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Î íåèçîìîðôíûõ ãðóïïàõ, èìåþùèõ èçîìîðôíûå
ìíîãîîáðàçèÿ n-ìåðíûõ ïðåäñòàâëåíèé

À. À. Àäìèðàëîâà, Â. Â. Áåíÿø-Êðèâåö
Áåëîðóññêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ìèíñê

Ïóñòü G = 〈g1, . . . , gm〉 � êîíå÷íî-ïîðîæäåííàÿ ãðóïïà è
K � àëãåáðàè÷åñêè çàìêíóòîå ïîëå íóëåâîé õàðàêòåðèñòèêè.
Äëÿ ëþáîãî ãîìîìîðôèçìà ρ : G → GLn(K) íàáîð ýëåìåíòîâ
(ρ(g1), . . . , ρ(gm)) ∈ GLn(K)m óäîâëåòâîðÿåò âñåì îïðåäåëÿþùèì
ñîîòíîøåíèÿì ãðóïïû G, è ïîýòîìó ñîîòâåòñòâèå ρ 7→ (ρ(g1), . . . ,
ρ(gm)) çàäàåò áèåêöèþ ìåæäó ìíîæåñòâîì Hom(G,GLn(K))
è àôôèííûì ìíîãîîáðàçèåì Rn(G) ⊂ GLn(K)m, êîòîðîå íàçûâà-
þò ìíîãîîáðàçèåì n-ìåðíûõ ïðåäñòàâëåíèé ãðóïïû G.
Â [1] áûëî ïîëó÷åíî îïèñàíèå ìíîãîîáðàçèé ïðåäñòàâëåíèé ãðóïï

Áàóìñëàãà � Ñîëèòåðà BS(p, q), êîòîðûå èìåþò êîïðåäñòàâëåíèå

BS(p, q) = 〈a, t | tapt−1 = aq〉,

ãäå p è q íå ðàâíû íóëþ. Â äàëüíåéøåì ìû áóäåì ðàññìàòðèâàòü
ãðóïïû BS(p, q) òàêèå, ÷òî p > |q| > 1 è p, q � âçàèìíî ïðîñòûå
÷èñëà.
Â ðàáîòå [2] ïîëó÷åíî îïèñàíèå âñåõ ïîäãðóïï êîíå÷íîãî èíäåê-

ñà ãðóïï Áàóìñëàãà � Ñîëèòåðà. Óñòàíîâëåíî, ÷òî âñå ïîäãðóïïû
èíäåêñà m â ãðóïïå BS(p, q) èçîìîðôíû ãðóïïå Hm, èìåþùåé êî-
ïðåäñòàâëåíèå

Hm = 〈a1, . . . , am, b | api = aqi+1, i = 1, . . . ,m− 1, bapmb
−1 = aq1〉.

Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Ìíîãîîáðàçèÿ ïðåäñòàâëåíèé Rn(Hm) è Rn(BS(pm, qm)
áèðåãóëÿðíî èçîìîðôíû. Ïðè ýòîì ãðóïïû Hm è BS(pm, qm)
íå èçîìîðôíû.

Ýòà òåîðåìà äàåò áåñêîíå÷íóþ ñåðèþ ïðèìåðîâ ïîïàðíî íå èçî-
ìîðôíûõ áåñêîíå÷íûõ êîíå÷íî ïîðîæäåííûõ ãðóïï, èìåþùèõ èçî-
ìîðôíûå ìíîãîîáðàçèÿ n-ìåðíûõ ïðåäñòàâëåíèé.
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Ñïèñîê ëèòåðàòóðû

1. Â. Â. Áåíÿø-Êðèâåö, È. Î. Ãîâîðóøêî. Ìíîãîîáðàçèÿ ïðåäñòàâ-
ëåíèé è õàðàêòåðîâ ãðóïï Áàóìñëàãà � Ñîëèòåðà // Òð. ÌÈÀÍ.
2016. Ò. 292. Ñ. 26�42.

2. Ô. À. Äóäêèí. Ïîäãðóïïû êîíå÷íîãî èíäåêñà â ãðóïïàõ Áàóì-
ñëàãà � Ñîëèòåðà // Àëãåáðà è ëîãèêà. 2010. Ò. 49, � 3.
C. 331�345.

Î ãðóïïàõ ñ ïåðèîäè÷åñêèìè
îïðåäåëÿþùèìè ñîîòíîøåíèÿìè

Â. Ñ. Àòàáåêÿí
Åðåâàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Åðåâàí

Â äîêëàäå áóäóò ïðåäñòàâëåíû íåêîòîðûå êîíêðåòíûå ñâîéñòâà,
êîòîðûå îäíîçíà÷íî õàðàêòåðèçóþò n-ïåðèîäè÷åñêèå ïðîèçâåäåíèÿ
ãðóïï, ââåäåííûå Ñ. È. Àäÿíîì â 1976 ã. Ñ èñïîëüçîâàíèåì ýòèõ
ñâîéñòâ ïîëó÷åííûå ðàíåå ðÿä ðåçóëüòàòîâ î ñâîáîäíûõ áåðíñàéäî-
âûõ ãðóïïà B(m,n) ìîæíî óñèëèòü è ðàñïðîñòðàíèòü íà n-ïåðèîäè-
÷åñêèå ïðîèçâåäåíèÿ ðàçíûõ ñåìåéñòâ ãðóïï. Íàïðèìåð, åñëè íåêî-
òîðàÿ íåöèêëè÷åñêàÿ ïîäãðóïïà H n-ïåðèîäè÷åñêîãî ïðîèçâåäåíèÿ
äàííîãî ñåìåéñòâà ãðóïï íå ñîïðÿæåíà íèêàêîé ïîäãðóïïå êîìïî-
íåíò ýòîãî ïðîèçâåäåíèÿ, òî âH ñîäåðæèòñÿ ïîäãðóïïà, èçîìîðôíàÿ
ñâîáîäíîé áåðíñàéäîâîé ãðóïïå áåñêîíå÷íîãî ðàíãà B(∞, n). Åñëè
ïðè ýòîì ïîäãðóïïà H êîíå÷íî ïîðîæäåíà, òî îíà ðàâíîìåðíî íåà-
ìåíàáåëüíà. Îäíîçíà÷íî îïèñûâàþòñÿ òàêæå êîíå÷íûå ïîäãðóïïû
n-ïåðèîäè÷åñêèõ ïðîèçâåäåíèé. Âûÿñíèëîñü, ÷òî n-ïåðèîäè÷åñêèå
ïðîèçâåäåíèÿ ìíîãèõ ñåìåéñòâ ãðóïï ÿâëÿþòñÿ C∗-ïðîñòûìè è ò.ä.
Áóäóò ïðåäñòàâëåíû òàêæå íåäàâíèå ðåçóëüòàòû îá àâòîìîðôèçìàõ
è ïîëóãðóïïàõ ýíäîìîðôèçìîâ ãðóïï ñ ïåðèîäè÷åñêèìè îïðåäåëÿþ-
ùèìè ñîîòíîøåíèÿìè.
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Âûäåëåííûå èçîãåíèè â ìàëîì âåòâëåíèè

Ñ. Ñ. Àôàíàñüåâà, Ñ. Â. Âîñòîêîâ
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ñàíêò-Ïåòåðáóðã

Â íàñòîÿùåé ðàáîòå îïèñàíû ôîðìàëüíûå ãðóïïû, äëÿ êîòîðûõ
ïîñòðîåí âûäåëåííûé ãîìîìîðôèçì, ïîçâîëÿþùèé â äàëüíåé-
øåì ñòðîèòü ñèñòåìó îáðàçóþùèõ ñîîòâåòñòâóþùåãî ôîðìàëüíîãî
ìîäóëÿ, óäîáíóþ äëÿ ïîëó÷åíèÿ ÿâíûõ ôîðìóë ñïàðèâàíèÿ.
Ïóñòü K0 � ëîêàëüíîå ïîëå (êîíå÷íîå ðàñøèðåíèå Qp) ñ êîëüöîì

öåëûõ O0 è ïðîñòûì ýëåìåíòîì π0; q � ïîðÿäîê ïîëÿ âû÷åòîâ ïîëÿ
K0; K � êîíå÷íîå ðàñøèðåíèå ïîëÿ K0, ñ êîëüöîì öåëûõ O è ïðî-
ñòûì ýëåìåíòîì π; N � ïîäïîëå èíåðöèè â K/K0, ON � åãî êîëüöî
öåëûõ; e0 � èíäåêñ âåòâëåíèÿ K/K0; vK � íîðìèðîâàíèå â ïîëå K.
Áóäåì ïðåäïîëàãàòü, ÷òî vK(π0) < q.
Ñëåäóþùàÿ òåîðåìà äàåò ÿâíóþ êëàññèôèêàöèþ ôîðìàëüíûõ

O0-ìîäóëåé.

