïóñòü r = p1 + 2p2 + 3p3 + 2p4 + 2p5 + p6 â êîðíåâîé ñèñòåìå òèïà

E6 è s = 2p1 +4p2 +6p3 +3p4 +5p5 +4p6 +3p7 +2p8 â êîðíåâîé ñèñòå-
ìå òèïà E8. Ìîæíî ñ÷èòàòü, ÷òî êîðíåâàÿ ñèììåòðèÿ (îòðàæåíèå)
wr ïðèíàäëåæèò âñåì ãðóïïàì G(En),G(In),G(Jn), à ws � ãðóïïàì
G(En), G(Jn). Îáîçíà÷èì

X(In) =
〈
S(In)|R(In), (wrs7)

2 = 1
〉
,

X(Jn) =
〈
S(Jn)|R(Jn), (wss9)

2 = 1
〉
,

X(En) =
〈
S(En)|R(En), (wss9)

2 = 1
〉
.
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Ñ ïîìîùüþ àëãîðèòìà Òîääà-Êîêñåòåðà íà êîìïüþòåðå áûëî ïî-
êàçàíî, ÷òî ãðóïïû X(En) äëÿ 9 ≤ n ≤ 22 êîíå÷íû è èçîìîðôíû
ãðóïïàì W (En).
Àíàëîãè÷íûå ðàñ÷åòû áûëè ïðîâåäåíû è äëÿ ãðóïï X(In), X(Jn).

Ðåçóëüòàòû ýòèõ ðàñ÷åòîâ ïîçâîëÿþò ñôîðìóëèðîâàòü ñëåäóþùèé

Âîïðîñ 1. Âåðíî ëè, ÷òî âñå ãðóïïû X(Γn) ïðè Γn ∈ {In, Jn, En}
êîíå÷íû è èçîìîðôíû ãðóïïàì W (Γn)?
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Î ãðóïïàõ ñ H-ôðîáåíèóñîâûìè ýëåìåíòàìè

À. È. Ñîçóòîâ
Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

À. Ì. Ïîïîâ
Ñèáèðñêèé ãîñóäàðñòâåííûé àýðîêîñìè÷åñêèé óíèâåðñèòåò

èì. àêàäåìèêà Ì. Ô. Ðåøåòí¼âà, Êðàñíîÿðñê

Ìíîãèå èññëåäîâàíèÿ Â. Ï. Øóíêîâà è åãî ó÷åíèêîâ îïèðàëèñü íà
ñâîéñòâà êîíå÷íûõ ãðóïï Ôðîáåíèóñà. Ïðèçíàêè íåïðîñòîòû ãðóïï
ñ ðàçëè÷íûìè ñèñòåìàìè ôðîáåíèóñîâûõ ïîäãðóïï ñîñòàâëÿþò ôóí-
äàìåíò òåîðèè ïåðèîäè÷åñêèõ è ñìåøàííûõ ãðóïï ñ óñëîâèÿìè êî-
íå÷íîñòè áîëåå ñëàáûìè, ÷åì ëîêàëüíàÿ êîíå÷íîñòü. Èäåè è ìåòîäû
èç [1] ðàçâèâàþòñÿ â íåñêîëüêèõ íàïðàâëåíèÿõ, â íàñòîÿùåì äîêëàäå
êîñíåìñÿ òîëüêî äâóõ èç íèõ. Ýëåìåíò a ãðóïïû G íàçûâàåòñÿ H-
ôðîáåíèóñîâûì, åñëè H � ñîáñòâåííàÿ ïîäãðóïïà â G è âñå ïîäãðóï-
ïû âèäà Lg = 〈a, ag〉, ãäå g ∈ G\H, ÿâëÿþòñÿ ãðóïïàìè Ôðîáåíèóñà
ñ äîïîëíåíèÿìè, ñîäåðæàùèìè ýëåìåíò a [2]. Â [3] ïîëó÷åí ïðèçíàê
íåïðîñòîòû ãðóïïû ñ ñèñòåìîé F -ïîäãðóïï, áëèçêèõ ïî ñâîéñòâàì ê
ãðóïïàì Ôðîáåíèóñà.

Òåîðåìà 1. Åñëè H � ñîáñòâåííàÿ ïîäãðóïïà ãðóïïû G, a ∈ H,
|a| > 2 è äëÿ êàæäîãî g ∈ G \H ïîäãðóïïà 〈a, ag〉 åñòü F -ãðóïïà ñ
äîïîëíåíèåì 〈a〉, òî G = [a,G]hNG(〈a〉).
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Îòìåòèì, ÷òî â êîíå÷íîé â F -ãðóïïå T h 〈a〉 ÿäðî T íå îáÿçà-
íî áûòü íèëüïîòåíòíûì [3]. Äîïîëíèòåëüíûé ìíîæèòåëü Hg ãðóï-
ïû Ôðîáåíèóñà âèäà Lg = 〈a, ag〉 ìîæåò áûòü è íå öèêëè÷åñêèì. Î
ðàçíîîáðàçèè âîçíèêàþùèõ â ýòîì ñëó÷àå ñèòóàöèé ìîæíî ñîñòà-
âèòü ìíåíèå ïî ðåçóëüòàòàì ãëàâû 5 [1]. Òåì íå ìåíåå, â [4] áûëà
äîêàçàíà

Òåîðåìà 2. Åñëè ãðóïïà G ñîäåðæèò H-ôðîáåíèóñîâûé ýëåìåíò
a ÷¼òíîãî ïîðÿäêà >2 è i � èíâîëþöèÿ èç 〈a〉, òî G = F hCG(i) è
G = FH, ãäå F � ïåðèîäè÷åñêàÿ àáåëåâà íîðìàëüíàÿ â G ïîäãðóï-
ïà.

Õîðîøî èçâåñòíî, ÷òî ýëåìåíòû ïîðÿäêà 3 èç äîïîëíåíèé ãðóïï
Ôðîáåíèóñà, êàê è èíâîëþöèè, èãðàþò îñîáóþ ðîëü. Â íàñòîÿùåå
âðåìÿ àâòîðû ðàáîòàþò íàä äîêàçàòåëüñòâîì òàêîé òåîðåìû.

Òåîðåìà 3. Åñëè ãðóïïà G ñîäåðæèò H-ôðîáåíèóñîâûé ýëåìåíò
a ïîðÿäêà 3n, òî îáúåäèíåíèå âñåõ ÿäåð ôðîáåíèóñîâûõ ïîäãðóïï
ãðóïïû G ñ äîïîëíåíèåì 〈a〉 åñòü íîðìàëüíàÿ â G ïîäãðóïïà F è
G = FH.
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è ëîãèêà. 2012. Ò. 51 � 6. Ñ. 682�692.

4. Ïîïîâ A. M., Ñîçóòîâ À. È. Î ãðóïïàõ ñ H-ôðîáåíèóñîâûì ýëå-
ìåíòîì ÷åòíîãî ïîðÿäêà // Àëãåáðà è ëîãèêà. 2005. Ò. 44. � 1.
Ñ. 70�80.
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Î ëîêàëüíî êîíå÷íûõ ïîäãðóïïàõ ãðóïï Øóíêîâà
êîíå÷íîãî ðàíãà

À. È. Ñîçóòîâ, Ì. Â. ßí÷åíêî
Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Â 1978 ã. Â. Ï. Øóíêîâûì â Êîóðîâñêîé òåòðàäè [1] áûë ïîñòàâ-
ëåí âîïðîñ 6.59 î ëîêàëüíîé êðíå÷íîñòè ïåðèîäè÷åñêîé (ñîïðÿæåí-
íî) áèïðèìèòèâíî êîíå÷íîé ãðóïïû êîíå÷íîãî ðàíãà. Ïîä ðàíãîì
ãðóïïû çäåñü ïîíèìàåòñÿ ìàêñèìàëüíûé ðàíã ýëåìåíòàðíûõ àáåëå-
âûõ ïîäãðóïï ãðóïïû. Â íàñòîÿùåå âðåìÿ ñîïðÿæåííî áèïðèìèòèâ-
íî êîíå÷íûå ãðóïïû íàçûâàþòñÿ ãðóïïàìè Øóíêîâà. Â [2] äîêàçàíà
ñëåäóþùàÿ

Òåîðåìà 1. Ãðóïïà Øóíêîâà ðàíãà 1 ñ ðàçðåøèìûìè êîíå÷íûìè
ïîäãðóïïàìè îáëàäàåò ëîêàëüíî êîíå÷íîé ïåðèîäè÷åñêîé ÷àñòüþ.

Ýòà òåîðåìà ñëóæèò îñíîâîé äëÿ äàëüíåéøèõ èíäóêòèâíûõ ðàñ-
ñóæäåíèé. Àíîíñèðóåì ñëåäóþùóþ òåîðåìó.

Òåîðåìà 2. Â ãðóïïå Øóíêîâà êîíå÷íîãî ðàíãà, ñîäåðæàùåé áåñêî-
íå÷íî ìíîãî ýëåìåíòîâ êîíå÷íîãî ïîðÿäêà, êàæäûé ýëåìåíò ïðî-
ñòîãî ïîðÿäêà ñîäåðæèòñÿ â áåñêîíå÷íîé ëîêàëüíî êîíå÷íîé ïîä-
ãðóïïå.

Â ÷àñòíîñòè, äëÿ ãðóïï êîíå÷íîãî ðàíãà ïîëó÷åí ïîëîæèòåëüíûé
îòâåò íà âîïðîñ 14.10 À. Ê. Øëåïêèíà èç Êîóðîâñêîé òåòðàäè.

Ñïèñîê ëèòåðàòóðû

1. Êîóðîâñêàÿ òåòðàäü: Íåðåøåííûå âîïðîñû òåîðèè ãðóïï. 6-17-å
èçä. Íîâîñèáèðñê, 1978�2012 ãã.

2. Ñîçóòîâ À. È. Î ãðóïïàõ Øóíêîâà, äåéñòâóþùèõ ñâîáîäíî íà
àáåëåâûõ ãðóïïàõ // Ñèá. ìàò. æóðí. 2013. Ò. 54. � 1. Ñ. 188�198.
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Î Ω-ñïóòíèêàõ Ω-ðàññëîåííûõ ôîðìàöèé êîíå÷íûõ ãðóïï

Ì. Ì. Ñîðîêèíà
Áðÿíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

èì. àêàäåìèêà È. Ã. Ïåòðîâñêîãî, Áðÿíñê

Ïîíÿòèå Ω-ðàññëîåííîé ôîðìàöèè êîíå÷íûõ ãðóïï áûëî ââåäåíî
â ðàññìîòðåíèå Â. À. Âåäåðíèêîâûì â 1999 ã. (ñì., íàïðèìåð, [1]). Îò-
ìåòèì, ÷òî äàëåå ðàññìàòðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû. Ïóñòü
I - êëàññ âñåõ ïðîñòûõ ãðóïï, Ω - íåïóñòîé ïîäêëàññ êëàññà I, K(G)
- êëàññ âñåõ ãðóïï, èçîìîðôíûõ êîìïîçèöèîííûì ôàêòîðàì ãðóïïû
G, EΩ = (G ∈ E : K(G) ⊆ Ω), OΩ(G) = GEΩ

- EΩ-ðàäèêàë ãðóïïû
G. Ïóñòü A ∈ I. Òîãäà A′ = (A)′, EA = E(A), OA′,A(G) = GEA′EA.
Ïóñòü f : Ω ∪ {Ω′} → { ôîðìàöèè ãðóïï } è ϕ : I → {íåïóñòûå
ôîðìàöèè Ôèòòèíãà ãðóïï} - ΩF -ôóíêöèÿ è FR-ôóíêöèÿ ñîîòâåò-
ñòâåííî. Ôîðìàöèÿ F = ΩF (f, ϕ) = (G ∈ E : G/OΩ(G) ∈ f(Ω′) è
G/Gϕ(A) ∈ f(A) äëÿ âñåõ A ∈ K(G) ∩Ω) íàçûâàåòñÿ Ω-ðàññëîåííîé
ôîðìàöèåé ñ Ω-ñïóòíèêîì f è íàïðàâëåíèåì ϕ [1]. Ôîðìàöèÿ F =
ΩF (f, ϕ) íàçûâàåòñÿ Ω-êàíîíè÷åñêîé ôîðìàöèåé, åñëè ϕ = ϕ′2, ãäå
ϕ′2(A) = EA′EA äëÿ ëþáîé ãðóïïû A ∈ I [1].
Ñëåäóÿ [2], Ω-ñïóòíèê f Ω-ðàññëîåííîé ôîðìàöèè F íàçîâåì ïî-

ëóâíóòðåííèì, åñëè äëÿ ëþáîãî A ∈ Ω ∪ {Ω′} èç f(A) 6= E âñåãäà
ñëåäóåò, ÷òî f(A) ⊆ F.

Òåîðåìà 1. Ïóñòü F - Ω-êàíîíè÷åñêàÿ ôîðìàöèÿ. Òîãäà F îáëàäàåò
ìàêñèìàëüíûì ïîëóâíóòðåííèì Ω-ñïóòíèêîì f , òàêèì, ÷òî äëÿ
ëþáîãî A ∈ Ω ∪ {Ω′} âûïîëíÿåòñÿ óòâåðæäåíèå:
åñëè f(A) 6= E, òî f(A) = F äëÿ A ∈ {Ω′} è f(A) = EAf(A) äëÿ

âñåõ A ∈ Ω.

Ñïèñîê ëèòåðàòóðû

1. Vedernikov V. A. Maximal satellites of Ω-foliated formations and
Fitting classes // Proc. of the Steklov Institute of Math. Suppl.
2001. V. 2. P. 217�233.

2. Øåìåòêîâ Ë. À., Ñêèáà À. Í. Ôîðìàöèè àëãåáðàè÷åñêèõ ñèñòåì.
Ì.: Íàóêà, 1989.
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Ðåøåíèå äðîáíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
â çàäà÷àõ àêóñòèêè ôðàêòàëüíî-íåîäíîðîäíûõ ñðåä

Â. À. Ñòåïàíåíêî, Ï. Ï. Òóð÷èí
Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Â íàñòîÿùåå âðåìÿ âîïðîñû, ñâÿçàííûå ñ ôëóêòóàöèåé óïðóãèõ
ñâîéñòâ ôðàêòàëüíûõ ìàòåðèàëîâ, ÿâëÿþòñÿ íåäîñòàòî÷íî èçó÷åí-
íûìè [1]. Ìåòîäîì èññëåäîâàíèÿ óïðóãèõ ïîñòîÿííûõ ÿâëÿþòñÿ àêó-
ñòè÷åñêèå èçìåðåíèÿ ñêîðîñòåé óïðóãèõ âîëí è ïîñëåäóþùåå ðåøå-
íèå îáðàòíîé çàäà÷è êðèñòàëëîàêóñòèêè. Äëÿ ôðàêòàëüíûõ ñðåä â
ýòîì ñëó÷àå òðåáóåòñÿ ðåøåíèå âîëíîâîãî óðàâíåíèÿ â äðîáíûõ ïðî-
èçâîäíûõ [2].
Ðåøåíèÿ óðàâíåíèé â äðîáíûõ ïðîèçâîäíûõ, êàê ïðàâèëî, ìî-

ãóò áûòü ïîëó÷åíû â âèäå ñòåïåííûõ ðÿäîâ. Â îòäåëüíûõ ñëó÷àÿõ
ýòè ðÿäû ÿâëÿþòñÿ õîðîøî èçâåñòíûìè ñïåöôóíêöèÿìè ìàòåìàòè-
÷åñêîé ôèçèêè. Âîçìîæíû ðàçëè÷íûå îáîáùåíèÿ âîëíîâîãî óðàâíå-
íèÿ íà äðîáíûå ïðîèçâîäíûå, ñâÿçàííûå ñ ôðàêòàëüíîñòüþ ñðåäû
[3].
Â íàøåì ñëó÷àå ïîëó÷åíî îðèãèíàëüíîå ðåøåíèå âîëíîâîãî óðàâ-

íåíèÿ ñ ïðèìåíåíèåì äðîáíûõ ïðîèçâîäíûõ Ðèìàíà-Ëèóâèëëÿ. Äàí-
íîå ðåøåíèå äîïîëíÿåò ñóùåñòâóþùèå ïîäõîäû [3,4] è ïîçâîëÿåò âû-
ïîëíèòü ýêñïåðèìåíòàëüíîå ñðàâíåíèå ðàññìàòðèâàåìûõ ìåòîäîâ.

Ñïèñîê ëèòåðàòóðû
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èìïóëüñà â äèñïåðñíîé ôðàêòàëüíîé ñðåäå // ÏÆÒÔ. 1999. Ò. 25.
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3. Mainardi F., Tomirotti M. Transforms and Spesial fanctions. Procee-
dings of International Workshop, So�a, 1994. P. 171�183.