Òåîðåìà 1. Ïóñòü λ(X) ∈ K[[X]], λ(X) ≡ X mod deg 2 è
λ(X) =

∑e0−1
k=0 π

kλk(X), ãäå λk(X) ∈ N [[X]]. Òîãäà λ(X) ÿâëÿåò-
ñÿ ëîãàðèôìîì m-ìåðíîãî ôîðìàëüíîãî O0-ìîäóëÿ íàä O òîãäà è
òîëüêî òîãäà, êîãäà äëÿ íåêîòîðûõ ýëåìåíòîâ u ∈ ON [[∆]],
v ∈ O[[∆]], ãäå u ≡ π0 mod ∆, v = π0 − πr1 − . . . − πe0−1re0−1,

ri ∈ ON [[∆]]∆, 1 6 i 6 e0 − 1 âûïîëíåíû ñðàâíåíèÿ{
uλ0(X) ≡ 0 mod π0

riλ0(X) + π0λi(X) ≡ 0 mod π0, 1 6 i 6 e0 − 1
. (1)

Ïóñòü F � îäíîìåðíûé ôîðìàëüíûé O0-ìîäóëü òèïà (u, v), ãäå
u = π0 − ahB∆h, B ∈ (1 + ON [[∆]]∆), v ≡ 0 ( mod (π0,∆

h) ),
v = π0−πr1−. . . πe0−1re0−1, ri =

∑h
j=1 ρ

(i)
j ∆j, 1 6 i 6 e0−1, ρ(i)

j ∈ ON .
Ïóñòü λ =

∑e0−1
i=0 πiλi(X), λi(X) ∈ ON [[X]]. Ïîëîæèì

µ :=
∑e0−1

i=0 πiµi(X), ãäå

µ0(X) = Bλσ
h

0 (X);µi(X) =

= −a−1
h ρ

(i)
h

(
λσ

h

0 (X)− aσ
h

h µ
σh
0

π0
(Xqh)

)
−
a−1
h riahµ0(X)

π0
, 1 6 i 6 e0 − 1.
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Òåîðåìà 2. 1) Åñëè λ(X) � ëîãàðèôì ôîðìàëüíîãî O0-ìîäóëÿ
òèïà (u, v), òî µ(X) � ëîãàðèôì ôîðìàëüíîãî O0-ìîäóëÿ
òèïà (uσ

h

B−1, a−1
h vah).

2) Ïóñòü f(X) ðÿä èç ON [[X]], ïðè÷åì

{
f(X) ≡ π0

ah
X mod deg 2

f(X) ≡ Xqh mod π0

.

Òîãäà ñóùåñòâóåò ôîðìàëüíûé ìîäóëü F òèïà (u, v) ñ ëîãàðèô-

ìîì λ(X), äëÿ êîòîðîãî
[
π0

ah

]
F,G

(X) = λ−1
G (π0

ah
λF (X)) = f(X), ãäå

G = A(F ).

Òàêèì îáðàçîì, òàê æå êàê è äëÿ ôîðìàëüíûõ ãðóïï Õîíäû (ñì.
[1]), íà ìíîæåñòâå ðàññìàòðèâàåìûõ ôîðìàëüíûõ ãðóïï ïîñòðîåí

îïåðàòîð A, çàäàþùèé öåïî÷êó O0-ìîäóëåé F
f→ F1

f1→ F2 → · · · →
Fn−1

fn−1→ Fn.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÔÔÈ � 14-01-00393.

Ñïèñîê ëèòåðàòóðû

1. Î. Â. Äåì÷åíêî. Íîâîå â îòíîøåíèÿõ ôîðìàëüíûõ ãðóïï Ëþáè-
íà � Òýéòà è ôîðìàëüíûõ ãðóïï Õîíäû // Àëãåáðà è àíàëèç.
1998. Ò. 10, � 5. Ñ. 77�84.

Î ìàêñèìàëüíûõ ïîäàëãåáðàõ
àëãåáðû ÷àñòè÷íûõ óëüòðàôóíêöèé

Ñ. À. Áàäìàåâ, È. Ê. Øàðàíõàåâ
Áóðÿòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Óëàí-Óäý

Ïóñòü A = {0, 1} è F = {∅, {0}, {1}, {0, 1}}. Îïðåäåëèì ñëåäó-
þùèå ìíîæåñòâà ôóíêöèé: P ∗2,n = {f |f : An → F}, P ∗2 =

⋃
n
P ∗2,n,

P2,n = {f |f ∈ P ∗2,n è |f(α̃)| = 1 äëÿ âñåõ α̃ ∈ An}, P2 =
⋃
n
P2,n.

Ôóíêöèè èç P2 íàçûâàþò áóëåâûìè ôóíêöèÿìè, èç P ∗2 � ìóëüòè-
ôóíêöèÿìè íà A.
Äëÿ òîãî ÷òîáû ñóïåðïîçèöèÿ f(f1(x1, . . . , xm), . . . ,

fn(x1, . . . , xm)), ãäå f, f1, . . . , fn ∈ P ∗2 , îïðåäåëÿëà ìóëüòèôóíêöèþ
g(x1, . . . , xm), ñëåäóÿ [1], îïðåäåëèì çíà÷åíèÿ ìóëüòèôóíêöèè f íà
íàáîðàõ èç ïîäìíîæåñòâ ìíîæåñòâà A ñëåäóþùèì îáðàçîì: åñëè
(α1, . . . , αm) ∈ Am, òî
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g(α1, . . . , αm) =


⋂

βi∈fi(α1,...,αm)

f(β1, . . . , βn), åñëè íå ïóñòî;⋃
βi∈fi(α1,...,αm)

f(β1, . . . , βn), â ïðîòèâíîì ñëó÷àå.

Íà íàáîðàõ, ñîäåðæàùèõ ∅, ìóëüòèôóíêöèÿ ïðèíèìàåò çíà÷åíèå
∅. Ýòî îïðåäåëåíèå ïîçâîëÿåò âû÷èñëèòü çíà÷åíèå f(x1, . . . , xn) íà
ëþáîì íàáîðå (σ1, . . . , σn) ∈ F n.
Åñëè ìóëüòèôóíêöèè íà A ðàññìàòðèâàþòñÿ ñ äàííîé ñóïåðïîçè-

öèåé, òî èõ íàçûâàþò ÷àñòè÷íûìè óëüòðàôóíêöèÿìè íà A.
Êàê èçâåñòíî, ìíîæåñòâî âñåõ ÷àñòè÷íûõ óëüòðàôóíêöèé íà A

ìîæíî îïðåäåëèòü êàê àëãåáðó ñ íåêîòîðûì íàáîðîì îïåðàöèé [2].
Äëÿ óïðîùåíèÿ çàïèñè èñïîëüçóåòñÿ ñëåäóþùàÿ êîäèðîâêà: ∅↔ ∗,
{0} ↔ 0, {1} ↔ 1, {0, 1} ↔ 2. Îáîçíà÷èì Pol(R) êëàññ ôóíêöèé,
ñîõðàíÿþùèõ ïðåäèêàò R.

Òåîðåìà 1. Êëàññ Pol(R) ÿâëÿåòñÿ ìàêñèìàëüíîé ïîäàëãåáðîé àë-
ãåáðû ÷àñòè÷íûõ óëüòðàôóíêöèé íà A, ãäå

R =

 0 0 1 1 1 1 1 2 2 0 1 2 ∗ ∗ ∗ ∗ ∗ ∗ ∗
0 1 0 1 1 1 2 1 2 ∗ ∗ ∗ 0 1 2 ∗ ∗ ∗ ∗
0 1 1 0 1 2 1 1 2 ∗ ∗ ∗ ∗ ∗ ∗ 0 1 2 ∗


èëè

R =

 0 0 0 1 1 0 0 2 2 1 0 2 ∗ ∗ ∗ ∗ ∗ ∗ ∗
0 0 1 0 1 0 2 0 2 ∗ ∗ ∗ 1 0 2 ∗ ∗ ∗ ∗
0 1 0 0 1 2 0 0 2 ∗ ∗ ∗ ∗ ∗ ∗ 1 0 2 ∗

 .