4. Çàñëàâñêèé Ã. Ì. Ãàìèëüòîíîâ õàîñ è ôðàêòàëüíàÿ äèíàìèêà.
Ì.-Èæåâñê: ÍÈÖ ¾Ðåãóëÿðíàÿ è õàîòè÷åñêàÿ äèíàìèêà¿, Èæåâ-
ñêèé èíñòèòóò êîìïüþòåðíûõ èññëåäîâàíèé, 2010. 442 ñ.
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Ïðèìèòèâíàÿ íîðìàëüíîñòü êëàññà
ïðîåêòèâíûõ ïîëèãîíîâ

À. À. Ñòåïàíîâà, Ã. È. Áàòóðèí
Äàëüíåâîñòî÷íûé ãîñóäàðñòâåííûé ôåäåðàëüíûé óíèâåðñèòåò, Âëàäèâîñòîê

Â [1] èçó÷åíû ïðèìèòèâíî íîðìàëüíûå òåîðèè ëåâûõ S-ïîëèãîíîâ.
Â ÷àñòíîñòè, äîêàçàíî, ÷òî êëàññ âñåõ ëåâûõ S-ïîëèãîíîâ ïðèìèòèâ-
íî íîðìàëåí òîãäà è òîëüêî òîãäà, êîãäà S � ëèíåéíî óïîðÿäî÷åííûé
ìîíîèä. Â [2] íà ÿçûêå ñòðóêòóðû ïðèìèòèâíûõ ýêâèâàëåíòíîñòåé
îïèñàíû ëåâûå S-ïîëèãîíû ñ ïðèìèòèâíî íîðìàëüíîé òåîðèåé. Ìî-
íîèäû, äëÿ êîòîðûõ êëàññ ïðîåêòèâíûõ ëåâûõ S�ïîëèãîíîâ àêñèî-
ìàòèçèðóåì, èññëåäîâàíû â [3]. Â äàííîé ðàáîòå èçó÷àþòñÿ ìîíîèäû
S, íàä êîòîðûìè êëàññ ïðîåêòèâíûõ ëåâûõ S�ïîëèãîíîâ ïðèìèòèâ-
íî íîðìàëåí.
Íàïîìíèì íåêîòîðûå îïðåäåëåíèÿ. Ïóñòü S � ìîíîèä. Ïîä ëåâûì

S-ïîëèãîíîì ïîíèìàåòñÿ ìíîæåñòâî, íà êîòîðîì S äåéñòâóåò ñëåâà,
ïðè ýòîì åäèíèöà S äåéñòâóåò òîæäåñòâåííî. Ëåâûé S-ïîëèãîí P
ïðîåêòèâåí, åñëè P ∼=

∐
i∈I Sei, ãäå ei � èäåìïîòåíòû ìîíîèäà S

(i ∈ I). Êëàññ ïðîåêòèâíûõ ëåâûõ S-ïîëèãîíîâ îáîçíà÷èì ÷åðåç P .
Àêñèîìàòèçèðóåìûé êëàññ ñòðóêòóð K ÿçûêà L íàçûâàåòñÿ ïðèìè-
òèâíî íîðìàëüíûì, åñëè òåîðèÿ ýòîãî êëàññà ïðèìèòèâíî íîðìàëü-
íà.

Òåîðåìà 1. Ïóñòü êëàññ P ïðîåêòèâíûõ ëåâûõ S-ïîëèãîíîâ àêñè-
îìàòèçèðóåì. Ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:
1) êëàññ P ïðèìèòèâíî íîðìàëåí;
2) ëåâûé S-ïîëèãîí SS ïðîåêòèâåí;
3) íà ëþáîì ïðèìèòèâíîì ïîäìíîæåñòâå X ìíîæåñòâà S ëþ-

áûå ïðèìèòèâíûå ýêâèâàëåíòíîñòè α è β, îïðåäåëåííûå íà ýòîì
ìíîæåñòâå, ïåðåñòàíîâî÷íû, ò. å. α ◦ β = β ◦ α.

Ìîíîèä S íàçûâàåòñÿ ìîíîèäîì ñ ëåâûì ñîêðàùåíèåì, åñëè äëÿ
ëþáûõ s, t, r ∈ S èç ðàâåíñòâà rs = rt ñëåäóåò s = t.

Ñëåäñòâèå 1. Åñëè êëàññ ïðîåêòèâíûõ ëåâûõ S-ïîëèãîíîâ P àê-
ñèîìàòèçèðóåì è S - ìîíîèä ñ ëåâûì ñîêðàùåíèåì, òî êëàññ P
ïðèìèòèâíî íîðìàëåí.
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2. Ñòåïàíîâà À. À. Ïîëèãîíû ñ ïðèìèòèâíî íîðìàëüíûìè è àä-
äèòèâíûìè òåîðèÿìè // Àëãåáðà è ëîãèêà. 2008. T. 47. � 4.
C. 491�508.

3. Ñòåïàíîâà À. À. Àêñèîìàòèçèðóåìîñòü è ïîëíîòà íåêîòîðûõ êëàñ-
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594.

Áîëüøèå ýëåìåíòàðíûå àáåëåâû óíèïîòåíòíûå ïîäãðóïïû
ãðóïï ëèåâà òèïà

Ã. Ñ. Ñóëåéìàíîâà
Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Èçâåñòíî, ÷òî âîïðîñ îïèñàíèÿ áîëüøèõ àáåëåâûõ ïîäãðóïï ãðóï-
ïû G ëèåâà òèïà íàä êîíå÷íûì ïîëåì K ñâîäèòñÿ ê àíàëîãè÷íîìó
âîïðîñó äëÿ óíèïîòåíòíîãî ðàäèêàëà U ïîäãðóïïû Áîðåëÿ â G, ïî-
äîáíî ñõåìå À. È. Ìàëüöåâà äëÿ ïðîñòûõ êîìïëåêñíûõ àëãåáð Ëè.
Äëÿ êëàññè÷åñêèõ òèïîâ ê ñåðåäèíå 80-õ ãîäîâ áûëè íàéäåíû ìíî-
æåñòâî A(U) áîëüøèõ àáåëåâûõ ïîäãðóïï â U , åãî ïîäìíîæåñòâî
AN(U) íîðìàëüíûõ â U ïîäãðóïï, ìíîæåñòâî Ae(U) áîëüøèõ ýëå-
ìåíòàðíûõ àáåëåâûõ ïîäãðóïï â U , à òàêæå ïîäãðóïïû Òîìïñîíà
J(U) = 〈A | A ∈ A(U)〉, Je(U) = 〈A | A ∈ Ae(U)〉. Â 1986 ã. â îáçî-
ðå [1] çàïèñàíà ïðîáëåìà (1.6): Îïèñàòü ìíîæåñòâà A(U), AN(U),
Ae(U) è ïîäãðóïïû Òîìïñîíà J(U), Je(U) äëÿ îñòàâøèõñÿ ñëó÷àåâ
G.
Ê èññëåäîâàíèþ ïðîáëåìû Å. Ï. Âäîâèí ïðèìåíÿë îáîáùåííûé

ìåòîä À. È. Ìàëüöåâà. Äëÿ àáåëåâîé ïîäãðóïïû A è íèëüïîòåíòíîé
ïîäãðóïïû N êîíå÷íîé ïðîñòîé íåàáåëåâîé ãðóïïû G îí äîêàçàë [1]:
| A |3<| G | ïðè G 6= A1(q) è | N |2<| G |. Àâòîð è Â. Ì. Ëåâ÷óê
ðåàëèçóþò ïîäõîä, ñâÿçàííûé ñ ïðåäâàðèòåëüíûì îïèñàíèåì ìàêñè-
ìàëüíûõ íîðìàëüíûõ àáåëåâûõ ïîäãðóïï â U [4�6]. Òàê, â îáîçíà÷å-
íèÿõ [3], äîêàçàíà
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Òåîðåìà 1. Ïóñòü U = UG(K) � èñêëþ÷èòåëüíîãî òèïà. Òîãäà:
a) J(U) = Je(U) = Π6

i=1T (αi) äëÿ òèïà E8;
b) A(U) = AN(U) = Ae(U) äëÿ òèïà E6 è E7;
c) J(U) = Je(U) = Uα1

â ãðóïïå UF4(K) ïðè 2K = K è â
U 2E6(K);
d) J(U) = Je(U) = U â ãðóïïå UF4(K) ïðè 2K = 0;
e) J(U) = T (a), Je(U) = U â ãðóïïå U 3D4(8) è J(U) = Je(U) = U

â ãðóïïàõ U 3D4(K) ïðè |Kσ| > 2 è UG2(K) ïðè |K| > 2;
f ) J(U) ∈ AN(U), |AN(U)| = 1 è Je(U) = U äëÿ ãðóïïû UG2(2);
g) J(U) = U , Je(U) = U2 â ãðóïïå U

2B2(K);
h) J(U) = R2,−1(K)U3, Je(U) = R32(K)U2 â ãðóïïå U

2F4(K).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ïðîåêò 12-01-00968).
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Î ãðóïïàõ ïîäñòàíîâîê ñ êîíå÷íûìè ïàðàìåòðàìè
ðàññåèâàíèÿ

Þ. Ñ. Òàðàñîâ
Êðàñíîÿðñêîå ðåãèîíàëüíîå îòäåëåíèå Ìåæäóíàðîäíîé àêàäåìèè ýêîëîãèè è

ïðèðîäîïîëüçîâàíèÿ, Êðàñíîÿðñê

Â ðàáîòå [1] äëÿ ïîäñòàíîâêè g ìíîæåñòâà öåëûõ ÷èñåë Z îïðå-
äåëåí å¼ ïàðàìåòð ðàññåèâàíèÿ λ(g). Äëÿ êàæäîãî α ∈ Z ââåäåì
ìíîæåñòâà

Mα(g) = {β | β ∈ Z, β 6 α, βg > α}, Lα(g) = {β | β ∈ Z, β > α, βg 6 α}.

Ïîëàãàåì

t(g) = max
α∈Z
|Mα(g)|, s(g) = max

α∈Z
|Lα(g)|, λ(g) = max(t(g), s(g)).

Ìíîæåñòâî H = {g | g ∈ S(Z), λ(g) <∞} îáðàçóåò ãðóïïó. Äàëåå
ïîäñòàíîâêà g ãðóïïû S(Z) íàçûâàåòñÿ ðàâíîìåðíîé, åñëè |Mα(g)| =
|Lα(g)| < ∞ ïðè ëþáîì öåëîì α. Ìíîæåñòâî R âñåõ ðàâíîìåðíûõ
ïîäñòàíîâîê ÿâëÿåòñÿ ãðóïïîé [1]. Îáîçíà÷èì G = H∩R. Ïîëó÷åíû
äâà ñëåäóþùèõ ðåçóëüòàòà.

Òåîðåìà 1. G = H ′.

Òåîðåìà 2. H = Gh < d >, ãäå d-ñäâèã, αd = α + 1 äëÿ ëþáîãî
α ∈ Z.

Ñïèñîê ëèòåðàòóðû

1. Ñó÷êîâ Í. Ì., Ìàíüêîâ À. À., Òàðàñîâ Þ. Ñ. Ãðóïïû ïîäñòà-
íîâîê ñ êîíå÷íûìè ïàðàìåòðàìè ðàññåèâàíèÿ // Æóðí. Ñèá.
ôåäåð. óí-òà. Ìàòåìàòèêà è ôèçèêà. 2012. Ò. 5. � 1. Ñ. 116�121.

Ïîðîæäàþùèå òðîéêè èíâîëþöèé ãðóïï SL6(Z) è SL10(p)

È. À. Òèìîôååíêî
Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Ãðóïïó G áóäåì íàçûâàòü (2, 2, 2)-ïîðîæäåííîé ((2×2, 2)-ïîðîæ-
äåííîé), åñëè îíà ïîðîæäàåòñÿ òðåìÿ èíâîëþöèÿìè (ñîîòâåòñòâåí-
íî òðåìÿ èíâîëþöèÿìè, äâå èç êîòîðûõ ïåðåñòàíîâî÷íû). Äàëåå
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SLn(Z) � ñïåöèàëüíàÿ ëèíåéíàÿ ãðóïïà ðàçìåðíîñòè n íàä êîëü-
öîì öåëûõ ÷èñåë Z.
Â SL2(Z) îäíà èíâîëþöèÿ, ñëåäîâàòåëüíî îíà íå ïîðîæäàåòñÿ íè-

êàêèì ìíîæåñòâîì èíâîëþöèé. Ì. Òàìáóðèíè è Ï. Öóêà [1] ïîêàçà-
ëè, ÷òî ãðóïïà SLn(Z) ïðè n ≥ 14 ÿâëÿåòñÿ (2× 2, 2)-ïîðîæäåííîé.
ß. Í. Íóæèí [2] äîêàçàë, ÷òî ãðóïïà PSLn(Z) òîãäà è òîëüêî òîãäà
(2 × 2, 2)-ïîðîæäåíà, êîãäà n ≥ 5. Ò. Â. Ìîèñååíêîâà [3] ïîêàçàëà,
÷òî ïðè n = 3, 4 ãðóïïà SLn(Z) ÿâëÿåòñÿ (2, 2, 2)-ïîðîæäåííîé, íî
íå (2× 2, 2)-ïîðîæäåíà.
Èç ïðèâåäåííûõ âûøå ðåçóëüòàòîâ è ñ ó÷åòîì, ÷òî â [2] ïîðîæäà-

þùèå èíâîëþöèè ãðóïïû PSLn(Z) ïðè n 6= 2(2r+1) âûáèðàëèñü èç
SLn(Z), ñëåäóåò, ÷òî âîïðîñû î (2, 2, 2) è (2 × 2, 2)-ïîðîæäàåìîñòè
èññëåäîâàíû äëÿ âñåõ SLn(Z), èñêëþ÷àÿ ãðóïïû SL6(Z) è SL10(Z).
Àâòîðó óäàëîñü ïîëó÷èòü òîëüêî äâà ñëåäóþùèõ ðåçóëüòàòà.

Òåîðåìà 1. Ãðóïïà SL6(Z) íàä êîëüöîì öåëûõ ÷èñåë Z ïîðîæäà-
åòñÿ òðåìÿ èíâîëþöèÿìè.

Òåîðåìà 2. Äëÿ ëþáîãî ïðîñòîãî ÷èñëà p ãðóïïà SL10(p) íàä ïîëåì
âû÷åòîâ Zp ïîðîæäàåòñÿ òðåìÿ èíâîëþöèÿìè.

Òåîðåìà 2 ñâèäåòåëüñòâóåò â ïîëüçó (2, 2, 2)-ïîðîæäàåìîñòè ãðóï-
ïû SL10(Z) â ñèëó ãîìîìîðôèçìà SL10(Z) → SL10(p) è òîãî, ÷òî
ãîìîìîðôèçì ñîõðàíÿåò ñâîéñòâî (2, 2, 2)-ïîðîæäàåìîñòè.
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Î ïðîèçâåäåíèÿõ êîíå÷íûõ ãðóïï èç çàäàííûõ êëàññîâ

Ò. Â. Òèõîíåíêî
Ãîìåëüñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò

èì. Ï.Î. Ñóõîãî, Ãîìåëü

Âñå ðàññìàòðèâàåìûå â ðàáîòå ãðóïïû ïðåäïîëàãàþòñÿ êîíå÷íû-
ìè. Âñå îáîçíà÷åíèÿ ñòàíäàðòíû è ñîîòâåòñòâóþò [1, 2].
Èçó÷åíèå êîíå÷íûõ ãðóïï, îáëàäàþùèõ ôàêòîðèçàöèåé, äàåò âîç-

ìîæíîñòü ãëóáæå ïîíÿòü ñòðîåíèå êîíå÷íîé ãðóïïû. Îïðåäåëåííûé
èíòåðåñ ïðåäñòàâëÿþò ãðóïïû, ôàêòîðèçóåìûå ïîäãðóïïàìè èç çà-
äàííîãî êëàññà ãðóïï (àáåëåâû, íèëüïîòåíòíûå, ðàçðåøèìûå, ñâåðõ-
ðàçðåøèìûå è äðóãèå). Íàïðèìåð, â ðàáîòå [3] Ë. Ñ. Êàçàðèíà íàé-
äåíû âñå êîìïîçèöèîííûå ôàêòîðû êîíå÷íîé ãðóïïû, ïðåäñòàâè-
ìîé â âèäå äâóõ ðàçðåøèìûõ ïîäãðóïï. Â. Ñ. Ìîíàõîâûì ïîëó÷åí
ðåçóëüòàò î íîðìàëüíîì ñòðîåíèè êîíå÷íûõ ãðóïï, ôàêòîðèçóåìûõ
äâóìÿ ïîäãðóïïàìè Øìèäòà [4]. Â ðàáîòå [5] àâòîðîì áûëè íàéäå-
íû êîìïîçèöèîííûå ôàêòîðû êîíå÷íûõ ãðóïï, ïðåäñòàâèìûõ â âèäå
ïðîèçâåäåíèÿ äâóõ ñâåðõðàçðåøèìûõ ïîäãðóïï. Âñå êîìïîçèöèîí-
íûå ôàêòîðû êîíå÷íûõ ãðóïï, ïðåäñòàâèìûõ â âèäå ïðîèçâåäåíèÿ
ãðóïïû Øìèäòà è ðàçðåøèìîé ãðóïïû, áûëè ïîëó÷åíû àâòîðîì â
ðàáîòå [6].
Ïðîäîëæàÿ èññëåäîâàíèÿ â äàííîì íàïðàâëåíèè, ïîëó÷åíû ðå-

çóëüòàòû î ñòðîåíèè êîíå÷íîé ôàêòîðèçóåìîé ãðóïïû, îäèí èç ñî-
ìíîæèòåëåé êîòîðîé ÿâëÿåòñÿ ãðóïïîé Øìèäòà, à âòîðîé - ñâåðõ-
ðàçðåøèìàÿ ãðóïïà.
Ïîëó÷åí ñëåäóþùèé ðåçóëüòàò:

Òåîðåìà 1. Ïóñòü G = AB - êîíå÷íàÿ ãðóïïà, ãäå A - ïîäãðóïïà
Øìèäòà, à ïîäãðóïïà B - ñâåðõðàçðåøèìàÿ. Òîãäà ëþáîé ïðîñòîé
íåàáåëåâ êîìïîçèöèîííûé ôàêòîð ãðóïïû G èçîìîðôåí PSL2(q)
äëÿ ïîäõîäÿùåãî çíà÷åíèÿ ïàðàìåòðà q.
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Î êîíå÷íûõ ðàçðåøèìûõ ãðóïïàõ ñ îãðàíè÷åíèÿìè
íà Ôèòòèíãîâû ñèëîâñêèå ïîäãðóïïû èõ ôàêòîðîâ

À. À. Òðîôèìóê
Áðåñòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. À. Ñ. Ïóøêèíà, Áðåñò

Ðàññìàòðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû. Íîðìàëüíûì ðÿäîì
ãðóïïû G íàçûâàåòñÿ öåïî÷êà ïîäãðóïï

1 = G0 ⊆ G1 ⊆ . . . ⊆ Gm = G, (1)

â êîòîðîé ïîäãðóïïàGi íîðìàëüíà â ãðóïïåG äëÿ âñåõ i = 1, 2, . . . ,m.
Ôàêòîð-ãðóïïû Gi+1/Gi íàçûâàþòñÿ ôàêòîðàìè íîðìàëüíîãî ðÿ-
äà [1].
Õîðîøî èçâåñòíî, ÷òî ãðóïïà, îáëàäàþùàÿ íîðìàëüíûì ðÿäîì ñ

öèêëè÷åñêèìè ôàêòîðàìè, ÿâëÿåòñÿ ñâåðõðàçðåøèìîé, ñì. [1, VI.8.5].
Êðîìå òîãî, åñëè ñèëîâñêèå ïîäãðóïïû â ôàêòîðàõ öèêëè÷åñêèå,
òî èç òåîðåìû Öàññåíõàóçà [1, IV.2.11] âûòåêàåò ñâåðõðàçðåøèìîñòü
ãðóïïû G. Ïîýòîìó íèëüïîòåíòíàÿ äëèíà ãðóïïû G è ïðîèçâîäíàÿ
äëèíà ôàêòîð-ãðóïïû G/Φ(G) íå ïðåâûøàþò 2. Çäåñü Φ(G) � ïîä-
ãðóïïà Ôðàòòèíè ãðóïïû G.
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Áèöèêëè÷åñêîé íàçûâàþò ãðóïïó, ôàêòîðèçóåìóþ äâóìÿ öèêëè-
÷åñêèìè ïîäãðóïïàìè. Èññëåäîâàíèå ðàçðåøèìûõ ãðóïï, îáëàäàþ-
ùèõ íîðìàëüíûìè ðÿäàìè, ôàêòîðû êîòîðûõ èìåþò áèöèêëè÷åñêèå
ñèëîâñêèå ïîäãðóïïû, ïðîâåäåíî â ðàáîòå [2].
Â ðàáîòå [3] óñòàíîâëåíî, ÷òî äëÿ ïîëó÷åíèÿ îöåíêè ïðîèçâîä-

íîé äëèíû ðàçðåøèìîé ãðóïïû äîñòàòî÷íî ðàññìàòðèâàòü ñèëîâ-
ñêèå ïîäãðóïïû íå âñåé ãðóïïû, à òîëüêî åå ïîäãðóïïû Ôèòòèíãà.
Â íàñòîÿùåé çàìåòêå èñcëåäóþòñÿ ðàçðåøèìûå ãðóïïû, îáëàäàþ-

ùèå íîðìàëüíûìè ðÿäàìè ñ áèöèêëè÷åñêèìè ñèëîâñêèìè ïîäãðóï-
ïàìè â ïîäãðóïïàõ Ôèòòèíãà èõ ôàêòîðîâ. Äîêàçàíà

Òåîðåìà 1. Ïóñòü ðàçðåøèìàÿ ãðóïïà G îáëàäàåò íîðìàëüíûì
ðÿäîì, òàêèì, ÷òî ïîäãðóïïû Ôèòòèíãà åãî ôàêòîðîâ èìåþò áè-
öèêëè÷åñêèå ñèëîâñêèå ïîäãðóïïû. Òîãäà ñïðàâåäëèâû ñëåäóþùèå
óòâåðæäåíèÿ.

1. Íèëüïîòåíòíàÿ äëèíà ãðóïïû G íå ïðåâûøàåò 4, à ïðîèçâîä-
íàÿ äëèíà ôàêòîð-ãðóïïû G/Φ(G) íå ïðåâûøàåò 5.

2. l2(G) ≤ 2, l3(G) ≤ 2 è lp(G) ≤ 1 äëÿ âñåõ ïðîñòûõ p > 3.

Çäåñü lp(G) � p-äëèíà ãðóïïû G.
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Î ïåðèîäè÷åñêèõ ãðóïïàõ
ñ íèëüïîòåíòíûìè êîíå÷íûìè ïîäãðóïïàìè

Ã. À. Òðîÿêîâà
Òóâèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Êûçûë

Ïóñòü â ïåðèîäè÷åñêîé ãðóïïå G äëÿ ëþáîé åå êîíå÷íîé ïîäãðóï-
ïû K èìååò ìåñòî óñëîâèå: (α) äëÿ ëþáûõ ýëåìåíòîâ a è b ðàçëè÷-
íûõ ïðîñòûõ ïîðÿäêîâ p è q èç ôàêòîð-ãðóïïûNG(K)/K ïîäãðóïïû
〈b−1ab, a〉, 〈a−1ba, b〉 êîíå÷íû [1].

Òåîðåìà 1. Åñëè â ïåðèîäè÷åñêîé ãðóïïå G ñ óñëîâèåì (α) ëþáàÿ
êîíå÷íàÿ ïîäãðóïïà íèëüïîòåíòíà, òî G/Z(G) ðàçëàãàåòñÿ â ïðÿ-
ìîå ïðîèçâåäåíèå ñèëîâñêèõ ïîäãðóïï.

Ðàíåå [1] ýòà òåîðåìà áûëà äîêàçàíà òîëüêî äëÿ ñëó÷àÿ áåç èíâî-
ëþöèé.
Îòìåòèì, ÷òî ñóùåñòâóåò íåðàñùåïëÿåìîå ðàñøèðåíèå êîíå÷íîé

ãðóïïû ñîñòàâíîãî ïîðÿäêà n ñ ïîìîùüþ p-ãðóïïû Íîâèêîâà-Àäÿíà
(p íå äåëèò n) [2]. Òàêàÿ ãðóïïà óäîâëåòâîðÿåò óñëîâèþ (α), è åå
ôàêòîð-ãðóïïà G/Z(G) ðàçëàãàåòñÿ â ïðÿìîå ïðîèçâåäåíèå ñèëîâ-
ñêèõ ïîäãðóïï.

Ñïèñîê ëèòåðàòóðû

1. Òðîÿêîâà Ã.À. Ê òåîðèè ÷åðíèêîâñêèõ ãðóïï. Áåñêîíå÷íûå ãðóï-
ïû è ïðèìûêàþùèå àëãåáðàè÷åñêèå ñòðóêòóðû. Êèåâ: ÀÍ Óêðà-
èíû, Èí-ò ìàòåìàòèêè, 1994. Ñ. 290-311.

2. Àäÿí Ñ.È. Ïðîáëåìà Áåðíñàéäà è òîæäåñòâà â ãðóïïàõ. Ì.: Íà-
óêà, 1975. 336 ñ.

Ïðåäïðîåêòèâíûå è ïðåäèíúåêòèâíûå îáúåêòû êàòåãîðèè
K-ðàçëîæèìûõ ëîêàëüíûõ ãðóïï

Â. Õ. Ôàðóêøèí
Ìîñêîâñêèé ïåäàãîãè÷åñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ìîñêâà

Ïóñòü Lp(K) � êàòåãîðèÿ K-ðàçëîæèìûõ p-ëîêàëüíûõ àáåëåâûõ
ãðóïï áåç êðó÷åíèÿ êîíå÷íîãî p-ðàíãà ñ ñåðâàíòíûìè êâàçèãîìî-
ìîðôèçìàìè â êà÷åñòâå ìîðôèçìîâ, Jp(K) � ïîëíàÿ ïîäêàòåãîðèÿ
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íåðàçëîæèìûõ âïîëíå ðåäóöèðîâàííûõ ãðóïï, ãäå ïîäïîëå K ïî-
ëÿ p-àäè÷åñêèõ ÷èñåë ÿâëÿåòñÿ êîíå÷íûì ðàñøèðåíèåì Ãàëóà ïîëÿ
ðàöèîíàëüíûõ ÷èñåë, Gal(K/Q) � ãðóïïà Ãàëóà ïîëÿK, KH � íåïî-
äâèæíîå ïîëå ïîäãðóïïû H ⊂ Gal(K/Q).
Ïðåäïðîåêòèâíûì (ïðåäèíúåêòèâíûì) îáúåêòîì êàòåãîðèè Ip(K)

íàçîâåì ñåðâàíòíî ïðîåêòèâíûé (èíúåêòèâíûé) îáúåêò ëþáîé ïîë-
íîé ïîäêàòåãîðèè.

Òåîðåìà 1. Äëÿ êàæäîãî ïðåäèíúåêòèâíîãî îáúåêòà B êàòåãîðèè
Ip(K) ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü ïðåäèíúåêòèâíûõ îáúåê-
òîâ B1, . . . , Bm, òàêèõ, ÷òî B = B1 → B2 → · · · → Bm, ãäå
îòîáðàæåíèÿ ÿâëÿþòñÿ ñåðâàíòíûìè ìîíîìîðôèçìàìè è Bm �
ñåðâàíòíî èíúåêòèâíûé â Lp(K). Êàæäûé ïðåäèíúåêòèâíûé îáú-

åêò B â êàòåãîðèè Ip(K) èìååò âèä B = KH∩ Ẑp, ãäå Ẑp � êîëüöî
öåëûõ p-àäè÷åñêèõ ÷èñåë, H � ïîäãðóïïà Gal(K/Q).

Òåîðåìà 2. Äëÿ êàæäîãî ïðåäïðîåêòèâíîãî îáúåêòà A êàòåãîðèè
Ip(K) ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü ïðåäïðîåêòèâíûõ îáúåê-
òîâ A1, . . . , Ak, òàêèõ, ÷òî Ak → Ak−1 → · · · → A1 = A, ãäå
îòîáðàæåíèÿ ÿâëÿþòñÿ ýïèìîðôèçìàìè è Bk � ñåðâàíòíî ïðîåê-
òèâíûé â Lp(K). Êàæäûé ïðåäïðîåêòèâíûé îáúåêò A â êàòåãîðèè

Ip(K) èìååò âèä A = (KH ∩ Ẑp)∗, ãäå H � ïîäãðóïïà Gal(K/Q) è
∗ îçíà÷àåò äâîéñòâåííîñòü Àðíîëüäà â êàòåãîðèè Lp(K).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÔÖÏ íà 2009�2013 ãã. Ãîñóäàð-
ñòâåííûé êîíòðàêò � 14.B37.21.0363.

Î ãðóïïàõ Øóíêîâà, íàñûùåííûõ ïðîñòûìè
òð¼õìåðíûìè óíèòàðíûìè ãðóïïàìè

À. Í. Ôèëèïïîâà, Ê. À. Ôèëèïïîâ
Êðàñíîÿðñêèé ãîñóäàðñòâåííûé àãðàðíûé óíèâåðñèòåò, Êðàñíîÿðñê

Ãðóïïà G íàñûùåíà ãðóïïàìè èç ìíîæåñòâà ãðóïï M, åñëè ëþ-
áàÿ êîíå÷íàÿ ïîäãðóïïà èç G ñîäåðæèòñÿ â ïîäãðóïïå, èçîìîðôíîé
íåêîòîðîé ãðóïïå èç M [1].
Ïóñòü N � ìíîæåñòâî âñåõ ïðîñòûõ òð¼õìåðíûõ óíèòàðíûõ ãðóïï

U3(q) íàä êîíå÷íûìè ïîëÿìè.
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Â ðàáîòå [2] äîêàçàíî, ÷òî ïåðèîäè÷åñêàÿ ãðóïïà Øóíêîâà, íàñû-
ùåííàÿ ãðóïïàìè èç N ëîêàëüíî êîíå÷íà è èçîìîðôíà U3(Q) äëÿ
íåêîòîðîãî ëîêàëüíî êîíå÷íîãî ïîëÿ Q.
Â äàííîé ðàáîòå äîêàçàíà
Òåîðåìà. Ãðóïïà Øóíêîâà G, íàñûùåííàÿ ãðóïïàìè èç N, îá-

ëàäàåò ïåðèîäè÷åñêîé ÷àñòüþ T (G), êîòîðàÿ ëîêàëüíî êîíå÷íà è
èçîìîðôíà U3(Q) äëÿ íåêîòîðîãî ëîêàëüíî êîíå÷íîãî ïîëÿ Q.

Ñïèñîê ëèòåðàòóðû

1. Øë¼ïêèí À.Ê. Ñîïðÿæåííî áèïðèìèòèâíî êîíå÷íûå ãðóïïû,
ñîäåðæàùèå êîíå÷íûå íåðàçðåøèìûå ïîäãðóïïû // Òðåòüÿ ìåæ-
äóíàð. êîíô. ïî àëãåáðå. 23-28 àâã.: cá. òåç. Êðàñíîÿðñê, 1993.

2. Ôèëèïïîâ Ê.À. Î ïåðèîäè÷åñêèõ ãðóïïàõ Øóíêîâà, íàñûùåí-
íûõ ïðîñòûìè òð¼õìåðíûìè óíèòàðíûìè ãðóïïàìè // Âåñòí.
ÑèáÃÀÓ. 2012. Ò. 42. � 2. Ñ. 78�80.

Îá îäíîì ïîäõîäå ê îöåíêå ñëîæíîñòè ôîðìóë
óçêîãî èñ÷èñëåíèÿ ïðåäèêàòîâ

Â. À. Ôèëèïïîâñêèé
Ñàìàðñêàÿ ãîñóäàðñòâåííàÿ îáëàñòíàÿ àêàäåìèÿ, Ñàìàðà

Â íàñòîÿùåé ðàáîòå ñîäåðæàòñÿ ðåçóëüòàòû èññëåäîâàíèé îäíîãî
ïîäõîäà ê îöåíêå ñëîæíîñòè ôîðìóë èñ÷èñëåíèÿ ïðåäèêàòîâ ïåðâî-
ãî ïîðÿäêà, îñíîâàííîãî íà ìåòîäå òàáëèö èñòèííîñòè. Ñëîæíîñòü
ôîðìóëû ïðè ýòîì ðàâíà îáùåìó êîëè÷åñòâó âû÷èñëåíèé ëîãè÷å-
ñêèõ ôóíêöèé äëÿ çàïîëíåíèÿ òàáëèöû èñòèííîñòè ñîîòâåòñòâóþ-
ùåé ôîðìóëû.
Çäåñü áûëè ïðèíÿòû íåñêîëüêî îãðàíè÷åíèé: 1) ðàññìàòðèâàëèñü

òîëüêî êîíå÷íûå ïðåäìåòíûå îáëàñòè èíòåðïðåòàöèè ôîðìóë èñ-
÷èñëåíèÿ ïðåäèêàòîâ ïåðâîãî ïîðÿäêà (äëÿ áåñêîíå÷íûõ îáëàñòåé
ìåòîä òàáëèö èñòèííîñòè íå ïðèìåíèì); 2) ðàññìàòðèâàëèñü ìíî-
æåñòâà ôîðìóë ñ ðîâíî îäíîé ôîðìóëîé (ýòîò ïîäõîä ëåãêî ðàñ-
ïðîñòðàíÿåòñÿ íà ñëó÷àè ìíîæåñòâ ôîðìóë áóëüøåé ìîùíîñòè); 3)
ðàññìàòðèâàëñÿ òàê íàçûâàåìûé ìåòîä ïîëíûõ òàáëèö èñòèííîñòè.
Ýòî îçíà÷àåò, ÷òî òàáëèöà èñòèííîñòè äëÿ äàííîé ôîðìóëû ñòðîèò-
ñÿ âñåãäà ïîëíîñòüþ.

137



Ñàìûì ïðîñòûì è î÷åâèäíûì ÿâëÿåòñÿ ïðèìåíåíèå ýòîãî ïîäõîäà
ê îöåíêå ñëîæíîñòè ôîðìóë ïðîïîçèöèîíàëüíîãî èñ÷èñëåíèÿ. Ïóñòü
φ � ïðîèçâîëüíàÿ ôîðìóëà èñ÷èñëåíèÿ âûñêàçûâàíèé; a � ÷èñëî ïðî-
ïîçèöèîíàëüíûõ ñâÿçîê â ôîðìóëå; n � ÷èñëî ïîïàðíî ðàçëè÷íûõ
ïðîïîçèöèîíàëüíûõ áóêâ â ôîðìóëå. Òîãäà ñëîæíîñòü ôîðìóëû φ

ðàâíà:
C(φ) = a · 2n.