Ñïèñîê ëèòåðàòóðû

1. Ñ. À. Áàäìàåâ, È. Ê. Øàðàíõàåâ. Ìèíèìàëüíûå ÷àñòè÷íûå óëü-
òðàêëîíû íà äâóõýëåìåíòíîì ìíîæåñòâå // Èçâ. Èðêóò. ãîñ. óí-
òà. Ñåð. Ìàòåì. 2014. Ò. 9. Ñ. 3�9.

2. Í. À. Ïåðÿçåâ. Àëãåáðû íå âñþäó îïðåäåëåííûõ ôóíêöèé
// Ìåæäóíàð. êîíô. ¾Àëãåáðà è åå ïðèëîæåíèÿ¿: òåç. äîêë.
Êðàñíîÿðñê, 2007. Ñ. 104.
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Î ðàñøèðåíèÿõ ñèëüíî ðåãóëÿðíûõ ãðàôîâ áåç
òðåóãîëüíèêîâ ñ ñîáñòâåííûì çíà÷åíèåì 4

È. Í. Áåëîóñîâ, À. À. Ìàõíåâ
Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè èì. Í.Í. Êðàñîâñêîãî ÓðÎ ÐÀÍ,

Åêàòåðèíáóðã

Ì. Ñ. Íèðîâà
Êàáàðäèíî-Áàëêàðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íàëü÷èê

Äæ. Êóëåí ïðåäëîæèë çàäà÷ó èçó÷åíèÿ äèñòàíöèîííî ðåãóëÿð-
íûõ ãðàôîâ, â êîòîðûõ îêðåñòíîñòè âåðøèí � ñèëüíî ðåãóëÿðíûå
ãðàôû ñ íåãëàâíûì ñîáñòâåííûì çíà÷åíèåì ≤ t äëÿ äàííîãî íàòó-
ðàëüíîãî ÷èñëà t. Çàìåòèì, ÷òî ñèëüíî ðåãóëÿðíûé ãðàô ñ íåöåëûì
ñîáñòâåííûì çíà÷åíèåì ÿâëÿåòñÿ ãðàôîì â ïîëîâèííîì ñëó÷àå, à
âïîëíå ðåãóëÿðíûé ãðàô, â êîòîðîì îêðåñòíîñòè âåðøèí � ñèëüíî
ðåãóëÿðíûå ãðàôû â ïîëîâèííîì ñëó÷àå, ëèáî èìååò äèàìåòð 2, ëè-
áî ÿâëÿåòñÿ ãðàôîì Òýéëîðà. Òàêèì îáðàçîì, çàäà÷à Êóëåíà ìîæåò
áûòü ðåøåíà ïîøàãîâî äëÿ t = 1, 2, .... Ðàíåå çàäà÷à Êóëåíà áûëà
ðåøåíà äëÿ t = 3 (ñì. [1]). Â [2] ïîëó÷åíà ðåäóêöèÿ çàäà÷è Êóëå-
íà äëÿ t = 4 ê ãðàôàì ñ èñêëþ÷èòåëüíûìè îêðåñòíîñòÿìè. Â [3]
íàéäåíû ïàðàìåòðû èñêëþ÷èòåëüíûõ ñèëüíî ðåãóëÿðíûõ ãðàôîâ ñ
íåãëàâíûì ñîáñòâåííûì çíà÷åíèåì 4. Â ÷àñòíîñòè, ñèëüíî ðåãóëÿð-
íûé ãðàô áåç òðåóãîëüíèêîâ ñ íåãëàâíûì ñîáñòâåííûì çíà÷åíèåì 4
èìååò ïàðàìåòðû (352,26,0,2), (352,36,0,4), (392,46,0,6), (552,76,0,12),
(667,96,0,16) èëè (784,116,0,20). Â äàííîé ðàáîòå èçó÷åíû äèñòàí-
öèîííî ðåãóëÿðíûå ãðàôû, â êîòîðûõ îêðåñòíîñòè âåðøèí èìåþò
óêàçàííûå ïàðàìåòðû.

Òåîðåìà 1. Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô, â êîòîðîì
îêðåñòíîñòè âåðøèí ñèëüíî ðåãóëÿðíû ñ ïàðàìåòðàìè
(352, 26, 0, 2), (352, 36, 0, 4), (392, 46, 0, 6), (552, 76, 0, 12),
(667, 96, 0, 16) èëè (784, 116, 0, 20). Òîãäà Γ � ñèëüíî ðåãóëÿðíûé
ãðàô ñ ïàðàìåòðàìè (9593, 352, 36, 12).

Ðàáîòà ïîääåðæàíà ãðàíòîì ÐÍÔ (ïðîåêò 14-11-00061).
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Ñïèñîê ëèòåðàòóðû

1. À. À. Ìàõíåâ, Ä. Â. Ïàäó÷èõ. Äèñòàíöèîííî ðåãóëÿðíûå ãðàôû,
â êîòîðûõ îêðåñòíîñòè âåðøèí ñèëüíî ðåãóëÿðíû ñî âòîðûì ñîá-
ñòâåííûì çíà÷åíèåì, íå áîëüøèì 3 // Äîêë. Àêàä. íàóê. 2015.
Ò. 464, � 4. Ñ. 396�400.

2. À. À. Ìàõíåâ. Ñèëüíî ðåãóëÿðíûå ãðàôû ñî âòîðûì ñîáñòâåí-
íûì çíà÷åíèåì 4 è èõ ðàñøèðåíèÿ // Òð. Èí-òà ìàòåì. Ìèíñê,
2015. Ò. 23, � 2. Ñ. 82�87.

3. À. À. Ìàõíåâ, Ä. Â. Ïàäó÷èõ. Î ðàñøèðåíèÿõ ñèëüíî ðåãóëÿð-
íûå ãðàôîâ ñ ñîáñòâåííûì çíà÷åíèåì 4 // Òð. Èí-òà ìàòåì. è
ìåõàí. 2015. Ò. 21, � 3. Ñ. 233�255.

Ïåðèîäè÷åñêèå ãðóïïû Øóíêîâà, íàñûùåííûå
ïðÿìûìè ïðîèçâåäåíèÿìè àáåëåâûõ ãðóïï

íå÷åòíîãî ïîðÿäêà è ãðóïï U3(2
n)

À. À. Áðèò, Ê. À. Ôèëèïïîâ
Êðàñíîÿðñêèé ãîñóäàðñòâåííûé àãðàðíûé óíèâåðñèòåò, Êðàñíîÿðñê

Ïóñòü < � ìíîæåñòâî ãðóïï. Áóäåì ãîâîðèòü, ÷òî ãðóïïà
G íàñûùåíà ãðóïïàìè èç <, åñëè ëþáàÿ êîíå÷íàÿ ïîäãðóïïà èç G
ñîäåðæèòñÿ â ïîäãðóïïå ãðóïïû G, èçîìîðôíîé íåêîòîðîé ãðóïïå
èç < [1].
Íàïîìíèì, ÷òî ãðóïïà G (ñîïðÿæåííî áèïðèìèòèâíî êîíå÷íàÿ

ãðóïïà â îïðåäåëåíèè Â.Ï. Øóíêîâà [2]) íàçûâàåòñÿ ãðóïïîé Øóí-
êîâà, åñëè äëÿ ëþáîé êîíå÷íîé ïîäãðóïïû H ≤ G â ôàêòîð-ãðóïïå
NG(H)/H ëþáûå äâà ñîïðÿæåííûõ ýëåìåíòà ïðîñòîãî ïîðÿäêà ïî-
ðîæäàþò êîíå÷íóþ ãðóïïó.
Ïóñòü N � íåêîòîðîå ìíîæåñòâî íåèçîìîðôíûõ öèêëè÷åñêèõ

ãðóïï íå÷åòíîãî ïîðÿäêà, à M � íåêîòîðîå ìíîæåñòâî íåèçîìîðô-
íûõ ãðóïï U3(2

m). Ïîëîæèì

< = {X × Y | X ∈M , Y ∈ N , (|X|, |Y |) = 1}.