Ïðèìåíåíèå ýòîãî ìåòîäà äëÿ ôîðìóë óçêîãî èñ÷èñëåíèÿ ïðåäè-
êàòîâ òðåáóåò íåêîòîðûõ óñëîæíåíèé. Ëþáàÿ ôîðìóëà áóäåò ðàñ-
ñìàòðèâàòüñÿ êàê ñîñòîÿùàÿ èç ïîäôîðìóë äâóõ òèïîâ: 1-é òèï �
ïîäôîðìóëû, ãëàâíîé îïåðàöèåé êîòîðûõ ÿâëÿåòñÿ îïåðàöèÿ êâàí-
òèôèêàöèè; 2-é òèï � îñòàëüíûå ïîäôîðìóëû. Ïóñòü φ � ïðîèçâîëü-
íàÿ ôîðìóëà ïðåäèêàòîâ ïåðâîãî ïîðÿäêà; n � ÷èñëî ïîïàðíî ðàç-
ëè÷íûõ ïðîïîçèöèîíàëüíûõ áóêâ â ôîðìóëå (íóëüìåñòíûõ ïðåäè-
êàòîâ); r � ÷èñëî ïîïàðíî ðàçëè÷íûõ íåíóëüìåñòíûõ ïðåäèêàòîâ;
f � ÷èñëî ïîïàðíî ðàçëè÷íûõ ñâîáîäíûõ ïåðåìåííûõ, âõîäÿùèõ â
ôîðìóëó; d � ìîùíîñòü ðàññìàòðèâàåìîé ïðåäìåòíîé îáëàñòè; aµ �
÷èñëî ïðîïîçèöèîíàëüíûõ ñâÿçîê â ôîðìóëå φ èëè å¼ ïîäôîðìóëå
1-ãî òèïà (èíäåêñ µ ìîæåò áûòü êîíêðåòèçèðîâàí äâóìÿ ñïîñîáàìè:
aφ � ÷èñëî ïðîïîçèöèîíàëüíûõ ñâÿçîê â ôîðìóëå φ, íå âõîäÿùèõ
â ïîäôîðìóëû 1-ãî òèïà, ëèáî aq � ÷èñëî ïðîïîçèöèîíàëüíûõ ñâÿ-
çîê â q-é ïîäôîðìóëå 1-ãî òèïà ôîðìóëû φ); pµ � ìíîæåñòâî ïàð,
ïåðâûé ÷ëåí êîòîðûõ � ïðåäèêàòîðû ýëåìåíòàðíûõ ôîðìóë ñ íåïó-
ñòûì ïåðå÷íåì ïàðàìåòðîâ, ñîäåðæàùèõñÿ â ôîðìóëå φ èëè å¼ ïîä-
ôîðìóëå 1-ãî òèïà, âòîðîé � ÷èñëî ïàðàìåòðîâ äàííîãî ïðåäèêàòà
(èíäåêñ µ ìîæåò áûòü êîíêðåòèçèðîâàí äâóìÿ ñïîñîáàìè: pφ � ìíî-
æåñòâî ïàð (ïðåäèêàòîð è ÷èñëî ïàðàìåòðîâ äàííîãî ïðåäèêàòà),
ñîäåðæàùèåñÿ â ôîðìóëå φ ïîïàðíî ðàçëè÷íûõ ýëåìåíòàðíûõ ôîð-
ìóë ñ íåïóñòûì ïåðå÷íåì ïàðàìåòðîâ; pq � ìàññèâ òàêèõ æå ïàð äëÿ
âñåõ, íåîáÿçàòåëüíî ïîïàðíî ðàçëè÷íûõ, ýëåìåíòàðíûõ ôîðìóë ñ
íåïóñòûì ïåðå÷íåì ïàðàìåòðîâ, ñîäåðæàùèõñÿ â q-é ïîäôîðìóëå 1-
ãî òèïà ôîðìóëû φ); q � ÷èñëî ïîäôîðìóë 1-ãî òèïà ôîðìóëû φ áåç
ó÷¼òà âëîæåííîñòåé; i � óðîâåíü âëîæåííîñòè îïåðàöèè êâàíòèôè-
êàöèè â ïîäôîðìóëå 1-ãî òèïà ôîðìóëû φ; max(i) � ìàêñèìàëüíûé
óðîâåíü âëîæåííîñòè îïåðàöèè êâàíòèôèêàöèè â ïîäôîðìóëå 1-ãî
òèïà ôîðìóëû φ; j � ïîðÿäîê ïîäôîðìóëû i-ãî óðîâíÿ âëîæåííîñòè
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îïåðàöèè êâàíòèôèêàöèè â ïîäôîðìóëå 1-ãî òèïà; max(i, j) � ÷èñ-
ëî ïîäôîðìóë i-ãî óðîâíÿ âëîæåííîñòè îïåðàöèè êâàíòèôèêàöèè â
ïîäôîðìóëå 1-ãî òèïà; ki,j � ÷èñëî ïàðàìåòðîâ äëÿ j-é ïîäôîðìóëû
i-ãî óðîâíÿ âëîæåííîñòè îïåðàöèè êâàíòèôèêàöèè â ïîäôîðìóëå 1-
ãî òèïà; ω � ñïèñîê ñâÿçàííûõ ïåðåìåííûõ; b � ÷èñëî âû÷èñëåíèé
ëîãè÷åñêèõ ôóíêöèé äëÿ äàííîãî íàáîðà çíà÷åíèé ïàðàìåòðîâ ôîð-
ìóëû φ.
Òîãäà ñëîæíîñòü ôîðìóëû èñ÷èñëåíèÿ ïðåäèêàòîâ ïåðâîãî ïîðÿä-

êà ìîæåò áûòü íàéäåíà ïî ñëåäóþùåìó àëãîðèòìó:
1. Ïîëàãàåì r, i, j = 0, a, n = 0, p, ω = ∅. Ïðîñìàòðèâàåì ôîðìóëó

ñëåâà íàïðàâî è ïðè ýòîì îñóùåñòâëÿåì ñëåäóþùèå äåéñòâèÿ.
2. Åñëè âñòðå÷àåòñÿ êâàíòîðíûé ïðåôèêñ ïî ïðîèçâîëüíîé èíäè-

âèäíîé ïåðåìåííîé x, òî:
2.1. Èíêðåìåíòèðóåì i è j, ïîëàãàåì ki,j = 1, äîáàâëÿåì èíäè-

âèäíóþ ïåðåìåííóþ x â ñïèñîê ω: ω = ω[i] = x. Ïðîñìàòðèâàåì
ïîäêâàíòîðíîå âûðàæåíèå ñëåâà íàïðàâî è îñóùåñòâëÿåì ñëåäóþ-
ùèå äåéñòâèÿ:
2.1.1. Åñëè âñòðå÷àåòñÿ ïðîïîçèöèîíàëüíàÿ ñâÿçêà, èíêðåìåíòè-

ðóåì ki,j.
2.1.2. Åñëè âñòðå÷àåòñÿ ýëåìåíòàðíàÿ ôîðìóëà èñ÷èñëåíèÿ ïðå-

äèêàòîâ âèäà P (x1, ..., xn), òî äîáàâëÿåì å¼ ê ìíîæåñòâàì pφ è pq,
ïåðåìåííûå (x1, ..., xn)\ω äîáàâëÿåì ê ìíîæåñòâó f , èíêðåìåíòèðó-
åì ki,j.
2.1.3. Åñëè âñòðå÷àåòñÿ ïðîïîçèöèîíàëüíàÿ áóêâà, òî èíêðåìåí-

òèðóåì n.
2.2. Åñëè ïîäêâàíòîðíîå âûðàæåíèå çàêàí÷èâàåòñÿ, òî äåêðåìåí-

òèðóåì i, óäàëÿåì i-þ ñâÿçàííóþ ïåðåìåííóþ: ω\ω[i], ïðè ýòîì:
2.2.1. Åñëè ñëåäóþùèé çíàê ïîñëå çàêðûâàþùåé ñêîáêè ïîäêâàí-

òîðíîãî âûðàæåíèÿ íå ÿâëÿåòñÿ çàêðûâàþùåé ñêîáêîé, òî:
2.2.1.1. Åñëè èìååò ìåñòî îäíî èç óñëîâèé ïîäïóíêòà 2.1.1 èëè

2.1.2 íàñòîÿùåãî àëãîðèòìà, òî èíêðåìåíòèðóåì òîëüêî ki,j.
2.2.1.2. Åñëè èìååò ìåñòî óñëîâèå èç ïóíêòà 2 íàñòîÿùåãî àëãî-

ðèòìà, òî äåéñòâóåì ñîãëàñíî ïîäïóíêòó 2.2.2.2, (åäèíñòâåííîå: â
ïîäïóíêòå 2.1 èíêðåìåíòèðóåì òîëüêî j, à i îñòàâëÿåì ïðåæíèì).
2.2.2. Åñëè ñëåäóþùèé çíàê ïîñëå çàêðûâàþùåé ñêîáêè ïîäêâàí-

òîðíîãî âûðàæåíèÿ ÿâëÿåòñÿ çàêðûâàþùåé ñêîáêîé, òî äåêðåìåíòè-
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ðóåì i, óäàëÿåì i-þ ñâÿçàííóþ ïåðåìåííóþ: ω\ω[i].
2.3. Åñëè äîñòèãíóò êîíåö âñåãî ïîäêâàíòîðíîãî âûðàæåíèÿ, âû-

÷èñëÿåì ñóììó:
max(i)∑
i=1

max(i,j)∑
j=1

di−1(ki,jd− 1)

è ïðèáàâëÿåì ðåçóëüòàò ê b.
2.4. Îáíóëÿåì i è j: i, j = 0.
3. Åñëè âñòðå÷àåòñÿ ýëåìåíòàðíàÿ ôîðìóëà èñ÷èñëåíèÿ ïðåäèêà-

òîâ âèäà P (x1, ..., xn), òî äîáàâëÿåì ïàðó 〈P, n〉 ê ìíîæåñòâó pφ, ïå-
ðåìåííûå x1, ..., xn äîáàâëÿåì ê ìíîæåñòâó f , èíêðåìåíòèðóåì b.
4. Åñëè âñòðå÷àåòñÿ ïðîïîçèöèîíàëüíàÿ ñâÿçêà, èíêðåìåíòèðóåì

b.
5. Åñëè âñòðå÷àåòñÿ ïðîïîçèöèîíàëüíàÿ áóêâà, òî èíêðåìåíòèðó-

åì n.
6. Åñëè äîñòèãíóò êîíåö âñåé ôîðìóëû, òî îïðåäåëÿåì r êàê ìîù-

íîñòü ìíîæåñòâà pφ:
r = |pφ|.

è ÷èñëà n1, ..., nr, êîòîðûå ÿâëÿþòñÿ âòîðûìè ýëåìåíòàìè ïàð âèäà
〈P, n〉 ìíîæåñòâà pφ.
7. Cëîæíîñòü ôîðìóëû φ ðàâíà:

C(φ) = b · df · 2n+d(n1,...,nr)

.

Ñâîéñòâî Õàóñîíà äëÿ óáûâàþùèõ HNN-ðàñøèðåíèé
êîíå÷íîïîðîæäåííûõ àáåëåâûõ ãðóïï

Ä. Ã. Õðàìöîâ
Èíñòèòóò ìàòåìàòèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê

Ãðóïïà G îáëàäàåò ñâîéñòâîì Õàóñîíà, åñëè ïåðåñå÷åíèå ëþáûõ
äâóõ å¼ êîíå÷íî ïîðîæä¼ííûõ ïîäãðóïï òîæå ÿâëÿåòñÿ êîíå÷íî ïî-
ðîæä¼ííîé ãðóïïîé. Äàííîå ñâîéñòâî âïåðâûå áûëî ðàññìîòðåíî â
ðàáîòå Õàóñîíà [1], ãäå îíî áûëî äîêàçàíî äëÿ ëþáîé ñâîáîäíîé
ãðóïïû. Äàëåå Áàóìñëàã [2] äîêàçàë, ÷òî ñâîáîäíîå ïðîèçâåäåíèå
äâóõ ãðóïï ñî ñâîéñòâîì Õàóñîíà òîæå áóäåò ãðóïïîé ñî ñâîéñòâîì
Õàóñîíà. Ñ äðóãîé ñòîðîíû, Ìîëäàâàíñêèé [3] äîêàçàë, ÷òî ïðÿìîå
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ïðîèçâåäåíèå äâóõ ñâîáîäíûõ ãðóïï, à Áðóííåð è Áåðíñ [4] � ÷òî
áåñêîíå÷íûå öèêëè÷åñêèå ðàñøèðåíèÿ ñâîáîäíûõ ãðóïï, íå îáëàäà-
þò ñâîéñòâîì Õàóñîíà.
Äàëüíåéøèå ïðèìåðû Êàïîâè÷à è Áåçâåðõíåé ãðóïï ñî ñâîéñòâîì

Õàóñîíà ñâîäÿòñÿ ê ñëåäóþùåé êîíñòðóêöèè. Óáûâàþùèì HNN- ðàñ-
øèðåíèåì ãðóïïûG îòíîñèòåëüíî ýíäîìîðôèçìà φ íàçûâàåòñÿ ãðóï-
ïà G(φ) = (G, t; t−1gt = φ(g), g ∈ G), ïîðîæäåííàÿ ïîðîæäàþùèìè
ýëåìåíòàìè G è ïðîõîäíîé áóêâîé t, è îïðåäåëÿåìàÿ ñîîòíîøåíè-
ÿìè G è âñåìè ñîîòíîøåíèÿìè t−1gt = φ(g), ãäå g ïðîáåãàåò âñþ
G. Ìîëäàâàíñêèé [5] ïîêàçàë, ÷òî, åñëè ïîäãðóïïà Gφ âûäåëÿåòñÿ
ñâîáîäíûì ñîìíîæèòåëåì â íåêîòîðîé ïîäãðóïïå èç G, òî G(φ) íå
îáëàäàåò ñâîéñòâîì Õàóñîíà. Òàì æå îí ïîêàçàë, ÷òî, åñëè G � ñâî-
áîäíàÿ êîíå÷íî ïîðîæäåííàÿ àáåëåâà ãðóïïà è φ � ìîíîìîðôèçì,
ìàòðèöà êîòîðîãî â íåêîòîðîé ñâîáîäíîé áàçå G èìååò êëåòî÷íî-
äèàãîíàëüíóþ ôîðìó, â êîòîðîé îïðåäåëèòåëè õîòÿ áû äâóõ êëåòîê
îòëè÷íû îò ïëþñ-ìèíóñ åäèíèöû, òî G(φ) íå îáëàäàåò ñâîéñòâîì
Õàóñîíà. Â ðàçâèòèå äàííîé òåìû àâòîðîì íàñòîÿùåãî ñîîáùåíèÿ
äîêàçàíà

Òåîðåìà 1. Óáûâàþùåå HNN- ðàñøèðåíèå G(φ) ñâîáîäíîé êîíå÷íî
ïîðîæäåííîé àáåëåâîé ãðóïïû G ðàíãà n îòíîñèòåëüíî ìîíîìîð-
ôèçìà φ îáëàäàåò ñâîéñòâîì Õàóñîíà òîãäà è òîëüêî òîãäà, êîãäà
êëåòî÷íî-äèàãîíàëüíàÿ ôîðìà φ â ïîäõîäÿùåé ñâîáîäíîé áàçå G(φ)
íå èìååò êëåòîê ðàçìåðà ìåíüøå n ñ îïðåäåëèòåëåì, îòëè÷íûì
îò ïëþñ-ìèíóñ åäèíèöû.
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Î ñóùåñòâîâàíèè íåêîòîðûõ ñåðèé ðåáåðíî ñèììåòðè÷íûõ
äèñòàíöèîííî ðåãóëÿðíûõ íàêðûòèé êëèê ñ λ = µ

Ë. Þ. Öèîâêèíà
Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ, Åêàòåðèíáóðã

Ìû ðàññìàòðèâàåì íåîðèåíòèðîâàííûå ãðàôû áåç ïåòåëü è êðàò-
íûõ ðåáåð. Èçâåñòíî, ÷òî àíòèïîäàëüíûé äèñòàíöèîííî ðåãóëÿðíûé
ãðàô äèàìåòðà 3 èìååò ìàññèâ ïåðåñå÷åíèé {k, µ(r − 1), 1; 1, µ, k} è
ÿâëÿåòñÿ r-íàêðûòèåì (k+ 1)-êëèêè. Ïîëîæèì λ = k− 1−µ(r− 1).
Äàëåå, ãðàô íàçûâàåòñÿ ðåáåðíî ñèììåòðè÷íûì, åñëè åãî ãðóïïà
àâòîìîðôèçìîâ äåéñòâóåò òðàíçèòèâíî íà ìíîæåñòâå åãî äóã (óïî-
ðÿäî÷åííûõ ðåáåð). Â [1] âûäåëåíû òðè íîâûå äîïóñòèìûå áåñêî-
íå÷íûå ñåðèè ðåáåðíî ñèììåòðè÷íûõ àíòèïîäàëüíûõ äèñòàíöèîí-
íî ðåãóëÿðíûõ ãðàôîâ äèàìåòðà 3 ñ λ = µ, îòâå÷àþùèå ãðóïïàì
Sz(q), U3(q),

2G2(q). Âîïðîñ ñóùåñòâîâàíèÿ ãðàôîâ èç ýòèõ ñåðèé ÿâ-
ëÿåòñÿ îòêðûòûì â îáùåì ñëó÷àå.
Â äàííîé ðàáîòå äîêàçûâàåòñÿ ñóùåñòâîâàíèå ñåðèè ãðàôîâ äëÿ

ãðóïï Sz(q), ãäå q = 22a+1 > 2, â ñëó÷àå, êîãäà r = q − 1 � ïðîñòîå
÷èñëî.
Ïóñòü äàíû íåèíâàðèàíòíàÿ ïîäãðóïïà H ãðóïïû G è ýëåìåíò

g ∈ G. ×åðåç Γ = Γ(G,H,HgH) îáîçíà÷èì ãðàô ñî ìíîæåñòâîì
âåðøèí V (G,H) = {Hx | x ∈ G} è ìíîæåñòâîì ðåáåð E(G,H, g) =
{{Hx,Hy}|xy−1 ∈ HgH}.
Òåîðåìà 1. Ïóñòü G = Sz(q), q − 1 = r � ïðîñòîå ÷èñëî, S ∈
Syl2(G), g /∈ S � íåêîòîðàÿ èíâîëþöèÿ èç G è Γ = Γ(G,S, SgS).
Òîãäà Γ � ðåáåðíî ñèììåòðè÷íûé äèñòàíöèîííî ðåãóëÿðíûé ãðàô
ñ ìàññèâîì ïåðåñå÷åíèé {rµ + 1, µ(r − 1), 1; 1, µ, rµ + 1}, ãäå µ =
(|S| − 1)/r.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ïðîåêò 12-01-00012),
ÐÔÔÈ - ÃÔÅÍ Êèòàÿ (ïðîåêò 12-01-91155), ïðîãðàììû îòäåëåíèÿ
ìàòåìàòè÷åñêèõ íàóê ÐÀÍ (ïðîåêò 12-T-1-1003) è ïðîãðàìì ñîâ-
ìåñòíûõ èññëåäîâàíèé ÓðÎ ÐÀÍ ñ ÑÎ ÐÀÍ (ïðîåêò 12-Ñ-1-1018)
è ñ ÍÀÍ Áåëàðóñè (ïðîåêò 12-Ñ-1-1009).
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Ê êàòåãîðíîìó îïðåäåëåíèþ èåðàðõè÷åñêèõ ñòðóêòóð

Ã. Â. ×åðíûøåâ
Èíñòèòóò èíôîðìàòèêè è ïðîáëåì

ðåãèîíàëüíîãî óïðàâëåíèÿ ÊÁÍÖ ÐÀÍ, Íàëü÷èê

Â îñíîâó òåîðåòè÷åñêîé áàçû ôîðìàëèçîâàííîãî îïèñàíèÿ èåðàð-
õè÷åñêèõ ñòðóêòóð ïîëîæèì êàòåãîðíûé ïîäõîä [1]. Â [2] îïðåäå-
ëåíà êàòåãîðèÿ ïóòåé CP, âêëþ÷àþùàÿ: OP = {v1, v2, . . .} � êëàññ
îáúåêòîâ ñ âûäåëåííûì îáúåêòîì vR; MP � êëàññ ìîðôèçìîâ ìåæ-
äó îáúåêòàìè èç OP âèäà MP(vg, vk) = 〈vg, vh, . . . , vk〉 ñî ñâîéñòâîì
|MP(vi, vj)| = 1, ∀vi, vj ∈ OP; äëÿ êàæäîé óïîðÿäî÷åííîé òðîéêè
îáúåêòîâ (va, vb, vc) êîìïîçèöèþ ìîðôèçìîâ

MP (vb, vc) ◦MP (va, vb) = 〈vb, . . . , vc〉 ◦ 〈va, . . . , vb〉 =

= 〈va, . . . , vb, . . . , vc〉 = MP (va, vc) ;

åäèíè÷íûå ìîðôèçìû (åäèíèöû) â ôîðìå

MP (vi, vi) = 〈vi, vi1, . . . , vik, vR, vik, . . . , vi1, vi〉 ≡ 1vi. (3)

Åäèíèöà îáúåêòà vR åñòü 1vR = 〈vR〉.
Òîãäà, â ñîîòâåòñòâèè ñ (1), 1vi = MP (vi, vi1) ◦ 1vi1 ◦ MP (vi1, vi).

Áóäåì íàçûâàòü åäèíèöó 1vi1 ñîáñòâåííîé ïîäúåäèíèöåé (èëè äåëè-
òåëåì) åäèíèöû 1vi è çàïèñûâàòü 1vi1 ⊂ 1vi (âëîæåíèå). Åäèíèöà
íàçûâàåòñÿ òåðìèíàëüíîé, åñëè îíà íå ÿâëÿåòñÿ äåëèòåëåì íèêà-
êîé äðóãîé åäèíèöû. Âåðíû ñëåäóþùèå óòâåðæäåíèÿ:

� Äëÿ ëþáîé åäèíèöû âèäà (1) âëîæåíèå 1vik ⊂ · · · ⊂ 1vi1 ⊂ 1vi
åäèíñòâåííî.

� Äëÿ ëþáîé ñîâîêóïíîñòè åäèíèö êàòåãîðèè CP ñóùåñòâóåò îá-
ùèé äåëèòåëü.
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� Ìíîæåñòâî âñåõ òåðìèíàëüíûõ åäèíèö êàòåãîðèè CP ñîñòàâ-
ëÿåò åå áàçèñ.

Íàèáîëüøèì îáùèì äåëèòåëåì åäèíèö 1a è 1b íàçîâåì òîò èõ
îáùèé äåëèòåëü, êîòîðûé íå ÿâëÿåòñÿ äåëèòåëåì íèêàêîãî äðóãîãî
èõ îáùåãî äåëèòåëÿ. Ïðîåêöèÿìè åäèíèöû 1v = 〈v, . . . , vR, . . . , v〉
íàçûâàþòñÿ pr11v ≡ 〈v, . . . , vR〉 è pr21v ≡ 〈vR, . . . , v〉. Åñëè 1b ⊂ 1a,
òî ðàçíîñòüþ åäèíèö 1a è 1b íàçîâåì 1a�1b = MP (va, vb)◦MP (vb, va).

Òåîðåìà 1. Åñëè 1v � íàèáîëüøèé îáùèé äåëèòåëü äëÿ ïðîèçâîëü-
íûõ åäèíèö 1a è 1b êàòåãîðèè CP, òî MP(a, b) = pr1 (1a � 1v) ◦
pr2 (1b � 1v).

Èíòåðïðåòàöèÿ íåêîòîðûõ ââåäåííûõ ïîíÿòèé íà èåðàðõè÷åñêèõ
ñòðóêòóðàõ: OP � êëàññ âåðøèí; vR � êîðåíü äåðåâà; MP � êëàññ ïó-
òåé ìåæäó âåðøèíàìè; êîìïîçèöèÿ ìîðôèçìîâ � ìàðøðóò â äåðåâå;
òåðìèíàëüíûå åäèíèöû � âèñÿ÷èå âåðøèíû äåðåâà. Òåîðåìà çàäàåò
ñïîñîá "âû÷èñëåíèÿ"êðàò÷àéøåãî ïóòè ìåæäó ïðîèçâîëüíûìè âåð-
øèíàìè äåðåâà.
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Àáåëåâû ãðóïïû ñ èíâàðèàíòíûìè ìîíîìîðôèçìàìè

À. Ð. ×åõëîâ
Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Òîìñê

×åðåçE(A) îáîçíà÷àåòñÿ êîëüöî ýíäîìîðôèçìîâ ãðóïïûA, o(a) �
ïîðÿäîê ýëåìåíòà a ∈ A, Zn � öèêëè÷åñêàÿ ãðóïïà ïîðÿäêà n, Zp∞ �
êâàçèöèêëè÷åñêàÿ p-ãðóïïà. Íàïîìíèì, ÷òî êîëüöî íàçûâàåòñÿ íîð-
ìàëüíûì, åñëè öåíòðàëüíû âñå åãî èäåìïîòåíòû.
Ðàññìàòðèâàþòñÿ ãðóïïû A, ìîíîìîðôèçìû êîòîðûõ èíâàðèàíò-

íû ñëåâà (ñîîòâåòñòâåííî ñïðàâà), ò. å. äëÿ ëþáûõ ìîíîìîðôèç-
ìîâ α, β ãðóïïû A íàéäåòñÿ åå ìîíîìîðôèçì γ ñî ñâîéñòâîì αβ =
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γα (ñîîòâåòñòâåííî αβ = βγ). Îòìåòèì, ÷òî àâòîìîðôèçìû ëþáîé
ãðóïïû èíâàðèàíòíû êàê ñïðàâà, òàê è ñëåâà. Ñëåäîâàòåëüíî, ê ðàñ-
ñìàòðèâàåìîìó êëàññó ãðóïï îòíîñÿòñÿ âñå êîíå÷íûå ãðóïïû.

Òåîðåìà 1. Ïóñòü A � ãðóïïà ñ ïåðåñòàíîâî÷íûìè ìîíîìîðôèç-
ìàìè. Òîãäà
1) åñëè A íå èìååò ïðÿìûõ ñëàãàåìûõ, èçîìîðôíûõ ãðóïïå Z2∞⊕

Z2, òî êîëüöî E(A) ÿâëÿåòñÿ íîðìàëüíûì;
2) åñëè A ñîäåðæèò ïðÿìîå ñëàãàåìîå G, èçîìîðôíîå ãðóïïå

Z2∞ ⊕ Z2, òî äîïîëíèòåëüíîå ïðÿìîå ñëàãàåìîå ê G â ãðóïïå A
âïîëíå èíâàðèàíòíî â A è ÿâëÿåòñÿ ïåðèîäè÷åñêîé ãðóïïîé ñ êîì-
ìóòàòèâíûì êîëüöîì ýíäîìîðôèçìîâ.

Òåîðåìà 2. Äëÿ äåëèìîé ãðóïïû D ýêâèâàëåíòíû ñëåäóþùèå óñëî-
âèÿ:
à) åå ìîíîìîðôèçìû èíâàðèàíòíû ñïðàâà;
á) ëþáîé åå ìîíîìîðôèçì ÿâëÿåòñÿ àâòîìîðôèçìîì;
â) ÷àñòü áåç êðó÷åíèÿ ãðóïïû D, à òàêæå êàæäàÿ åå p-êîìïî-

íåíòà èìåþò êîíå÷íûé ðàíã.

Òåîðåìà 3. Ìîíîìîðôèçìû êàæäîé äåëèìîé ãðóïïû èíâàðèàíòíû
ñëåâà.

Èçó÷åíèå íåðåäóöèðîâàííûõ ãðóïï, ìîíîìîðôèçìû êîòîðûõ èí-
âàðèàíòíû ñëåâà èëè ñïðàâà, ñâåäåíî ê èçó÷åíèþ ðåäóöèðîâàííûõ
ãðóïï ñ ñîîòâåòñòâóþùèì ñâîéñòâîì.

Òåîðåìà 4. Åñëè A � ðåäóöèðîâàííàÿ ãðóïïà áåç êðó÷åíèÿ ñ èí-
âàðèàíòíûìè ñëåâà èëè ñïðàâà ìîíîìîðôèçìàìè, òî êîëüöî E(A)
ÿâëÿåòñÿ íîðìàëüíûì.

Òåîðåìà 5. Ïóñòü A � ðåäóöèðîâàííàÿ p-ãðóïïà, ÿâëÿþùàÿñÿ ïðÿ-
ìîé ñóììîé öèêëè÷åñêèõ ãðóïï. Òîãäà ìîíîìîðôèçìû ãðóïïû A èí-
âàðèàíòíû ñëåâà òîãäà è òîëüêî òîãäà, êîãäà ëèáî A � êîíå÷íàÿ
ãðóïïà, ëèáî èìååò âèä A = B ⊕ G ⊕ F , ãäå B = 〈b〉 � öèêëè-
÷åñêàÿ ãðóïïà, G � áåñêîíå÷íàÿ ïðÿìàÿ ñóììà öèêëè÷åñêèõ ãðóïï
îäíîãî è òîãî æå ïîðÿäêà pr è, åñëè B 6= 0, òî pr > o(b), à F = 0
èëè F =

⊕n
i=1〈xi〉 � òàêàÿ êîíå÷íàÿ ãðóïïà, ÷òî pr < o(xi) äëÿ

êàæäîãî i = 1, . . . , n.
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Òåîðåìà 6. Ïóñòü A = T ⊕R � ðåäóöèðîâàííàÿ ðàñùåïëÿþùàÿñÿ
ãðóïïà, ãäå T � ïåðèîäè÷åñêàÿ åå ÷àñòü, à R � ÷àñòü áåç êðó÷åíèÿ.
Òîãäà
1) ãðóïïà A îáëàäàåò ñâîéñòâîì ëåâîé èíâàðèàíòíîñòè ìîíî-

ìîðôèçìîâ òîãäà è òîëüêî òîãäà, êîãäà ñîîòâåòñòâóþùèì ñâîé-
ñòâîì îáëàäàþò ãðóïïû T è R, ïðè÷åì ïîäãðóïïà R âïîëíå èíâà-
ðèàíòíà â A;
2) åñëè T � êîíå÷íàÿ ãðóïïà, òî ãðóïïà A îáëàäàåò ñâîéñòâîì

ïðàâîé èíâàðèàíòíîñòè ìîíîìîðôèçìîâ òîãäà è òîëüêî òîãäà, êî-
ãäà ñîîòâåòñòâóþùèì ñâîéñòâîì îáëàäàåò ãðóïïà R.

Â ñëåäóþùåì ðåçóëüòàòå ÷åðåç Z îáîçíà÷àåòñÿ àääèòèâíàÿ ãðóïïà
öåëûõ ÷èñåë.

Òåîðåìà 7. Ïóñòü A � ïðÿìàÿ ñóììà öèêëè÷åñêèõ ãðóïï. Ãðóïïà
A îáëàäàåò ñâîéñòâîì:
1) ëåâîé èíâàðèàíòíîñòè ìîíîìîðôèçìîâ òîãäà è òîëüêî òî-

ãäà, êîãäà ëèáî A � ïåðèîäè÷åñêàÿ ãðóïïà, êàæäàÿ p-êîìïîíåíòà
êîòîðîé ÿâëÿåòñÿ ãðóïïîé, ðàññìàòðèâàåìîé â òåîðåìå 5, ëèáî
A ∼= Z;
2) ïðàâîé èíâàðèàíòíîñòè ìîíîìîðôèçìîâ òîãäà è òîëüêî òî-

ãäà, êîãäà A = B ⊕ R, ãäå B � ïåðèîäè÷åñêàÿ ãðóïïà, êàæäàÿ p-
êîìïîíåíòà êîòîðîé ÿâëÿåòñÿ êîíå÷íîé, à R = 0 èëè R ∼= Z.

Èçó÷àëèñü òàêæå ãðóïïû ñ èíâàðèàíòíûìè ìîíîìîðôèçìàìè, ñî-
õðàíÿþùèìè âûñîòû ýëåìåíòîâ.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÔÖÏ "Íàó÷íûå è íàó÷íî-ïåäà-

ãîãè÷åñêèå êàäðû èííîâàöèîííîé Ðîññèè" íà 2009�2013 ãã., � 14. Â
37.21.0354 è ÷àñòè÷íî â ðàìêàõ òåìû 2.3684.2011 Òîìñêîãî ãîñóäàð-
ñòâåííîãî óíèâåðñèòåòà.
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Àëãåáðàè÷åñêèå êîíñòðóêöèè, âîçíèêàþùèå
ïðè ïîñòðîåíèè ðåøåíèé ñ ôóíêöèîíàëüíûì ïðîèçâîëîì
äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ

Þ. Â. Øàíüêî
Èíñòèòóò âû÷èñëèòåëüíîãî ìîäåëèðîâàíèÿ ÑÎ ÐÀÍ, Êðàñíîÿðñê

Ðàññìîòðèì ëèíåéíîå îäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå
âòîðîãî ïîðÿäêà ñ òðåìÿ íåçàâèñèìûìè ïåðåìåííûìè x, y, z:

L2u = 0, (4)

çäåñü L2 � îïåðàòîð ñ íåðàçëîæèìûì ãëàâíûì ñèìâîëîì. Èùåì ôóíê-
öèè q(x, y, z), ui(x, y, z), òàêèå, ÷òî

u =
n∑
i=0

uiΦ
(i)(q) (5)

áóäåò ðåøåíèåì (4) ïðè ïðîèçâîëüíîé áåñêîíå÷íî äèôôåðåíöèðóå-
ìîé ôóíêöèè Φ.
Ïîäñòàíîâêà ïðåäñòàâëåíèÿ (5) â óðàâíåíèå (4) äàåò íàì íåêîòî-

ðîå íåëèíåéíîå óðàâíåíèå ïåðâîãî ïîðÿäêà íà q (êîíêðåòíûé âèä
êîòîðîãî íàì ñåé÷àñ íå âàæåí) è ñèñòåìó óðàâíåíèé

L2u0 = 0,

L2ui + L1ui−1 = 0, i = 1, . . . , n, (6)

L1un = 0,

ãäå îïåðàòîð ïåðâîãî ïîðÿäêà L1 îïðåäåëÿåòñÿ ïî q è L2. Ñ÷èòàÿ
ôóíêöèþ q çàäàííîé, ïîòðåáóåì äîïîëíèòåëüíî, ÷òîáû ïåðåîïðå-
äåëåííàÿ ëèíåéíàÿ ñèñòåìà (6) ïðè êàæäîì n èìåëà íàèáîëüøèé
èç âîçìîæíûõ ïðîèçâîë â ðåøåíèè. Èç ýòîãî òðåáîâàíèÿ âûòåêà-
åò, ÷òî â íåêîììóòàòèâíîì êîëüöå äèôôåðåíöèàëüíûõ îïåðàòîðîâ
F[Dx, Dy, Dz] äîëæíû ñóùåñòâîâàòü ïîñëåäîâàòåëüíîñòè îïåðàòîðîâ
{Ln1} è {Ln2}, n = 0, 1, 2, . . . ñîîòâåòñòâåííî ïåðâîãî è âòîðîãî ïî-
ðÿäêà, òàêèå, ÷òî L0

1 = L1, L0
2 = L2 è äëÿ ëþáîãî n ó îïåðàòîðîâ Ln1

è Ln2 ñóùåñòâóåò ëåâîå íàèìåíüøåå îáùåå êðàòíîå

lLCM(Ln1 , L
n
2) = Ln+1

2 Ln1 = Ln+1
1 Ln2 . (7)

Ïîêàçàíî, ÷òî åñëè óñëîâèå (7) âûïîëíåíî äëÿ n = 0, 1, 2, òî
ìîæíî ïîñòðîèòü îïåðàòîðû Ln1 è Ln2 , n = 4, 5, 6, . . . òàêèå, ÷òî
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(7) áóäåò âûïîëíÿòüñÿ è äëÿ âñåõ îñòàëüíûõ n. Â ýòîì ñëó÷àå ïðè
ëþáîì n äëÿ óðàâíåíèÿ (4) áóäóò ñóùåñòâîâàòü ðåøåíèÿ âèäà (5) ñ
ïðîèçâîëîì â 2(n+ 1) ôóíêöèþ îäíîé ïåðåìåííîé.

Îäíî íåîáõîäèìîå óñëîâèå êîíå÷íîñòè êîäëèíû
ìíîãîîáðàçèÿ àëãåáð Ëåéáíèöà

À. Â. Øâåöîâà
Óëüÿíîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Óëüÿíîâñê

Õàðàêòåðèñòèêó îñíîâíîãî ïîëÿ áóäåì ïðåäïîëàãàòü ðàâíîé íóëþ.
Àëãåáðà Ëåéáíèöà îïðåäåëÿåòñÿ êàê íåàññîöèàòèâíàÿ àëãåáðà ñ áè-
ëèíåéíûì ïðîèçâåäåíèåì, â êîòîðîé âûïîëíÿåòñÿ òîæäåñòâî Ëåéá-
íèöà

(xy)z ≡ (xz)y + x(yz).

Êëàññ àëãåáð Ëåéáíèöà ÿâëÿåòñÿ åñòåñòâåííûì ðàñøèðåíèåì êëàñ-
ñà àëãåáð Ëè è ñîñòîèò èç àëãåáð, â êîòîðûõ óìíîæåíèå ñïðàâà íà
ôèêñèðîâàííûé ýëåìåíò ÿâëÿåòñÿ äèôôåðåíöèðîâàíèåì àëãåáðû.
Íàïîìíèì, ÷òî ÑsA� ýòî ìíîãîîáðàçèå àëãåáð Ëåéáíèöà, êîòîðîå
îïðåäåëÿåòñÿ òîæäåñòâîì

(x1x2)(x3x4)...(x2s+1x2s+2) ≡ 0.

Â ðàáîòå [1] áûëî ïîëó÷åíî íåîáõîäèìîå óñëîâèå êîíå÷íîñòè êîäëè-
íû ìíîãîîáðàçèÿ àëãåáð Ëè, â ÷àñòíîñòè íàéäåí ïðèìåð ìíîãîîáðà-
çèÿ U2 ñ ïî÷òè êîíå÷íîé êîäëèíîé. Â ïóíêòå 3.2 äèññåðòàöèè [2] áûë
íàéäåí ïðèìåð ìíîãîîáðàçèÿ Ũ2 àëãåáð Ëåéáíèöà ñ ïî÷òè êîíå÷íîé
êîäëèíîé. Ñôîðìóëèðóåì ïîëó÷åííûé ðåçóëüòàò äëÿ ìíîãîîáðàçèÿ
àëãåáð Ëåéáíèöà.