Òàêèì îáðàçîì, ìíîæåñòâî < ñîñòîèò èç íàáîðà êîíå÷íûõ ãðóïï,
êàæäàÿ èç êîòîðûõ ÿâëÿåòñÿ ïðÿìûì ïðîèçâåäåíèåì äâóõ ãðóïï X
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è Y , ïðè÷åì ãðóïïà X áåðåòñÿ èç ìíîæåñòâà M, à ãðóïïà Y � èç
ìíîæåñòâà N, è ïîðÿäêè ãðóïï X è Y âçàèìíîïðîñòû.
Äîêàçàíà ñëåäóþùàÿ

Òåîðåìà 1. Ïåðèîäè÷åñêàÿ ãðóïïà Øóíêîâà G, íàñûùåííàÿ ãðóï-
ïàìè èç ìíîæåñòâà <, îáëàäàåò ïåðèîäè÷åñêîé ÷àñòüþ T (G), ïðè-
÷åì T (G) ' (L × V ), ãäå L ' U3(Q) äëÿ íåêîòîðîãî ëîêàëüíîãî
êîíå÷íîãî ïîëÿ Q õàðàêòåðèñòèêè 2, V � ëîêàëüíî öèêëè÷åñêàÿ
ãðóïïà áåç èíâîëþöèé è π(L) ∩ π(V ) = ∅.

Ñïèñîê ëèòåðàòóðû

1. À. Ê. Øëåïêèí. Ñîïðÿæåííî áèïðèìèòèâíî êîíå÷íûå ãðóïïû,
ñîäåðæàùèå êîíå÷íûå íåðàçðåøèìûå ïîäãðóïïû // III ìåæäó-
íàð. êîíô. ïî àëãåáðå: ñá. òåç. Êðàñíîÿðñê, 1993. Ñ. 369.

2. Â. Ï. Øóíêîâ. Îá îäíîì êëàññå p-ãðóïï // Àëãåáðà è ëîãèêà.
1970. Ò. 9, � 4. Ñ. 484�496.

Î ìåòàáåëåâûõ 3-ïîðîæäåííûõ êîíå÷íûõ 2-ãðóïïàõ
Àëüïåðèíà ñ ãîìîöèêëè÷åñêèì êîììóòàíòîì

Á. Ì. Âåðåòåííèêîâ
Óðàëüñêèé ôåäåðàëüíûé óíèâåðñèòåò, Åêàòåðèíáóðã

Ãðóïïîé Àëüïåðèíà íàçûâàåòñÿ ãðóïïà, â êîòîðîé ëþáàÿ
2-ïîðîæäåííàÿ ïîäãðóïïà èìååò öèêëè÷åñêèé êîììóòàíò. Ïîêà íå
èçó÷åí äàæå êëàññ òàêèõ ìåòàáåëåâûõ 3-ïîðîæäåííûõ êîíå÷íûõ p-
ãðóïï. Íåêîòîðûå ðåçóëüòàòû â ýòîì íàïðàâëåíèè ïîëó÷åíû â ðà-
áîòå [1]. Â ÷àñòíîñòè, äîêàçàíî, ÷òî åñëè G � êîíå÷íàÿ p-ãðóïïà
Àëüïåðèíà, p 6= 3, d(G) = d(G′) = 3, G′ � ãîìîöèêëè÷åñêàÿ ãðóïïà
ýêñïîíåíòû pl (l ≥ 1), òî G3 ≤ (G′)p

m

, ãäå m =
[
l+1
2

]
.

Ïðåäëàãàåòñÿ ñëåäóþùåå óòâåðæäåíèå:

Òåîðåìà 1. Ïóñòü G � êîíå÷íàÿ 2-ãðóïïà Àëüïåðèíà, d(G) =
d(G′) = 3, G′ � ãîìîöèêëè÷åñêàÿ ãðóïïà ýêñïîíåíòû 2l,
exp(G3) = 2r, 0 ≤ r ≤ l −m, ãäå m =

[
l+1
2

]
.

Òîãäà â G íàéäóòñÿ òàêèå ýëåìåíòû a1, a2, a3, ÷òî
〈a1, a2, a3〉 = G è
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[ai, aj, ak] = [ai, aj]
−2l+1−r

[aj, ak]
2l−r [ak, ai]

2l−r

äëÿ ëþáûõ i, j, k, òàêèõ, ÷òî 1 ≤ i, j, k ≤ 3.

Çàìåòèì, ÷òî d(G) � ìèíèìàëüíîå ÷èñëî ïîðîæäàþùèõ ãðóïïû
G, à G3 = [G,G′].

Ñïèñîê ëèòåðàòóðû

1. Á. Ì. Âåðåòåííèêîâ. Î êîíå÷íûõ p-ãðóïïàõ Àëüïåðèíà ñ ãîìî-
öèêëè÷åñêèì êîììóòàíòîì // Òð. ÈÌÌ ÓðÎ ÐÀÍ. 2011. Ò. 17,
�. 4. Ñ. 53�65.

Î ïîëóêîëüöàõ íåïðåðûâíûõ ÷àñòè÷íûõ
äåéñòâèòåëüíîçíà÷íûõ ôóíêöèé

Å. Ì. Âå÷òîìîâ, Å. Í. Ëóáÿãèíà
Âÿòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Êèðîâ

Ðàáîòà îòíîñèòñÿ ê îáùåé òåîðèè ïîëóêîëåö íåïðåðûâíûõ ôóíê-
öèé [1] è ïðîäîëæàåò [2]. Ðàññìîòðèâàþòñÿ èäåàëû è êîíãðóýíöèè
ïîëóêîëåö CP (X) íåïðåðûâíûõ ÷àñòè÷íûõ äåéñòâèòåëüíîçíà÷íûõ
ôóíêöèé.
Ïóñòü X � òîïîëîãè÷åñêîå ïðîñòðàíñòâî è CP (X) =

⋃
{C(Y ) :

Y ⊆ X} � ïîëóêîëüöî âñåõ íåïðåðûâíûõ ÷àñòè÷íûõ R-çíà÷íûõ
ôóíêöèé íà X ñ ïîòî÷å÷íûìè îïåðàöèÿìè ñëîæåíèÿ è óìíîæå-
íèÿ ÷àñòè÷íûõ ôóíêöèé f è g íà èõ îáùåé îáëàñòè îïðåäåëåíèÿ
D(f) ∩ D(g). ×åðåç C(X) îáîçíà÷àåòñÿ êîëüöî âñåõ íåïðåðûâíûõ
R-çíà÷íûõ ôóíêöèé íà X.

Òåîðåìà 1. Äëÿ ëþáîãî òîïîëîãè÷åñêîãî ïðîñòðàíñòâà X ìàêñè-
ìàëüíûå èäåàëû ïîëóêîëüöà CP (X) èìåþò âèä (CP (X) \C(X)) ∪
M , ãäå M � ïðîèçâîëüíûé ìàêñèìàëüíûé èäåàë êîëüöà C(X).

Ìíîæåñòâî IdCP (X) âñåõ èäåàëîâ ïîëóêîëüöà CP (X) îòíîñè-
òåëüíî òåîðåòèêî-ìíîæåñòâåííîãî âêëþ÷åíèÿ ⊆ åñòü ðåøåòêà ñ îïå-
ðàöèÿìè sup(I; J) = I ∪ J ∪ (I + J) è inf(I; J) = I ∩ J . Ðåøåòêè
IdCP (X) ìîäóëÿðíû.
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Òåîðåìà 2. Äëÿ ëþáîãî òîïîëîãè÷åñêîãî ïðîñòðàíñòâà X ðåøåò-
êà èäåàëîâ IdCP (X) äèñòðèáóòèâíà òîãäà è òîëüêî òîãäà, êîãäà
X � íàcëåäñòâåííîå F -ïðîñòðàíñòâî.

Êîíãðóýíöèÿ ρ íà ïîëóêîëüöå CP (X) íàçûâàåòñÿD-êîíãðóýíöèåé,
åñëè f, g ∈ CP (X) è D(f) = D(g) âëåêóò fρg. Íàèìåíüøåé
D-êîíãðóýíöèåé íà ïîëóêîëüöå CP (X) ñëóæèò êîíãðóýíöèÿ ρ(D):
äëÿ âñåõ f, g ∈ CP (X)

fρ(D)g ⇔ D(f) = D(g).

Ëåììà 1. Êàæäàÿ ñîáñòâåííàÿ êîíãðóýíöèÿ ρ íà ïîëóêîëüöå
CP (X) ñîäåðæèòñÿ â ñîáñòâåííîé D-êîíãðóýíöèè ρ ∨ ρ(D).

Òåîðåìà 3. Äëÿ ëþáîãî òîïîëîãè÷åñêîãî ïðîñòðàíñòâà X ìàêñè-
ìàëüíûå êîíãðóýíöèè íà ïîëóêîëüöå CP (X) ñîâïàäàþò ñ äâóõêëàñ-
ñîâûìè D-êîíãðóýíöèÿìè.