Òåîðåìà 1. Åñëè V - ìíîãîîáðàçèå êîíå÷íîé êîäëèíû àëãåáð Ëåéá-
íèöà íàä ïîëåì íóëåâîé õàðàêòåðèñòèêè, òîãäà ñóùåñòâóåò òà-
êîå íàòóðàëüíîå ÷èñëî s, ÷òî âûïîëíÿåòñÿ óñëîâèå

U2, Ũ2 6⊂ V ⊂ ÑsA.

Ñëåäñòâèå 1. Åñëè V - ìíîãîîáðàçèå êîíå÷íîé êîäëèíû àëãåáð
Ëåéáíèöà íàä ïîëåì íóëåâîé õàðàêòåðèñòèêè, òîãäà V èìååò ïî-
ëèíîìèàëüíûé ðîñò.
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Òåðíàðíûå äèôôåðåíöèðîâàíèÿ ïðîñòûõ éîðäàíîâûõ
cóïåðàëãåáð ñ ïîëóïðîñòîé ÷åòíîé ÷àñòüþ

À. È. Øåñòàêîâ
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê

Òåðíàðíûå äèôôåðåíöèðîâàíèÿ, à òàêæå ñâÿçàííûå ñ íèìè îáîá-
ùåííûå äèôôåðåíöèðîâàíèÿ èçó÷àëèñü â ðàçëè÷íûõ êëàññàõ àëãåáð
(ñì., íàïðèìåð, [1�6]). Â äàííîé ðàáîòå îïèñûâàþòñÿ îáîáùåííûå è
òåðíàðíûå äèôôåðåíöèðîâàíèÿ êîíå÷íîìåðíûõ ïðîñòûõ éîðäàíî-
âûõ ñóïåðàëãåáð ñ ïîëóïðîñòîé ÷åòíîé ÷àñòüþ.
Ïóñòü A � ñóïåðàëãåáðà íàä ïîëåì Φ, ò. å. A = A0 + A1 � Z2-

ãðàäóèðîâàííàÿ Φ-àëãåáðà.
Òðîéêà (D,F,G) îäíîðîäíûõ ëèíåéíûõ îòîáðàæåíèé D,F,G ∈

End(A) íàçûâàåòñÿòåðíàðíûì äèôôåðåíöèðîâàíèåì cóïåðàëãåáðû A,
åñëè äëÿ ëþáûõ x, y ∈ A âûïîëíÿåòñÿ ðàâåíñòâî

D(xy) = F (x)y + (−1)deg(x)deg(G)xG(y). (8)

Ïåðâàÿ êîìïîíåíòà D òåðíàðíîãî äèôôåðåíöèðîâàíèÿ (D,F,G) íà-
çûâàåòñÿ òàêæå îáîáùåííûì äèôôåðåíöèðîâàíèåì. Ïîíÿòèå òåðíàð-
íîãî/îáîáùåííîãî äèôôåðåíöèðîâàíèÿ îáîáùàåò îáû÷íûå äèôôå-
ðåíöèðîâàíèÿ ïðè D = F = G, à òàêæå δ-äèôôåðåíöèðîâàíèÿ ïðè
F = G = δD, δ ∈ Φ (ñì., íàïðèìåð, [7�9]).

Çàìåòèì, ÷òî òðîéêè îòîáðàæåíèé (D,F,G) ñëåäóþùåãî âèäà,
î÷åâèäíî, ÿâëÿþòñÿ òåðíàðíûìè äèôôåðåíöèðîâàíèÿìè â ëþáîé ñó-
ïåðàëãåáðå:
à) â ÷åòíîì ñëó÷àå (ò. å. deg D = deg F = deg G = 0)

(D,F,G) = (φ+ ψ +D0, φ+D0, ψ +D0), (9)
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ãäå φ, ψ � ëþáûå ýëåìåíòû öåíòðîèäà ñóïåðàëãåáðû A, à D0 � ëþ-
áîå îáû÷íîå ÷åòíîå äèôôåðåíöèðîâàíèå â A;
á) â íå÷åòíîì ñëó÷àå (deg D = deg F = deg G = 1),

(D,F,G) = (D1, D1, D1), (10)

ãäå D1 � ëþáîå îáû÷íîå íå÷åòíîå ñóïåðäèôôåðåíöèðîâàíèå â A.

Íàçîâåì ïðèâåäåííûå âûøå òåðíàðíûå äèôôåðåíöèðîâàíèÿ âè-
äà (9),(10) ñòàíäàðòíûìè. Ñîîòâåòñòâåííî, îïðåäåëÿþòñÿ è ñòàí-
äàðòíûå îáîáùåííûå äèôôåðåíöèðîâàíèÿ êàê ãëàâíûå êîìïîíåíòû
ñòàíäàðòíûõ òåðíàðíûõ äèôôåðåíöèðîâàíèé.

Òåîðåìà 1. Ïóñòü J = J0 ⊕ J1, J1 6= 0 � êîíå÷íîìåðíàÿ ïðî-
ñòàÿ éîðäàíîâà ñóïåðàëãåáðà ñ ïîëóïðîñòîé ÷åòíîé ÷àñòüþ J0 íàä
àëãåáðàè÷åñêè çàìêíóòûì ïîëåì Φ ïðîèçâîëüíîé õàðàêòåðèñòèêè
íå ðàâíîé 2, çà èñêëþ÷åíèåì ñëó÷àÿ ñóïåðàëãåáðû íåâûðîæäåííîé
ñóïåðôîðìû ñ îäíîìåðíîé ÷åòíîé ÷àñòüþ J0 = Φe. Òîãäà âñå òåð-
íàðíûå äèôôåðåíöèðîâàíèÿ J ÿâëÿþòñÿ ñòàíäàðòíûìè, ò. å. ÷åò-
íûìè âèäà (9) èëè íå÷åòíûìè âèäà (10).

Òåîðåìà 2. Ïóñòü J(V, f) = Φe + V � ñóïåðàëãåáðà íåâûðîæäåí-
íîé ñóïåðôîðìû ñ îäíîìåðíîé ÷åòíîé ÷àñòüþ J0 = Φe íàä àëãåáðà-
è÷åñêè çàìêíóòûì ïîëåì Φ. Òîãäà âñå ÷åòíûå òåðíàðíûå äèôôå-
ðåíöèðîâàíèÿ â J ÿâëÿþòñÿ ñòàíäàðòíûìè, ò. å. âèäà (9). Íå÷åò-
íûå æå íåíóëåâûå òåðíàðíûå äèôôåðåíöèðîâàíèÿ â J ñóùåñòâóþò
òîëüêî ïðè ðàçìåðíîñòè âåêòîðíîé ÷àñòè dimV = 2, � â ýòîì
ñëó÷àå âñå îíè ÿâëÿþòñÿ íåñòàíäàðòíûìè è îïèñûâàþòñÿ ñëåäó-
þùèì îáðàçîì:

{ (Dv, Fv, Gv) | (Dv, Fv, Gv)(1) = (v,
v

2
,
v

2
),

(Dv, Fv, Gv)(x) = (
f(x, v)

2
, f(x, v), f(x, v)) ∀x ∈ V }v∈V .

Ñîîòâåòñòâåííî, ïðèâåäåííûå ðåçóëüòàòû òî÷íî òàê æå èìåþò ìå-
ñòî äëÿ îáîáùåííûõ äèôôåðåíöèðîâàíèé, êàê ïåðâûõ êîìïîíåíò
òåðíàðíûõ.

Ñïèñîê ëèòåðàòóðû

1. Jimenez-Gestal C., Perez-Izquierdo J. M. Ternary derivations of
�nite-dimensional real division algebras // Linear Algebra Appl.
2008. V. 428. � 8,9.

150



2. Bresar M. On the distance of the composition of two derivations to
the generalized derivations // Glasgow Math. J. 1991. V. 33.

3. Komatsu H., Nakajima A. Generalized derivations of associative
algebras // Quaest. Math. 2003. V. 26. � 2. P. 213�235.

4. Leger G., Luks E. Generalized derivations of Lie Algebras // J. of
Algebra. 2000. V. 228. C. 165�203.

5. Zhang R., Zhang Y. Generalized derivations of Lie superalgebras //
Comm. Algebra. 2010. V. 38. � 10. 3737�3751.

6. Øåñòàêîâ À. È. Òåðíàðíûå äèôôåðåíöèðîâàíèÿ ñåïàðàáåëüíûõ
àññîöèàòèâíûõ è éîðäàíîâûõ àëãåáð // Ñèá. ìàò. æóðí. 2012.
Ò. 53. � 5. P. 1178-�1195.

7. Ôèëèïïîâ Â. Ò. Î δ-äèôôåðåíöèðîâàíèÿõ àëüòåðíàòèâíûõ ïåð-
âè÷íûõ è ìàëüöåâñêèõ àëãåáð // Àëãåáðà è ëîãèêà. 2000. V. 39.

8. Êàéãîðîäîâ È. Á. Î δ-ñóïåðäèôôåðåíöèðîâàíèÿõ ïðîñòûõ êî-
íå÷íîìåðíûõ éîðäàíîâûõ è ëèåâûõ ñóïåðàëãåáð // Àëãåáðà è
ëîãèêà. 2010. Ò. 49. � 2.

9. Æåëÿáèí Â. Í., Êàéãîðîäîâ È. Á. Î δ-ñóïåðäèôôåðåíöèðîâàíèÿõ
ïðîñòûõ ñóïåðàëãåáð éîðäàíîâîé ñêîáêè // Àëãåáðà è àíàëèç.
2011. Ò. 23. � 4. C. 40�58.

Îá àâòîìîäåëüíûõ ðåøåíèÿõ çàäà÷è
îñåñèììåòðè÷íîé òóðáóëåíòíîé ñòðóè

À. Â. Øìèäò
Èíñòèòóò âû÷èñëèòåëüíîãî ìîäåëèðîâàíèÿ ÑÎ ÐÀÍ, Êðàñíîÿðñê

Ðàññìîòðåíà ïîëóýìïèðè÷åñêàÿ ìîäåëü îñåñèììåòðè÷íîé òóðáó-
ëåíòíîé ñòðóè [1,2], ñîäåðæàùàÿ äèôôåðåíöèàëüíûå óðàâíåíèÿ ïå-
ðåíîñà íîðìàëüíûõ ðåéíîëüäñîâûõ íàïðÿæåíèé. Ïîñòðîåíà àëãåá-
ðà Ëè îïåðàòîðîâ, äîïóñêàåìûõ ðàññìàòðèâàåìîé ìîäåëüþ. Èçâåñò-
íûå ýêñïåðèìåíòàëüíûå äàííûå [3,4] óêàçûâàþò íà òî, ÷òî òå÷åíèå â
äàëüíèõ îáëàñòÿõ îñåñèììåòðè÷íîé òóðáóëåíòíîé ñòðóè ìîæíî ñ÷è-
òàòü áëèçêèì ê àâòîìîäåëüíîìó. Ïîýòîìó äëÿ ïîñòðîåíèÿ ðåäóê-
öèè ìîäåëè ê ñèñòåìå îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
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(ÎÄÓ) áûëè èñïîëüçîâàíû îïåðàòîðû ïðåîáðàçîâàíèé ðàñòÿæåíèÿ.
Ïîëó÷åííàÿ ñèñòåìà ÎÄÓ ðåøàëàñü ÷èñëåííî. Áûë èñïîëüçîâàí ìî-
äèôèöèðîâàííûé ìåòîä ñòðåëüáû è àñèìïòîòè÷åñêîå ðàçëîæåíèå ðå-
øåíèÿ â îêðåñòíîñòè îñîáîé òî÷êè. Ïîñòðîåííûå ðåøåíèÿ ñîãëàñó-
þòñÿ ñ èìåþùèìèñÿ ýêñïåðèìåíòàëüíûìè äàííûìè [3,4] è ðåçóëüòà-
òàìè ðàñ÷åòîâ ïî ïîëíîé ìîäåëè [1,2].
Àâòîð áëàãîäàðèò Ã. Ã. ×åðíûõ è Î. Â. Êàïöîâà çà ïðåäîñòàâëåí-

íûå ìàòåðèàëû è ïîëåçíûå îáñóæäåíèÿ. Ðàáîòà âûïîëíåíà ïðè ïîä-
äåðæêå ÐÔÔÈ (ïðîåêò 13-01-00246) è â ðàìêàõ ãðàíòà ÍØ-544.2012.1
ãîñóäàðñòâåííîé ïîääåðæêè âåäóùèõ íàó÷íûõ øêîë.
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Ïðîèçâîäíàÿ π-äëèíà è íèëüïîòåíòíàÿ π-äëèíà êîíå÷íûõ
π-ðàçðåøèìûõ ãðóïï

Î. À. Øïûðêî
Ôèëèàë ÌÃÓ èì. Ì. Â. Ëîìîíîñîâà, Ñåâàñòîïîëü

Ðàññìàòðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû. Âñå èñïîëüçóåìûå ïî-
íÿòèÿ è îáîçíà÷åíèÿ ñîîòâåòñòâóþò ïðèíÿòûì â [1]. Ïóñòü π � íåêî-
òîðîå ìíîæåñòâî ïðîñòûõ ÷èñåë, π′ � ìíîæåñòâî âñåõ ïðîñòûõ ÷èñåë,
íå ñîäåðæàùèõñÿ â π, à π(G) � ìíîæåñòâî ïðîñòûõ ÷èñåë, äåëÿùèõ
ïîðÿäîê ãðóïïû G. Âîçðàñòàþùèì (π′, π)�ðÿäîì ãðóïïû G íàçûâà-
þò ðÿä

1 = P0 ≤ N0 < P1 < N1 < · · · < Pi < Ni < . . . ,
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ãäå Ni/Pi = Oπ′(G/Pi), Pi+1/Ni = Oπ(G/Ni), i = 0, 1, 2, . . . . Çäåñü
Oπ′(X) è Oπ(X) � íàèáîëüøèå íîðìàëüíûå π′� è π�ïîäãðóïïû ãðóï-
ïû X ñîîòâåòñòâåííî. Íàèìåíüøåå íàòóðàëüíîå ÷èñëî k, äëÿ êîòî-
ðîãî âûïîëíÿåòñÿ ðàâåíñòâî Nk = G, íàçûâàþò π�äëèíîé lπ(G) π�
ðàçðåøèìîé ãðóïïû G.

Åñëè â âîçðàñòàþùåì (π′, π)�ðÿäå π-ðàçðåøèìîé ãðóïïû G äëÿ
âñåõ π′-ôàêòîðûNi/Pi îñòàâèòü áåç èçìåíåíèÿ, à π-ôàêòîðû Pi+1/Ni

çàìåíèòü íà:
� íèëüïîòåíòíûå π-ôàêòîðû Pi+1/Ni = F (G/Ni), òî ïîëó÷èì

íèëüïîòåíòíóþ π-äëèíó lnπ(G) ãðóïïû G. Çäåñü F (X) � ïîäãðóï-
ïà Ôèòòèíãà ãðóïïû X.

� àáåëåâû π-ôàêòîðû Pi+1/Ni = Oa
π(G/Ni), òî ïîëó÷àåì ïðîèç-

âîäíóþ π-äëèíó laπ(G) π-ðàçðåøèìîé ãðóïïû G. Çäåñü Oa
π(X) � íàè-

áîëüøàÿ íîðìàëüíàÿ àáåëåâà π-ïîäãðóïïà â ãðóïïå X.
Î÷åâèäíî, ÷òî äëÿ ëþáîé π-ðàçðåøèìîé ãðóïïû G ñïðàâåäëèâî

íåðàâåíñòâî lπ(G) ≤ lnπ(G) ≤ laπ(G), à â ñëó÷àå, êîãäà π = {p}, p �
ïðîñòîå ÷èñëî, èìååò ìåñòî ðàâåíñòâî lp(G) = lπ(G) = lnπ(G) = laπ(G).
Â íàñòîÿùåé çàìåòêå äîêàçàíà ñëåäóþùàÿ òåîðåìà:

Òåîðåìà 1. Ïóñòü G � π-ðàçðåøèìàÿ ãðóïïà è lπ(G) = k. Òîãäà

lp(Gπ) ≤ lp(G) ≤ k · lp(Gπ) äëÿ âñåõ p ∈ π,

n(Gπ) ≤ lnπ(G) ≤ k · n(Gπ) è d(Gπ) ≤ laπ(G) ≤ k · d(Gπ).

Çäåñü d(G) � ïðîèçâîäíàÿ äëèíà, à n(G) � íèëüïîòåíòíàÿ äëèíà
ãðóïïû G.
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Definable relations in the Turing degree structures

M. M. Arslanov
Kazan Federal University, Kazan

In this paper we initiate the study of questions of definability of
classes of Turing degrees of n-computably enumerable (n-c. e.) sets
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(sets from finite levels of the Ershov difference hierarchy) in the lan-
guage of structures of the n-c. e. sets En, 1 ≤ n < ω, under set
inclusion.

It is easy to see that the 2-c. e. sets (they are called also d-c. e. sets)
under inclusion form a lower but not upper semilattice, but beginning
n = 3 the n-c. e. sets under inclusion does not form neither upper nor
lower semilattices. For the case of upper semilattice this is obvious: if

A ∈ En+1−En, then A = B∪C, where B =
⋃[n−1

2

]
i=1 {(R2i−1−R2i)} and

C = Rn − Rn+1 are n-c. e. sets. For the remaining case see Theorem
1.

Theorem 1. Let n ≥ 3.
a) If n is an odd number then there exist an n-c. e. set D1 and an
d-c. e. set D2 such that D1 ∩D2 is not an n-c. e. set. If n is an even
number then there exist an n-c. e. set D1 and an 3-c. e. set D2 such
that D1 ∩D2 is not an n-c. e. set.
b) For each even number n, 2 ≤ n < ω, for every d-c. e. set A and
n-c. e. set D the set M = A ∩D is n-c. e.

We say that a set of Turing degrees C is definable in En for some
n ≥ 1 if there is a definable in En class of sets S ⊂ En such that
C = {deg(B) | B ∈ S}.