Çàìåòèì, ÷òî äëÿ íåîäíîýëåìåíòíîãî òèõîíîâñêîãî ïðîñòðàí-
ñòâà X ðåøåòêà êîíãðóýíöèé ïîëóêîëüöà CP (X) íå ìîäóëÿðíà.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíîáðíàóêè ÐÔ
(ïðîåêòíàÿ ÷àñòü ãîñçàäàíèÿ Ìèíîáðíàóêè ÐÔ ¾Ôóíêöèîíàëüíàÿ
àëãåáðà è ïîëóêîëüöà¿, ïðîåêò � 1.1375.2014/Ê).

Ñïèñîê ëèòåðàòóðû

1. Å. Ì. Âå÷òîìîâ, Â. Â. Ñèäîðîâ, Ä. Â. ×óïðàêîâ. Ïîëóêîëüöà
íåïðåðûâíûõ ôóíêöèé. Êèðîâ: ÂÿòÃÃÓ, 2011. C. 312.

2. Å. Ì. Âå÷òîìîâ, Å. Í. Ëóáÿãèíà. Ïîëóêîëüöà ÷àñòè÷íûõ ôóíê-
öèé // ¾Àëãåáðà, òåîðèÿ ÷èñåë è äèñêðåòíàÿ ãåîìåòðèÿ: ñîâðå-
ìåííûå ïðîáëåìû è ïðèëîæåíèÿ¿: ìàòåð. XIII Ìåæäóíàð. êîíô.,
ïîñâÿù. 85-ëåòèþ ïðîô. Ñ. Ñ. Ðûøêîâà. Òóëà, 2015. Ñ. 148�150.
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Ê òåîðèè ìóëüòèïëèêàòèâíî èäåìïîòåíòíûõ ïîëóêîëåö

Å. Ì. Âå÷òîìîâ, À. À. Ïåòðîâ
Âÿòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Êèðîâ

Ïîëóêîëüöîì íàçûâàåòñÿ àëãåáðàè÷åñêàÿ ñòðóêòóðà 〈S,+, ·〉, òà-
êàÿ, ÷òî 〈S,+〉 � êîììóòàòèâíàÿ ïîëóãðóïïà, 〈S, ·〉 � ïîëóãðóïïà,
óìíîæåíèå · äèñòðèáóòèâíî îòíîñèòåëüíî ñëîæåíèÿ + ñ îáåèõ ñòî-
ðîí.
Ïîëóêîëüöî S íàçûâàåòñÿ ìóëüòèïëèêàòèâíî èäåìïîòåíòíûì

(àääèòèâíî èäåìïîòåíòíûì), åñëè íà íåì òîæäåñòâåííî xx = x
(ñîîòâåòñòâåííî, x+ x = x). Ïîëóêîëüöî, îäíîâðåìåííî ìóëüòèïëè-
êàòèâíî è àääèòèâíî èäåìïîòåíòíîå, íàçîâåì èäåìïîòåíòíûì. Ïî-
ëóêîëüöî S íàçûâåòñÿ ìîíî-ïîëóêîëüöîì, åñëè íà íåì òîæäåñòâåííî
x+y = xy. Òåîðèè ìóëüòèïëèêàòèâíî èäåìïîòåíòíûõ ïîëóêîëåö ïî-
ñâÿùåíû ðàáîòû [1, 2].
Ìíîæåñòâî IdS âñåõ èäåàëîâ ïîëóêîëüöà S îòíîñèòåëüíî

òåîðåòèêî-ìíîæåñòâåííîãî âêëþ÷åíèÿ ⊆ åñòü ðåøåòêà ñ îïåðàöèÿìè

I ∨ J = sup(I, J) = I ∪ J ∪ (I + J) è inf(I, J) = I ∩ J.

Îòíîøåíèå ýêâèâàëåíòíîñòè ρ íà ïðîèçâîëüíîì ïîëóêîëüöå S íà-
çûâàåòñÿ êîíãðóýíöèåé, åñëè äëÿ âñåõ x, y, z ∈ S èç xρy ñëåäóåò
(x+ z)ρ(y + z), (xz)ρ(yz), (zx)ρ(zy).
Ìíîæåñòâî ConS âñåõ êîíãðóýíöèé ïîëóêîëüöà S ÿâëÿåòñÿ ðå-

øåòêîé îòíîñèòåëüíî âêëþ÷åíèÿ êîíãðóýíöèé:

ρ ⊆ τ îçíà÷àåò, ÷òî aρb⇒ aτb äëÿ ëþáûõ a, b ∈ S.

Òåîðåìà 1. Äëÿ ëþáîãî ìóëüòèïëèêàòèâíî èäåìïîòåíòíîãî ïî-
ëóêîëüöà S ðåøåòêà IdS âñåõ åãî èäåàëîâ äèñòðèáóòèâíà.

Ïðèìåð 1. Ðåøåòêà êîíãðóýíöèé ConS ìóëüòèïëèêàòèâíî
èäåìïîòåíòíîãî ïîëóêîëüöà S íå îáÿçàíà áûòü ìîäóëÿðíîé.
Íàïðèìåð, ðàññìîòðèì áóëåàí B({a, b}) = {∅, {a}, {b}, {a, b}} êàê
èäåìïîòåíòíîå ìîíî-ïîëóêîëüöî ñ îäíîé îïåðàöèåé ∪. Ëåãêî
ïðîâåðèòü, ÷òî ðåøåòêà Con 〈B({a, b}),∪,∪〉 ñîäåðæèò 7 ýëåìåíòîâ
è íå ìîäóëÿðíà.

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíîáðíà-
óêè ÐÔ, ïðîåêò �1.1375.2014/Ê.
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1. Å. Ì. Âå÷òîìîâ, À. À. Ïåòðîâ. Ìóëüòèïëèêàòèâíî èäåìïîòåíò-
íûå ïîëóêîëüöà // Ôóíä. è ïðèêë. ìàòåì. 2013. Ò. 18, � 4.
C. 41�70.

2. Å. Ì. Âå÷òîìîâ, À. À. Ïåòðîâ. Ïîëóêîëüöà ñ èäåìïîòåíòíûì
óìíîæåíèåì. Êèðîâ: Ðàäóãà-ÏÐÅÑÑ, 2015. Ñ. 144.

Ðàçëè÷íûå êëàñòåðèçàöèè â ëîãè÷åñêèõ áàçàõ çíàíèé
è èõ îöåíêà êà÷åñòâà, êîëëåêòèâíûå àëãîðèòìû

À. À. Âèêåíòüåâ
Èíñòèòóò ìàòåìàòèêè èìåíè Ñ. Ë. Ñîáîëåâà ÑÎ ÐÀÍ,

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê

Â ðàáîòå ðàññìàòðèâàåòñÿ îäíà èç àêòóàëüíûõ çàäà÷ � àíàëèç
ëîãè÷åñêèõ âûñêàçûâàíèé èç áàçû çíàíèé. Ïðè àíàëèçå òðåáóåò-
ñÿ íàéòè áëèçêèå âûñêàçûâàíèÿ, âûÿâèòü äîñòîâåðíûå è ò.ä. Äëÿ
êëàñòåðèçàöèè çíàíèé, ïîñòðîåíèÿ ðåøàþùèõ ôóíêöèé íà îñíîâå
çíàíèé � ëîãè÷åñêèõ ôîðìóë, íàäî ââåñòè ðàññòîÿíèå ìåæäó ôîð-
ìóëàìè. Â ðàáîòå âûñêàçûâàíèÿ çàïèñàíû â âèäå ôîðìóë n-çíà÷íîé
ëîãèêè. Ñ ïðèâëå÷åíèåì òåîðèè ìîäåëåé îïðåäåëÿþòñÿ íîâûå ðàñ-
ñòîÿíèÿ ìåæäó ôîðìóëàìè ñ ó÷åòîì äðóãèõ ïàðàìåòðîâ-âåñîâ ðàñ-
ñìàòðèâàåìûõ ìîäåëåé â ôîðìóëàõ

ρ(ϕ, ψ) =
1

n|S(Σ)|

n−1∑
k=0

n−1∑
l=0

|k − l|
n− 1

M

(
k

n− 1
,

l

n− 1

)
, (1)