Theorem 2. (For the case n = 2 Lempp and Nies [1]) An element
of En is c. e. if and only if it is the supremum of two elements which
have a unique complement.

Corollary 1. The set of all c. e. degrees and the set of all non-
computable c. e. degrees are definable in each En without parameters.

Corollary 2. Let 1 ≤ m < n < ω. Then Em is definable in En without
parameters.

Theorem 3. The set of all high c. e. degrees H1 definable in each
En, 1 ≤ n < ω.

Generalizing the definition of c. e. major subsets we call an n-c. e.
set A (n > 1) is a major subset of a c. e. set B if A ⊂∞ B and for
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every c. e. set W , B ⊆∗ W =⇒ A ⊆∗ W . Exactly with the same
proof (Soare [2, X1.1.19]) can be proven that n-c. e. major subsets of
c. e. sets (if exist) have high degrees.

Theorem 4. Let n > 0. If n is an even number then there are no n-c.
e. major subsets. If n is an odd number then for every non-computable
c. e. set B there is an n-c. e. set A of properly n-c. e. degree such
that A is a major subset of B.

Corollary 3. For each n > 1 and each odd number m < n there is a
definable in En subset of high properly m-c. e. degrees.

It is well-known that for each n, 1 < n < ω, there exists a high
properly n-c. e. degree. Therefore, it is natural to ask the following
question: weather the class of high n-c. e. degrees is definable in En
for each n, 1 < n < ω? The following theorem gives an affirmative
answer to his question.

Theorem 5. For each odd number n, 1 ≤ n < ω, for each high n-c.
e. degree d and for each non-computable c. e. set A there is an n-c.
e. major subset M of A such that deg (M) = d.

Corollary 4. For each odd number n, 1 ≤ n < ω, the set of all high
n-c. e. degrees definable in En.

Question 1. Is the set of all high n-c. e. degrees definable in En for
even numbers n?
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Two remarks on Gröbner—Shirshov bases method
for associative and Lie algebras

L. A. Bokut
Sobolev Institute of Mathematics, Novosibirsk; SCNU, Guangzhou

1. The usual presentation of the method is based on the notion
of composition (f, g)w of two (monic) polynomials f,g of a free al-
gebra k〈X〉 over a field (see [1,2]). Actually it may be based on a
notion of the list common multiple of two words, lcm(u, v), u, v ∈ X∗.
Namely, lcm(u, v) = w, w ∈ {ucv, c ∈ X∗;u = avb, a, b ∈ X∗;ub =
av, deg(ub) < deg(u) + deg(v)}. Note that lcm(u,v) and lcm(v,u) are
different. Let us define a general composition

(f, g)w = w|u→f − w|v→g,

where u = f̄ , v = ḡ (the maximal words in a monomial order on X∗),
w = lcm(u, v).

Key properties of a general composition are as follows: If w1 =
a1s̄1b1 = a2s̄2b2, then w1 = cwd, where w = lcm(s̄1, s̄2) (up to renum-
bering). Hence a1s1b1 − a2s2b2 = c(s1, s2)wd. Moreover (s1, s2)w = 0
(mod s1, s2;w), if w = s̄1cs̄2.

It follows the main statement of Shirshov Composition-Diamond
lemma for k〈X〉: If S ⊂ k〈X〉 is a Gröbner—Shirshov basis, f ∈
Ideal (S), then f̄ = as̄b, s ∈ S.

2. The usual formulation of Poincare—Birkhoff—Witt (PBW) The-
orem based on a presentation of a Lie algebra L = Liek(X|S) over a
field k by a linear basis X and the multiplication table S in X. Actu-
ally it may be based on a more general presentation of L by generators
X and defining relations S in X, which is a Lie Gröbner—Shirshov
basis.

PBW Theorem in a form of Shirshov. Let S ⊂ Lie(X) ⊂
k〈X〉. Then S is a Lie Gröbner—Shirshov basis iff S is an asso-
ciative Gröbner—Shirshov basis. If it is done then a linear basis of
U(L) = k〈X|S〉 consists of words u = u1u2 . . . uk, k ≥ 0, ui’s are S-
irreducible Lyndon—Shirshov words, u1 ≤ u2 ≤ · · · ≤ uk (in the lex-
order). Moreover a linear basis of Liek(X|S) consists of S-irreducible
Lyndon—Shirshov Lie words [u]. Even more, a linear basis of U(L)
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consists of polynomials [u1][u2] . . . [uk], k ≥ 0, [ui]’s are S-irreducible
Lyndon—Shirshov Lie words, u1 ≤ u2 ≤ · · · ≤ uk.

Here we use Shirshov Composition-Diamond lemmas for associa-
tive and Lie algebras, Shirshov (not Lyndon—Shirshov!) factorization
theorem that any word is a lex-nonincreasing product of Lyndon—
Shirshov words, u = u1u2 . . . uk, and a property that u is S-irreducible
iff ui’s are S-irreducible.

Partially supported by RFBR 12–01–00329.
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On a Borovik’s conjecture

A. A. Buturlakin, A. V. Vasil’ev
Sobolev institute of mathematics, Novosibirsk

The c-dimension of a group G is the maximal length of a nested
chain of centralizers of subsets in G. Groups of finite c-dimension have
some interesting properties. For example, a periodic locally soluble
group of finite c-dimension k is soluble of k-bounded derived length
(see [1]). In the same paper the following conjecture of Borovik is
formulated.

CONJECTURE (A.V.Borovik). Let G be a locally finite group of
finite c-dimension k. Let S be the full inverse image of the “generalized
Fitting subgroup” F ∗(G/F (G)), which is equal to the product of
F (G/F (G)) and all the quasi-simple subnormal subgroups of G/F (G).
Then

(1) the number of non-abelian simple composition factors of G is
finite and k-bounded;

(2) G/S has an abelian subgroup of finite k-bounded index.
We prove the following statement.
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Theorem 1. If G is a locally finite group of finite c-dimension k, then
the number of non-abelian simple composition factors of G is less then
5k.

Thus the first statement of the conjecture holds.
The work is partially supported by RFBR (grant 12-01-31221 and

12-01-90006).
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Shunkov groups with some minimal conditions

N. S. Chernikov
Institute of Mathematics of the National Academy of Sciences

of Ukraine, Kyiv, Ukraine

A great many deep results are connected with Shunkov groups sat-
isfying various minimal conditions. As an example, Shunkov groups
with the minimal condition for subgroups or only for abelian sub-
groups and periodic non-abelian Shunkov groups with the minimal
condition for non-abelian subgroups are Chernikov (A. Ostylovskii-
Shunkov, Suchkova-Shunkov and N. S. Chernikov’s Theorems respec-
tively). Further, the following new theorem of the author holds.

Theorem 1. Let G be a periodic non-abelian Shunkov group. Then:
(i) G satisfies the minimal condition for non-normal subgroups iff

it is Chernikov or Hamiltonian.
(ii) G satisfies the minimal condition for non-abelian non-normal

subgroups iff it is a Chernikov group or a solvable group with normal
non-abelian subgroups.
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A new definition and properties of several matrix functions
over different rings

G. P. Egorychev
Siberian Federal University, Krasnoyarsk

The author gives a new definition and studies the properties of the
determinant and the permanent over nonassociative noncommutative
rings.
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The Golod 2-group with infinite subgroups
generated by involutions

C. K. Gupta
University of Manitoba, Winnipeg, Canada

A. V. Timofeenko
Siberian Federal University, Krasnoyarsk, Russia

Recall that E. S. Golod (1964) found for each prime p and every
n ≥ 2 infinite n-generated p-group. The basis for the construction
of this group is a sufficient condition infinite dimensionality of the
quotient algebra of the free associative algebra F (1) of polynomials
without constant term of n non-commuting variables over an arbitrary
field by a homogeneous ideal I. This condition limits the number of
each degree polynomials in the generating set of the ideal I. Each
polynomial of algebra F (1) is being built in sufficiently large so that
homogeneous components of this degree are taken as generators of I
and the number of each of these generators degree satisfies the above
conditions is infinite-dimensional. So being built nonnilpotent nilal-
gebra A = F (1)/I. Algebra A over a field of characteristic p under the
operation ◦ :

a ◦ b = a+ b+ ab, a, b ∈ A,
forms an infinite p-group, which is called the adjoint group of algebra
A. We denote by x1, x2, . . . , xn free generators of F (1), and let aj =
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xj + I, j = 1, 2, . . . , n. Then the subgroup 〈a1, a2, . . . , an〉 of adjoint
group of A will also be infinite. We call it the Golod group and
designate GI .

GroupGI is residually finite and orders its elements are not bounded.
There are Golod groups with infinite center (Timofeenko A. V., 1986)
and Golod group with trivial center (Sereda V. A. and Sozutov A. I.,2006).
The ideal I can be constructed so, that each (n − 1)-generated sub-
group of Golod group GI is finite (Golod E. S.,1968). On the other
hand, for each n = 2, 3, . . . and each odd prime q is constructed n-
generated Golod q-group with infinite subgroup, generated by two con-
jugate elements of prime order (Timofeenko A. V.,1985,1991). Con-
structed Golod 2-group with infinite subgroup generated by a pair
of conjugate elements of the fourth order. These subgroups can be
constructed so as to satisfy the sufficient condition for infinite index
subgroup of Golod group (Timofe enko A. V.,1986). In this report,
constructed Golod 2-group with infinite subgroup, generated by three
involutions. In one of these triples, all involutions conjugate, and the
other two involutions commute. Found product orders of every two
involutions in both triples. Obviously, that in the Golod 2-groups
with finite 3-generated subgroups any generated by three involution
subgroup is finite.

Theorem 1. Let n ≥ 3,

H = 〈a2
1a2, a

2
3a2〉 < 〈a2

1, a2, a
2
3〉 < GI = 〈a1, a2, . . . , an〉.

Then for some ideal I of F (1) the subgroup H is infinite, |a2
1| = |a2

3| =
|a2| = |a2

1a
2
3| = 2, |a2

1a2| = 32, |a2
3a2| = 64.

Theorem 2. For some ideal I of F (1) and for n ≥ 3 it is true

GI = 〈a1, . . . , an〉 > 〈a2, a2
a1, aa3

2 〉 > 〈a
a1
2 a2, a

a3
2 a2〉 = H,

|H| =∞, |a2| = 2, |aa1
2 a2| = |aa3

2 a2| = |aa1
2 a

a3
2 | = 32.
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Homogeneous Almost Primitive Elements of Free
Nonassociative Algebras

A. V. Klimakov
Department of Mechanics and Mathematics, Moscow State University, Russia

Let F (X) be the free nonassociative algebra over a filed K with a set
X of free generators. A. G. Kurosh [4] proved that subalgebras of free
nonassociative algebras are free. An element u ∈ F (X) is said to be
primitive if there is a set Y of free generators of F (X), F (X) = F (Y ),
such that u ∈ Y . A nonzero element u ∈ F (X) is said to be almost
primitive element (APE), if u is not a primitive element of the algebra
F (X), but u is a primitive element of any proper subalgebra of F (X)
which contains u.

Series of APE of free nonassociative algebras were constructed in [6],
[8]. In [1–3] for free algebras of small ranks (nonassociative, (anti)commu-
tative and Lie algebras) were constructed and new examples and cri-
teria for homogeneous elements to be almost primitive are obtained.

Theorem 1. A homogeneous element u ∈ F (X), X = {x1, . . . , xn},
of degree d(u) = 2 is APE if and only if u is an element of maximal
rank (i.e. rank(u) = n).

The rank of an element u of the algebra F (X) is the smallest number
of free generators from X which an element φ(u) depends on, where
φ runs through the automorphism group of F (X) (in other words,
rank(u) is the smallest rank of a free factor of F (X) containing u).
The algorithm to count the rank of an element of a free nonassociative
algebra over a field K was obtained and constructed in [5,6,7].

A subset M = {ai} of nonzero elements of F (X) is called reduced
if for any i the leading part a◦i of the element ai does not belong to
the subalgebra of F (X) generated by the set {a◦j | j 6= i}.

Definition 1. Let H◦ = alg{h1, . . . , hk} ⊆ F (X) be a subalgebra of
F (X) with the reduced set H = {h1, . . . , hk} of homogeneous free gen-
erators. For any homogeneous element u ∈ H◦ of degree d(u) > 3,
witch does not contain any generator hi as a linear summand, define
by ρH(u) the number of pairwise distinct generators hi of degree 1, par-
ticipating in the canonical presentation of u as factors of summands
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of the ”left” or ”right” bracket structures (i.e. for such hi there is a
summand of ucan of the form hiA or Ahi, where A is a monomial of
degree d(A) = d(u)−1). If some generator hi participating as a linear
summand, then we suppose ρH(u) = +∞.

Define ρH◦(u) as minimum of ρH(u), where H runs through all re-
duced sets of free homogeneous generators of the algebra H◦.

Definition 2 (ρ-number of an element). For a homogeneous element
u ∈ F (X) of degree d(u) > 3 define ρ-number as follows:

ρ(u) = min
u∈H◦⊂F (X)

ρH◦(u),

where minimum takes over all subalgebras H◦ ⊂ F (X), having a re-
duced set of homogeneous generators and containing the element u.

Lemma 1. For the ρ-number of a homogeneous element u ∈ F (X) of
degree d(u) > 3 following statements are true:

� ρH(u) = +∞⇐⇒ the element u is primitive in alg{H}; ρH◦(u) =
+∞⇐⇒ the element u is primitive in H◦.

� ρH(u) = n =⇒ alg{H} = F (X); ρH◦(u) = n =⇒ H◦ = F (X)

� If ρF (X)(u) < n, then there is a proper subalgebra H◦ such that
ρH◦(u) 6 ρF (X)(u), and therefore, the element u is not APE in
H◦.

� ρ(u) ∈ {0, 1, . . . , n}.

Theorem 2. Let u ∈ F (X) be a homogeneous element of degree
d(u) = m > 3. Then the element u is APE in F (X) if and only
if ρ(u) = n.

Lemma 2. The element uf = x1+f(x1, . . . , xn), where f is a nonassoci-
ative polynomial of degree deg f > 2 and every monomial of the poly-
nomial f depends on x1, is not primitive in the free nonassociative
algebra F (X).

Theorem 3. Let X = {x1, . . . , xn} be a nonempty set, F (X) the free
nonassociative algebra over a field K. The element v = u1,n(x1)+x1 =
(. . . (((x1x1)x2)x3) . . .)xn + x1 is APE in F (X).
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Simple Groups and Sylow Subgroups

Koichiro Harada
Shizuoka, Japan

Theorem. Let G be a finite group and P be a Sylow p-subgroup of
G. Suppose P is an extra-special group of order p3 of exponent p, and
assume that all nonidentity elements of P are conjugate in G. Then,
p = 3, 5 or 7.
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Notes. If p = 3, then Tits’ group 2F4(2)′ and 2F4(2
2m+1) with a

suitable m are examples. Rudvalis group and Janko’s largest group
are also example. If p = 5, Thompson’s group is an example. If p = 7,
there is no examples of finite groups, but there are three nonrealizable
local structures. In [1] these three cases are called exotic 7-local finite
groups. Their result is obtained under the axioms and some basic
assumptions of fusion systems. It may perhaps be a good approach
to develop a suitable modular character theory in order to investigate
such exotic (nonrealizable) local structures. For a related work, see
[2].
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Vaughan-Lee algebras V 7 and V 8 and related Lie algebras

M. I. Kuznetsov, A. A. Shmelev
N. I. Lobachevsky State University of Nizhny Novgorod,

Nizhny Novgorod

Computer based classification of simple Lie algebras over F2 of
dimension less then 10 obtained by M. Vaughan-Lee [1] contains 7-
dimensional algebra V 7 and 8-dimensional Lie algebra V 8 realized by
7 × 7- and 8 × 8-matrices, respectively. Later B. Eik [2] applying
new computer test of isomorphism of Lie algebras showed that V 7 is
isomorphic to non-alternating Hamiltonian Lie algebra P (2 : 1, 2), [3].

The authors investigated the deformations of semisimple Lie alge-
bra g = W (1 : 2)′ ⊗ O+ < 1 ⊗ d > over an algebraically closed
field of characteristic two. Here W (1 : 2)′ is the Zassenhaus algebra,
O = F [x]/(x2), d = d/dx. It was shown that V 7 is the only simple Lie
algebra obtained by deformation of g. Moreover, V 7 contains max-
imal subalgebras such that corresponding uncontractable filtrations
of V 7 have g as associated graded Lie algebra with degenerate and
nondegenerate gradings in sense of Weisfeiler.
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Lie algebras P (2 : 1, n) appears naturally in the classification of
simple Lie algebras with solvable maximal subalgebra over an alge-
braically closed field F of characteristic p.

The Lie algebra P (2 : 1, n) may be realized as Z2-graded Lie algebra
L = L0̄ + L1̄ where L0̄ = W (1 : n)′, L1̄ = O(1 : n) is a divided powers
algebra. The adjoint action of L0̄ on L1̄ is the standard action of
W (1 : n)′ on O(1 : n), and for f, g ∈ L1̄ [f, g] = [f∂, g∂] in
W (1 : n)′ = L0̄.

The authors shows that Lie algebra V 8 is isomorphic to nonsplit-
ting form A2II of classical simple Lie algebra of the type A2 which is
splitted over F4. This fact may be established using the following

Theorem 1. Let L be a simple Lie p-algebra over an algebraically
closed field of characteristic 2. If L contains a two-dimensional Cartan
subalgebra with two-dimensional root spaces then L is a classical Lie
algebra of type A2.

The work is supported by grant of Ministry of Education and Sci-
ence of Russian Federation (grant 1.1907.2011).
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Problems of classification of finite semifield planes,
QF-schemes and quadrics of projective spaces

V. M. Levchuk
Siberian Federal University, Krasnoyarsk

O. A. Starikova
North-East State University, Magadan

We consider problems and some results of finite projective plane
theory and semifield theory, that developed correlationally since the
beginning of the 20 century [1]. The coordinatisation method [2] intro-
duced by Hilbert and generalized by Hall stimulated the development
of theory of semifield planes and semifields and studding of corre-
spondence between ones. For the construction of semifield planes one
can should use the group decomposition. Albert [3] discovered the
interconnection between isomorphic classes of projective planes and
isotopic classes of finite semifields. The following problem should be
treated as basic: to find the representatives of all isotopism classes of
finite semifields.