ãäå n|S(Σ)| � êîëè÷åñòâî âñåõ ìîäåëåé, M
(

k
n−1 ,

l
n−1

)
� òåõ ìîäåëåé,

íà êîòîðûõ ôîðìóëà ϕ ïðèíèìàåò çíà÷åíèå k
n−1 , à ψ � l

n−1 ; è àíà-
ëîãè÷íî îáîáùàþòñÿ ìåðû íåòðèâèàëüíîñòè:

I(ϕ) = ρ(ϕ, 1) =
1

n|S(Σ)|

n−2∑
k=0

n− 1− k
n− 1

M

(
k

n− 1

)
, (2)

ãäå M
(

k
n−1

)
� êîëè÷åñòâî ìîäåëåé, íà êîòîðûõ ôîðìóëà ϕ ïðèíè-

ìàåò çíà÷åíèå k
n−1 . Îòäåëüíî ðàññìàòðèâàåì ìåðó ïåðåñå÷åíèÿ ìî-

äåëåé äëÿ ïàð ôîðìóë. Â ðàáîòå äîêàçàíû ñâîéñòâà ìåòðèêè äëÿ
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òàêèõ ðàññòîÿíèé è ìåð íåòðèâèàëüíîñòåé; îíè ó÷èòûâàþò ìíîãî-
çíà÷íîñòü, ñõîæè ñî ñâîéñòâàìè âåëè÷èí â ñëó÷àå 2-çíà÷íûõ è 3-
çíà÷íûõ ëîãèê Ëóêàñåâè÷à, îòâå÷àþò íà âîïðîñû Ã. Ñ. Ëáîâà Ã.Ñ.
è ïðèìåíÿþòñÿ äëÿ àëãîðèòìîâ êëàñòåðèçàöèè ôîðìóë. Â ñëó÷àå 2
ðàññìîòðåíû êëàññû ìîäåëåé, â êîòîðûõ äåëàåì âîçìîæíûì â íåêî-
òîðûõ ìîäåëÿõ èñòèííûìè ïðîòèâîðå÷èâûå ñóæäåíèÿ è íå âåðíî-
ñòè â íåêîòîðûõ ìîäåëÿõ òîæäåñòâåííî èñòèííûõ ôîðìóë, íàïðèìåð
ñâîéñòâî 2-çíà÷íîñòè ëîãèêè. Äëÿ ýòèõ êëàññîâ ñ èõ òåîðèåé ìîäåëåé
ïåðåíåñåíû âñå ðåçóëüòàòû ïî ðàññòîÿíèÿì è ìåðå îïðîâåðæèìîñòè.
Äëÿ âñåõ ñïîñîáîâ ââåäåííûõ ðàññòîÿíèé ðàññìîòðåíû ðàçëè÷íûå
ìåòîäû êëàñòåðèçàöèè ôîðìóë íà îñíîâå íîâûõ ðàññòîÿíèé è ìåð
íåòðèâèàëüíîñòè, à òàêæå ìåòîäû ñðàâíåíèÿ ðåçóëüòàòîâ � èíäåêñû
êà÷åñòâà. Ïî ðàçëè÷íûì ðàññòîÿíèÿì è èõ êà÷åñòâó êëàñòåðèçàöèè
ââîäÿòñÿ íîâûå êîëëåêòèâíûå ðàññòîÿíèÿ, à ïî íèì êîëëåêòèâíûå
êëàñòåðèçàöèè, êîòîðûå â áîëüøèíñòâå ñëó÷àåâ äàþò ëó÷øóþ êëà-
ñòåðèçàöèþ ìíîæåñòâ ôîðìóë. Êàê ñëåäñòâèå ðåçóëüòàòû ïîëó÷åí-
íûå ñîâìåñòíî ñ Ë. Í. Êîðåíåâîé, Ð. À. Âèêåíòüåâûì, Å. Ñ. Êàáà-
íîâîé, Â. Â. Ôåôåëîâîé è äð. Ìåðà çíà÷åíèé èñòèííîñòè ôîðìóëû
íà ìîäåëè ïåðâîãî ïîðÿäêà ìîæåò ñëóæèòü ñòåïåíüþ íåòðèâèàëüíî-
ñòè (íåäîñòîâåðíîñòè) ôîðìóëû. Ðåçóëüòàòû ðàñïðîñòðàíÿþòñÿ íà
ìíîãîçíà÷íûå ôîðìóëû ñ ïåðåìåííûìè (ïåðâîãî ïîðÿäêà).
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòîâ ÐÔÔÈ, ïðîåêò 14�07�

00851à, 14�7�00249a, êàôåäðû ÄÌÈ ÌÌÔ ÍÃÓ, ÀÌË ÍÃÒÓ.
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5. Þ. Ë. Åðøîâ, Å. À. Ïàëþòèí. Ìàòåìàòè÷åñêàÿ ëîãèêà. Ì.: Ôèç-
ìàòëèò, 2011.

6. À. À. Âèêåíòüåâ, Ë. Í. Êîðåíåâà. Ê âîïðîñó î ðàññòîÿíèÿõ ìåæ-
äó ôîðìóëàìè, îïèñûâàþùèìè ñòðóêòóðèðîâàííûå îáúåêòû //
Ìàòåìàòè÷åñêèå ìåòîäû ðàñïîçíàâàíèÿ îáðàçîâ (ÌÌÐÎ-99). M.:
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Íåñèììåòðè÷íàÿ ñèñòåìà øèôðîâàíèÿ
íà èäåíòèôèêàöèîííûõ äàííûõ, èñïîëüçóþùàÿ
ôóíêöèþ ÿâíîãî ñïàðèâàíèÿ çàêîíà âçàèìíîñòè

Ñ. Â. Âîñòîêîâ
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ñàíêò-Ïåòåðáóðã

Ð. Ï. Âîñòîêîâà
Áàëòèéñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò ¾ÂÎÅÍÌÅÕ¿,

Ñàíêò-Ïåòåðáóðã

È. À. Áóäàíàåâ
Èíñòèòóò ìàòåìàòèêè è èíôîðìàòèêè ÀÍ Ðåñïóáëèêè Ìîëäîâà, Êèøèí¼â

Â ðàáîòå ïðåäëàãàåòñÿ íîâûé ïðèíöèï ñîçäàíèÿ ID-based system,
îñíîâàííûé íà èñïîëüçîâàíèè ÿâíîãî ñïàðèâàíèÿ çàêîíà âçàèìíî-
ñòè, ïîëó÷åííîãî â [1, 2]. Â íàñòîÿùåé ðàáîòå ìû èñïîëüçóåì ÿâ-
íîå ñïàðèâàíèå Ãèëüáåðòà, íàéäåííîå â [1] â ñëó÷àå êðóãîâîãî ïîëÿ
Qp(ξ), ãäå ξ � ïåðâîîáðàçíûé êîðåíü ñòåïåíè p èç 1 äëÿ ïðîòîêî-
ëà àóòåíòèôèêàöèè áåç ðàçãëàøåíèÿ. À èìåííî, ðàññìîòðèì ìóëü-
òèïëèêàòèâíóþ ãðóïïó ñòåïåííûõ ðÿäîâ U = 1 + XZp[X]. Ïóñòü
∆ � îïåðàòîð Ôðîáåíèóñà íà êîëüöå ðÿäîâ Ëîðàíà, äåéñòâóþùèé
ñëåäóþùèì îáðàçîì íà ðÿä f(X) èç Zp[X]:

∆f(X) = f∆(X) = f(Xp).

Îïðåäåëèì äàëåå ôóíêöèþ l(f(X)) äëÿ ðÿäà f(X) èç
U(X) ãðóïïû:

l(f(X)) = 1
p log f(X)p

f(X)∆ .

Îïðåäåëèì òåïåðü ñïàðèâàíèå 〈∗, ∗〉 íà U(X) × U(X)
ïî ôîðìóëå
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〈f(X), g(X)〉 = {resx(l(f(X)) d
dX log g(X)−

−l(g(X)) d
dX

∆
p log f(X))X−p} mod p.

Ýòî ñïàðèâàíèå áèëèíåéíî, êîñîñèììåòðè÷íî è íåçàâèñèìî ïî êàæ-
äîìó àðãóìåíòó. Ïîñëåäíåå ñâîéñòâî îçíà÷àåò, ÷òî åñëè ìû ðÿä f(X)
äåëèì íà ðÿä Ýéçåíøòåéíà è çàìåíÿåì äàëåå ðÿä f(X) íà îñòàòîê,
òî ñïàðèâàíèå íå ìåíÿåòñÿ.

Ïðîòîêîë àóòåíòèôèêàöèè áåç ðàçãëàøåíèÿ

Àëèñà A è ïðîâåðÿþùèé V � ó÷àñòíèêè ïðîòîêîëà. Ñåêðåòîì,
èçâåñòíûì Àëèñå, ÿâëÿåòñÿ íåêîòîðûé ìíîãî÷ëåí a(X) èç ãðóïïû
U(X). Îáîèì ó÷àñòíèêàì ïðîòîêîëà èçâåñòíî ÷èñëî s, ìíîãî÷ëåí
Eis(X) è ìíîãî÷ëåí A(X) = as mod Eis(X). Â ñîîòâåòñòâèè ñ
êëàññè÷åñêîé çàäà÷åé ïðîòîêîëà àóòåíòèôèêàöèè áåç ðàçãëàøåíèÿ
Àëèñà äîëæíà äîêàçàòü ïðîâåðÿþùåìó çíàíèå ñåêðåòíîãî ìíîãî÷ëå-
íà a(X), íå ðàçãëàñèâ åãî.
Äîêàçàòåëüñòâî áåçîïàñíîñòè ðàññìàòðèâàåìîãî ïðîòîêîëà îïðå-

äåëÿþòñÿ ñâîéñòâàìè ïðåäëàãàåìîé ôóíêöèè ñïàðèâàíèÿ è íåïî-
ëèíîìèàëüíîé ñëîæíîñòüþ çàäà÷è äèñêðåòíîãî ëîãàðèôìèðîâàíèÿ
â êîëüöå ìíîãî÷ëåíîâ ñ öåëûìè êîýôôèöèåíòàìè, êîòîðàÿ â îáùåì
ñëó÷àå ïîëèíîìèàëüíî ñâîäèòñÿ ê äèñêðåòíîìó ëîãàðèôìèðîâàíèþ
â êîíå÷íûõ ïîëÿõ [3].

Ïåðâûé àâòîð ïîääåðæàí ãðàíòîì ÐÔÔÈ (ïðîåêò 14-01-00393).
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Ñèììåòðè÷íûå ñå÷åíèÿ â ïîëÿõ îãðàíè÷åííûõ
ôîðìàëüíûõ ñòåïåííûõ ðÿäîâ

Í. Þ. Ãàëàíîâà
Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Òîìñê

Ïóñòü G � ëèíåéíî óïîðÿäî÷åííàÿ äåëèìàÿ ãðóïïà, γ0 = max|Γ|,
Γ � âïîëíå àíòèóïîðÿäî÷åííîå ïîäìíîæåñòâî G, β � ðåãóëÿðíûé
êàðäèíàë, ℵ0 < β < β+ ≤ γ0 ≤ |G|, R[[G, β]] � ïîëå îãðàíè÷åííûõ
ôîðìàëüíûõ ñòåïåííûõ ðÿäîâ x =

∑
g∈G rgg, ãäå rg ∈ R, supp(x) =

{g ∈ G|rg 6= 0} � âïîëíå àíòèóïîðÿäî÷åííîå ïîäìíîæåñòâî ãðóïïû
G,|supp(x)| < β. Èñïîëüçóÿ ðåçóëüòàòû [1�5], ãäå èçó÷àþòñÿ ñèììåò-
ðè÷íûå è íåñèììåòðè÷íûå ñå÷åíèÿ â ïîëÿõ îãðàíè÷åííûõ ôîðìàëü-
íûõ ñòåïåííûõ ðÿäîâ, ïîëó÷èì

Òåîðåìà 1. Ïóñòü F � ëèíåéíî óïîðÿäî÷åííîå, íå àðõèìåäîâñêè
ïîëíîå, âåùåñòâåííî çàìêíóòîå ïîëå, G � ãðóïïà àðõèìåäîâûõ
êëàññîâ ïîëÿ F . Åñëè F èìååò ñèììåòðè÷íûå ñå÷åíèÿ ðàçíîé êîí-
ôèíàëüíîñòè, òî F íå èçîìîðôíî íèêàêîìó ïîëþ R[[G, β]],
ãäå ℵ0 < β ≤ γ0 ≤ |G|.

Ïîëàãàåì x̃0 =
∑

g∈Γ 1g, Γ � èíâåðñíî ïîäîáíî êàðäèíàëó β+.
Ïóñòü x̃0(α) =

∑
1g, g ∈ supp(x̃0), g > α � ñðåçêè ðÿäà x̃0,

x̃0(β) := x0. Ïîñòðîèì ïî òðàíñôèíèòíîé ðåêóðñèè ïîñëåäîâàòåëü-
íîñòü âëîæåííûõ âåùåñòâåííî çàìêíóòûõ ïîëåé (Fα)β≤α<β+ òàê, ÷òî
Fβ = R[[G, β]](x0) � âåùåñòâåííîå çàìûêàíèå ïðîñòîãî òðàíñöåí-
äåíòíîãî ðàñøèðåíèÿ ïîëÿ R[[G, β]]; Fα = Fα−1(x̃0(α))(äëÿ íåïðå-
äåëüíîãî îðäèíàëà α); Fα = (

⋃
β≤γ<α Fγ)(x̃0(α))(äëÿ ïðåäåëüíîãî

îðäèíàëà α). Ïîëàãàåì F0 :=
⋃
β≤α<β+ Fα

Òåîðåìà 2. 1) F0 ÿâëÿåòñÿ âåùåñòâåííî çàìêíóòûì ëèíåéíî óïî-
ðÿäî÷åííûì ïîëåì, R[[G, β]] ⊂ F0 ⊂ R[[G, β+]].
2) Ïîëå F0 èìååò ñèììåòðè÷íûå ñå÷åíèÿ êîíôèíàëüíîñòè β+.

Îñòà¼òñÿ îòêðûòûì âîïðîñ, áóäåò ëè F0 = R[[G, β+]](èçîìîðôíî)?
Ñóùåñòâóåò ëè âåùåñòâåííî çàìêíóòîå ïîëå ñ ðàçíîé êîíôèíàëüíî-
ñòüþ ñèììåòðè÷íûõ ñå÷åíèé?
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Ïðèìåíåíèå ñóìì Ãàóññà äëÿ âû÷èñëåíèÿ òî÷íûõ
çíà÷åíèé ÷èñëà ïîÿâëåíèé ýëåìåíòîâ ïîëÿ íà öèêëàõ

ëèíåéíûõ ðåêóððåíòíûõ ïîñëåäîâàòåëüíîñòåé

Ì. Ì. Ãëóõîâ
Àêàäåìèÿ êðèïòîãðàôèè ÐÔ, Ìîñêâà

Î. Â. Êàìëîâñêèé
ÎÎÎ ¾Öåíòð ñåðòèôèêàöèîííûõ èññëåäîâàíèé¿, Ìîñêâà

Ðåøàåòñÿ çàäà÷à ïîëó÷åíèÿ òî÷íûõ çíà÷åíèé ÷àñòîò N(z, u) ïî-
ÿâëåíèé ýëåìåíòà z ïîëÿ P = GF (q), q = ps, p � ïðîñòîå, ñðåäè ýëå-
ìåíòîâ u(0), u(1), . . ., u(T−1) íåíóëåâîé ëèíåéíîé ðåêóððåíòíîé ïî-
ñëåäîâàòåëüíîñòè (ËÐÏ) u = (u(i))∞i=0 íàä ïîëåì P ñ íåïðèâîäèìûì
õàðàêòåðèñòè÷åñêèì ìíîãî÷ëåíîì f(x) ∈ P [x] ñòåïåíè m è ïåðèîäà
T = T (f) = (qm − 1)/d, èìåþùåé ïðåäñòàâëåíèå u(i) = trQP (aαi),
i ≥ 0, ãäå α � êîðåíü f(x) â ïîëå Q = GF (qm), à trQP � ôóíêöèÿ
ñëåäà èç ïîëÿ Q â ïîäïîëå P . Ïóñòü d äåëèò pj + 1 äëÿ íåêîòîðî-
ãî íàòóðàëüíîãî ÷èñëà j (ãîâîðÿò, ÷òî ÷èñëî p ïîëóïðèìèòèâíî ïî
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ìîäóëþ d), íàèìåíüøåå òàêîå j îáîçíà÷èì ÷åðåç l. Èçó÷àåìûå ïî-
ñëåäîâàòåëüíîñòè u ïîëó÷àþòñÿ â ðåçóëüòàòå ðåãóëÿðíîé âûáîðêè ñ
øàãîì d èç ËÐÏ ìàêñèìàëüíîãî ïåðèîäà qm − 1.
Â ðàáîòå [1] äëÿ ñëó÷àÿ q = p âûïèñàíû òîëüêî òèïû ðàñïðåäå-