The problem of enumeration of quadrics and quadratic forms of
projective spaces is closely connected with the problem of classification
of quadratic form schemes (QF-schemes) of basic fields and rings of
coefficients, [4] - [5]. Recall, that the group G = R∗/R∗2 together with
its particular map of subsets from G refers to QF -scheme of ring R.
The Witt ring of R is completely determined by the quadratic form
scheme of R. Some problems for QF -schemes remains open.

We give a combinatorial representation for number of projective
congruent quadrics classes of the projective space over R with a QF -
scheme of order ≤ 4 and a nilpotent maximal ideal and also up to
projective equivalence [6].

The research is supported by Russian fund of fundamental researches,
12-01-00968.
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Groups contained between groups of Lie type
over the nonperfect fields of characteristic 2 and 3

Ya. N. Nuzhin
Siberian Federal University, Krasnoyarsk

Below G(K) is the adjoint Chevalley or Steinberg group of type G
over a field K. In [1] the the author established that the groups con-
tained between G(F ) and G(K) are exhausted by the groups G(P )
or their extensions by means of diagonal automorphisms for interme-
diate subfields P (F ⊆ P ⊆ K) in the case when K is an algebraic
extension of a field F containing more then four elements. In [1] we
assumed the perfectness of F for the exceptional characteristics. For
G = Bl, Cl, F4,

2Al,
2Dl and 2E6, the only exceptional characteristic

is 2, and for G = G2 and 3D4 it is 2 and 3. These case are considered
in [2,3], and for them the intermediate subgroups are not determined
only by one intermediate subfield. The first examples of these groups
are indicated in Steinberg’s monograph [4, §10, p. 144].

Let K be a nonperfect field of characteristic is p. The set of the
pth powers of its elements Kp is a proper subfield in K. Suppose that
p = 2 for G = Bl (l ≥ 2), Cl (l ≥ 2), F4 and p = 3 for G = G2. Put

Ar =

{
K, if r is a short root,
Kp, if r is a long root.
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Then the set A = {Ar | r ∈ Φ} uniquely defines the subgroups G(A)
generated by the root subgroups xr(Ar), i.e., it contains no new root
elements. Steinberg called the subgroup G(A) weird and noted that
it is a simple group.

We formulate the results in terms of the carpets of additive sub-
groups of the basic field, in particular, the subgroups G(A) in the
above example is defined by the carpet A.

The author was supported by the Russian Foundation for Basic
Research (Grant 12–01–00968–a) and the Ministry for Education and
Science of the Russian Federation (Grant 2.1.1/4620).
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Unification and Admissible rules for paraconsistent minimal
Johanssons’ logic J and positive intuitionistic logic IPC+

V. V. Rybakov
School of Computing, Mathematics and DT, Manchester Metropolitan University,

Manchester, U.K, and (part time) Siberian Federal University, Krasnoyarsk, Russia

We study unification problem and problem of admissibility for infer-
ence rules in minimal Johanssons’ logic J (cf. for definitions [1]) and
positive intuitionistic logic IPC+. This paper proves that the problem
of admissibility for inference rules with coefficients (parameters) (as
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well as plain ones - without parameters) is decidable for the paraconsis-
tent minimal Johanssons’ logic J and the positive intuitionistic logic
IPC+. Using obtained technique we show also that the unification
problem for these logics is also decidable: we offer algorithms which
compute complete sets of unifiers for any unifiable formula. Checking
just unifiability of formulas with coefficients also works via verification
of admissibility. The obtained results are summarized as follows.

Theorem 1. The problem of admissibility for rules with parameters
(also with none) for in minimal paraconsistent logic J is algorithmi-
cally decidable.

Theorem 2. The rule with parameters r = ϕ(x̄, p̄)/ψ(x̄, p̄) is ad-
missible in minimal logic J iff r is true on the frames of all models
I(n), with Pn ⊃ P (r), w.r.t. all valuations coinciding with the original
valuations of the models I(n) at all letters from P (r).

Theorem 3. The problem of admissibility of rules with parameters
for positive logic Int+ is algorithmically decidable.

Theorem 4. The rule with parameters r = ϕ(x̄, p̄)/ψ(x̄, p̄) is ad-
missible in Int+ iff r is true on the frames of all models I+(n), with
Pn ⊃ P (r), w.r.t. all valuations coinciding with the original valuations
of the models I(n) at all letters from P (r).

Theorem 5. The logic J has a finitary unification type for formulas
with coefficients, and there is an algorithm writing a finite complete
set of unifiers for any unifiable formula.

Theorem 6. The logic Int+ has a finitary unification type for
formulas with coefficients, and there is an algorithm writing a finite
complete set of unifiers for any unifiable formula.

The technique applied is extended version from [2]. The results are
obtained in cooperation with professor S.Odintsov, and to be printed
in our paper in J. of Pure and Applied Logic, Elsevier.
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On some properties of π-normal Fitting classes

N. Savelyeva
The A. S. Pushkin State University of Brest, Brest, Belarus

All groups considered are finite. We use standard definitions and
notation taken from [1].

A normally hereditary class of groups F is called a Fitting class if it
is closed under the products of normal F-subgroups. If a Fitting class
F 6= ∅ then a subgroup GF of a group G is called its F-radical if it
is the largest normal F-subgroup of G. A non-empty Fitting class F

is called normal in a Fitting class X or X-normal (this is denoted by
F�X) if F ⊆ X and for every X-group G a subgroup GF is F-maximal
in G.

In the class E of all groups it is known that normality of Fitting
classes depends on the properties of the Fitting class H of all groups
which are direct products of simple non-cyclic groups (see, for instance,
propositions 2.4–2.6 [2]). In particular, it is established [2] that the
product of any S-normal Fitting class (S is the class of all soluble
groups) and a Fitting class H is E-normal. Recall that the product of
Fitting classes X and Y is the class of groups XY = (G : G/GX ∈ Y)
which is also a Fitting class.

Let P be the set of all primes, ∅ 6= π ⊆ P and let Hπ denote the
Fitting class of all π-groups equal to direct products of simple non-
cyclic groups. The symbol Eπ denotes the Fitting class of all π-groups
and Sπ is the class of all soluble π-groups. If a Fitting class F is
normal in Eπ or Sπ then we call it π-normal.

The result of Laue mentioned above leads us to the question of
searching for the analogous property in the case of π-normal Fitting
classes.

Lemma 1. Let F be a Fitting class. If F � Sπ and G 6∈ Sπ then
GFHπ > GF.

Theorem 1. Let F be a Fitting class. If F�Sπ then FHπ � Eπ.

In the case π = P the lemma and the theorem imply Laue’s re-
sults [2].
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Amalgam for 0-dimensional schemes

N. V. Timofeeva
Yaroslavl’ State University, Yaroslavl’

We start with the general quotient problem in the category of alge-
braic schemes. The problem includes the ingredients:

a scheme X;
an equivalence relation R ⊂ X ×X;
morphisms pi : R ⊂ X × X → X defined as composites of the

immersion with projections on ith factor.
The question is to construct (if possible) the universal quotient

X/R. This is an universal completion of the diagram X
p1←− R

p2−→ X.
The best result should be to know precisely when the universal quo-
tient exist in some category (for example, in the category of schemes)
and when it does not.

The basic example is the notion of algebraic space which appears
when morphisms pi, i = 1, 2 are assumed to be étale.

Another well-known example arises when the scheme X is acted
upon by an algebraic group G and R is a subscheme induced by G-
equivalence. In this case if X/R = X/G exists its universality means
that it is categorical quotient of the scheme X by G.

Now let X be a disjoint union of schemes X = X1

⊔
X2. Then the

problem reduces to the search of universal completion of the diagram
X1

p1←− R
p2−→ X2. Such a universal completion is called an amalgam

(or amalgamated sum) of schemes X1 and X2 with respect to R and
is denoted as X1

∐
RX2.

We work with zero-dimensional algebraic schemes of finite type over
a field k = k. This means that they are prime spectra of Artinian
algebras over k and one can consider the dual picture in the category
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of associative commutative Artinian k-algebras with unity. In this
circumstance we have to construct the universal product of Artinian k-
algebras. Its functorial behavior must be completely analogous to one
of usual fibred product of schemes. As usually the length of Artinian
k-algebra A is its dimension as of k-vector space. It is denoted as
lengthA. If Z = SpecA then lengthZ = lengthA.

Example 1. A pair of monomial zero-dimensional subschemes Z1, Z2

in An such that R = Z1 ∩ Z2, provides the case when the amalgam is
constructed in obvious way. Let Yi, i = 1, 2, be their Young diagrams.
Then the subscheme of the intersection R = Z1 ∪ Z2 is represented by
the Young diagram Y0 := Y1 ∩ Y2 which is a maximal common part of
diagrams Y1 and Y2. The amalgam Z = Z1

∐
R Z2 is represented by

the union of diagrams Y := Y1 ∪ Y2. It is easily seen that lengthZ =
lengthZ1 + lengthZ2 − lengthR. The universal property of Z as an
amalgam is verified immediately.

We prove the following result.

Theorem 1. The category of commutative associative Artinian alge-
bras with unity over a field k, k = k, can be supplied with fibred prod-
ucts. Dually, the category of 0-dimensional schemes over k, k = k, is
supplied with amalgamated sums.

Purely transcendental extensions
of the field Q as base fields of csp-rings

E. A. Timoshenko
Tomsk State University

The symbols N and Q denote the sets of all natural numbers and
all rational numbers respectively. Let L be some infinite set of primes.
If p ∈ L, then by Zp we denote the field of residue classes modulo p.
Let

KL =
∏
p∈L

Zp, TL =
⊕
p∈L

Zp ⊂ KL.

By a regular csp-ring we mean any subring R of the ring KL such that
TL ⊂ R and the quotient ring R/TL is a field (for a general definition
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of a csp-ring see [1]). Note that the regular csp-rings are exactly those
csp-rings which are regular in the sense of von Neumann.

The field R/TL as well as every field isomorphic to it will be called
a base field of the regular csp-ring R. It is easy to see that every
such field (i.e., a field that can be embedded in KL/TL as a subring)
has characteristic zero and a cardinality that does not exceed the
cardinality of the continuum c.

Let ieL denote the smallest possible cardinality of a set B ⊂ KL

with the property

for every (kp)p∈L ∈ KL there is (dp)p∈L ∈ B
such that kp = dp for infinitely many p ∈ L.

We introduce an order relation ≺ on the set NN of all functions N→
N as follows: z′ ≺ z if and only if we have z′(i) < z(i) for almost all
i ∈ N. A subset C of NN is called bounded if there exists a function
z ∈ NN such that z′ ≺ z for all z′ ∈ C. By b we denote the smallest
possible cardinality of an unbounded subset of NN; it is easy to check
that the cardinal number b (known as the bounding number) satisfies
ℵ1 6 b 6 c. It is known [2] that each of the possibilities ℵ1 = b = c,
ℵ1 = b < c, ℵ1 < b = c, ℵ1 < b < c is consistent with the system
ZFC of axioms of set theory; it can be shown that the cardinal ieL has
similar properties. The author also proved that each of the inequalities
b < ieL and b > ieL is consistent with ZFC.

It was proved in [1] that every purely transcendental extension of
Q having transcendence degree 6 ℵ1 is a base field of some regular
csp-ring. This result can be sharpened:

Theorem 1. If a purely transcendental extension of the field Q has
transcendence degree 6 max(b, ieL), then it is a base field of some
regular csp-ring R ⊂ KL.

The author was supported by the Ministry of Education and Science
of Russia (project 14.B37.21.0354) and by Tomsk State University
(project 2.3684.2011).
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Minimal quasivarieties of nilpotent Moufang loops
non-associative and non-commutative

V. I. Ursu
Institute of Mathematics Simion Stoilow of the

Romanian Academy Technical University of Moldova

The theory of quasivarieties is one of the most important compart-
ments of the universal algebra. The basis of this theory was set by
A. I. Mal’cev [1-3]. A deeper exposure of this theory can be found
in the monograph by V.A. Gorbunov [4]. The special attention is
paid to important problem on description of the lattice of quasivari-
eties of algebras (mentioned in [2] and [4]). In this work we describe
all minimal non-abelian quasivarieties for nilpotent Moufang loops:

� minimal non-associative quasivarieties of commutative Moufang
loops;

� minimal non-associative and non-commutative quasivarieties of
Moufang A-loops with one own minimal non-associative sub-quasi-
variety of commutative Moufang loops and one own minimal non-
commutative sub-quasivariety of groups;

� minimal non-associative and non-commutative quasivarieties of
Moufang loops with one single own non-commutative subquasi-
variety of groups;

� minimal non-commutative quasivarieties of groups.

Also is showed that the lattice formed of the sub-quasivarieties of
the variety generated by a free Moufang loop of rank of any of these
minimal quasivarieties has the cardinality of the continuum.

Therefore, the lattice of the quasivarieties of any nilpotent non-
abelian variety of Moufang loops has the cardinality of the continuum
and, hence, cannot be finite or countable. For some of these quasivari-
eties are constructed the examples of non-associative Moufang loops.
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For instance, the smallest non-associative and non-commutative nilpo-
tent Moufang loop has 16 elements and formes the basis of the Cayley-
Dixon algebra.
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On infinite Alperin groups with abelian second commutator
subgroups

B. M. Veretennikov
Ural federal university

J.L. Alperin studied in [1] groups in which all 2-generated subgroups
have a cyclic commutator subgroup. Such groups are called Alperin
groups. It was proved in [1] that, for odd prime p , finite Alperin
p-groups are metabelian; i.e., they have an abelian commutator sub-
group. However, finite Alperin 2-groups may be nonmetabelian. For
example, a nonmetabelian finite Alperin 2-group with second commu-
tator subgroup of order 2 was constructed in [2], and infinite series of
finite Alperin 2-groups with second commutator subgroups of orders
2 and 4 were constructed in [3].

In [4,5] the author proved the existence of finite Alperin 2-groups
with cyclic second commutator subgroup of arbitrarily large order and
with elementary abelian second commutator subgroup of arbitrary
rank.

In this communication we propose two theorems. Below d(G) is the
minimal number of generators of the group G.

Theorem 1. Let n be a positive integer, n ≥ 3 and let a group G
be defined by generators ai, fij, τijk, where 1 ≤ i, j, k ≤ n, and defining
relations:
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1) a2
i = 1, 2) [ai, aj] = fij,

3) [fij, ak] = f 2
jkf

2
kiτ
−2
ijk , 4) [τijk, as] = 1,

5) [fij, fks] = τkjsτksi, 6) (fijfjkfki)
4 = τijk,

7) τsijτsjkτski = τijk for all positive integers i, j, k, s ∈ [1, n].
Then the following statements are valid:
I) d(G) = n, G = 〈a1, . . . , an〉, |ai| = 2 for any i ∈ [1, n], d(G′) =(

n
2

)
, G′ = 〈fij|1 ≤ i < j ≤ n〉, G′′ =

∏
2≤i<j≤n

〈τ1ij〉 – the free abelian

group of rank
(
n−1

2

)
, G′′ ≤ Z(G);

II) G is an Alperin group, moreover for any x, y ∈ G at least one of
the following equalities is true: [x, y, y] = 1 or [x, y, y] = [x, y]−2.

The following theorem is easily deduced from theorem 1.

Theorem 1. For any finitely generated abelian group H there exists
an infinite Alperin group G, generated by involutions, whose second
commutator subgroup G′′ is isomorphic to H.
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The canonical form of elements of Chevalley groups
over semilocal rings without unity

T. Yu. Voitenko, V. M. Levchuk
Siberian Federal University, Krasnoyarsk

The well-known Bruhat decompositionBNB =
⋃
ω∈W

BnωU
−
ω Cheval-

ley group G(K) over a field K [1] (see the notation ibid) gives the
canonical form

bnωu (b ∈ B, ω ∈ W, u ∈ U−ω ).

When K is a semilocal ring with Jacobson radical J = radK, we
denote by V +

ω,J the congruence subgroup of level J in the group V +
ω =

〈Xr|r, ω(r) ∈ Φ−〉. The following theorem gives the canonical form
(see also [2, Theorem 3.6]).

Theorem 1. The group G(K) admits the factorization
⋃
ω∈W

B · V +
ω,J ·

nωU
−
ω and each its element is uniquely expressible in the form

bvnωu (ω ∈ W, v ∈ V +
ω,J , u ∈ U

−
ω , b ∈ B).

At the same time, the problem of constructing a canonical form and
defining relations of the generalized Chevalley groups over semilocal
rings (not necessary with a unity) is being solved.

The research is supported by the Russian Foundation for Basic Re-
search (project No. 12-01-00968).
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Gröbner-Shirshov bases and complexity of plactic monoids

Yuqun Chen
School of Math. Sciences, South China Normal University, Guangzhou, China

Let A = {σi|i ∈ I} with a well ordered index set I. Then we call
Pl(A) := sgp〈A|Ω〉 a plactic monoid on the alphabet set A, see [4],
where the Knuth relations Ω consists of

σiσkσj = σkσiσj (i ≤ j < k), σjσkσi = σjσiσk (i < j ≤ k).

We present the plactic algebra on an arbitrary alphabet set A by
row generators and column generators respectively. We give Gröbner-
Shirshov bases for such presentations. In the case of column genera-
tors, a finite Gröbner-Shirshov basis is given if A is finite. From the
Composition-Diamond lemma for associative algebras, it follows that
the set of Young tableaux is a linear basis of plactic algebra. As the
result, it gives a new proof that Young tableaux are normal forms of
elements of plactic monoid. This result was proved by D.E. Knuth
[3] in 1970, see also Chapter 5 in [4]. By using column generators
expression of plactic monoid, we show that the Dehn function and
complexity of such a plactic monoid are equivalent to quadratic.

Joint work with L.A. Bokut, Jing Li and Weiping Chen.
Partially supported by the NNSF of China (11171118) and the Pro-

gram on International Cooperation and Innovation, Department of
Education, Guangdong Province (2012gjhz0007).
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