ëåíèé, íî íå óêàçàíî çíà÷åíèå N(z, u). Â ðàáîòå [2] çàäà÷à ðåøåíà
äëÿ ñëó÷àÿ êîãäà z = 0, à P � ïðîèçâîëüíîå ïîëå. Ïîëíîå ðåøåíèå
ðàññìàòðèâàåìîé çàäà÷è ïðèâîäèòñÿ â ðàáîòå [3, òåîðåìà 1.1], îäíà-
êî ïðè äîêàçàòåëüñòâå àâòîð èñïîëüçîâàë íåâåðíîå ðàâåíñòâî (2.3)
äëÿ ñóììû Ãàóññà, êîòîðîå ïðèâåëî ê îøèáî÷íûì ôîðìóëàì.
Ïðèâåäåííûå íèæå òåîðåìû ïîçâîëÿþò ïîëó÷èòü ïîëíîå ðåøåíèå

ïîñòàâëåííîé çàäà÷è â ñèòóàöèè, êîãäà d � ïðîñòîå ÷èñëî. Îáîçíà-
÷èì P ∗ = P \{0}. Âñå òåîðåìû ñôîðìóëèðîâàíû âî ââåäåííûõ âûøå
îáîçíà÷åíèÿõ.
Òåîðåìà 1. Ïóñòü p ≥ 3, d = 2, z ∈ P ∗. Òîãäà, åñëè m = 2λ + 1,
òî

N(0, u) =
qm−1 − 1

2
,

N(z, u) =


(
qm−1 + η′(az)qλ

)
/2, åñëè p≡

4
1,(

qm−1 + η′(az)(−1)λsqλ
)
/2, åñëè p≡

4
3;

à åñëè m = 2λ, òî

N(z, u) =


(
qm−1 + η′(a)qλ−1

)
/2, åñëè p≡

4
1,(

qm−1 + η′(a)(−1)λsqλ−1
)
/2, åñëè p≡

4
3,

N(0, u) =


(
qm−1 − (q − 1)η′(a)qλ−1 − 1

)
/2, åñëè p≡

4
1,(

qm−1 − (q − 1)η′(a)(−1)λsqλ−1 − 1
)
/2, åñëè p≡

4
3,

ãäå η′ � êâàäðàòè÷íûé õàðàêòåð ïîëÿ Q.

Òåîðåìà 2. Ïóñòü d > 2, p ïîëóïðèìèòèâíî ïî ìîäóëþ d,
d1 = (q

m−1
q−1 , d), r = (ms)/(2l), γ � ïðîèçâîëüíûé ïðèìèòèâíûé ýëå-

ìåíò ïîëÿ Q. Òîãäà:
1) åñëè dr/d1 � ÷åòíîå èëè d � íå÷åòíîå èëè (pl +1)/d � ÷åòíîå,

òî

N(0, u) =


(
qm−1 + (−1)r(q − 1)qm/2−1 − 1

)
/d, åñëè a /∈ 〈γd1〉,(

qm−1 + (−1)r−1(q − 1)(d1 − 1)qm/2−1 − 1
)
/d, åñëè a ∈ 〈γd1〉;

2) åñëè dr/d1 � íå÷åòíîå, d � ÷åòíîå, à (pl + 1)/d � íå÷åòíîå,
òî
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N(0, u) =


(
qm−1 + (−1)r(q − 1)qm/2−1 − 1

)
/d, åñëè a ∈ 〈γd1〉 èëè a /∈ 〈γ

d1
2 〉,(

qm−1 + (−1)r−1(q − 1)(d1 − 1)qm/2−1 − 1
)
/d, åñëè a /∈ 〈γd1〉 è a ∈ 〈γ

d1
2 〉.

Òåîðåìà 3. Ïóñòü â óñëîâèÿõ òåîðåìû 2: d = d1, z ∈ P ∗. Òîãäà
1) åñëè r � ÷åòíîå ÷èñëî èëè d � íå÷åòíîå ÷èñëî, èëè pl+1

d � ÷åòíîå,
òî

N(z, u) =


(
qm−1 + (−1)r−1qm/2−1

)
/d, åñëè a /∈ 〈γd〉,(

qm−1 + (−1)r(d− 1)qm/2−1
)
/d, åñëè a ∈ 〈γd〉;

2) åñëè r � íå÷åòíîå ÷èñëî, d � ÷åòíîå ÷èñëî, à pl+1
d � íå÷åòíîå,

òî
N(z, u) =


(
qm−1 + (−1)r−1qm/2−1

)
/d, åñëè a ∈ 〈γd〉 èëè a /∈ 〈γ

d
2 〉,(

qm−1 + (−1)r(d− 1)qm/2−1
)
/d, åñëè a /∈ 〈γd〉 è a ∈ 〈γ

d
2 〉.

Òåîðåìà 4. Ïóñòü â óñëîâèÿõ òåîðåìû 2: d1 = 1, z ∈ P ∗. Òîãäà
1) åñëè r(m+1)

m � ÷åòíîå ÷èñëî, èëè d � íå÷åòíîå, èëè pl+1
d � ÷åòíîå,

òî

N(z, u) =


(
qm−1 + (−1)

r(m+1)
m (d− 1)q

m−1
2

)
/d, åñëè − z−1a ∈ 〈γd〉,(

qm−1 − (−1)
r(m+1)

m q
m−1

2

)
/d, åñëè − z−1a /∈ 〈γd〉;

2) åñëè r(m+1)
m � íå÷åòíîå ÷èñëî, d � ÷åòíîå, à pl+1

d � íå÷åòíîå,
òî

N(z, u) =


(
qm−1 − (d− 1)q

m−1
2

)
/d, åñëè − az−1 /∈ 〈γd〉 è − az−1 ∈ 〈γ

d
2 〉,(

qm−1 + q
m−1

2

)
/d, åñëè − az−1 ∈ 〈γd〉 èëè − az−1 /∈ 〈γ

d
2 〉.

Òåîðåìà 5. Ïóñòü â óñëîâèÿõ òåîðåìû 2: d1 = 2, z ∈ P ∗, íå÷åò-
íîå ïðîñòîå p ïîëóïðèìèòèâíî ïî ìîäóëþ d, l1 � íàèìåíüøåå íà-
òóðàëüíîå ÷èñëî òàêîå, ÷òî d

2 |(p
l1 + 1). Òîãäà

N(z, u) =


(
qm−1 + (−1)

r1
m q(m−1)/2(d− 1)

)
/d, åñëè − z−1a ∈ 〈γd〉 è d > 4,(

qm−1 − (−1)
r1
m q(m−1)/2

)
/d, åñëè − z−1a /∈ 〈γd〉 è d > 4,(

qm−1 + q
m
2
−1η′(−z−1a)

)
/4, åñëè d = 4.

Èñïîëüçóÿ àëãîðèòì èññëåäîâàíèÿ ñëó÷àÿ d1 = 2, ìîæíî ïîëó-
÷àòü ðåçóëüòàòû äëÿ ëþáîãî ôèêñèðîâàííîãî çíà÷åíèÿ d1, îäíàêî
îíè ïîòðåáóþò ðàññìîòðåíèÿ áîëüøîãî êîëè÷åñòâà ñëó÷àåâ, âîçíè-
êàþùèõ èç-çà ðàçëè÷íûõ çíà÷åíèé ñóìì Ãàóññà, è áóäóò èìåòü î÷åíü
ãðîìîçäêèå ôîðìóëèðîâêè.

Ñïèñîê ëèòåðàòóðû
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Σ-ñïåöèôèêàöèÿ ðîáîòîòåõíè÷åñêèõ ñèñòåì
ðåàëüíîãî âðåìåíè

Â. Í. Ãëóøêîâà
Äîíñêîé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, Ðîñòîâ-íà-Äîíó

Äëÿ âåðèôèêàöèè äèñêðåòíûõ ñèñòåì ðåàëüíîãî âðåìåíè èñïîëü-
çóþòñÿ âðåìåííûå àâòîìàòû, ðàñøèðåííûå ìíîæåñòâîì ïåðåìåííûõ-
÷àñîâ ñ ðåàëüíûìè çíà÷åíèÿìè. Ýòè ïåðåìåííûå èñïîëüçóþòñÿ ëî-
êàëüíî äëÿ ðàçíûõ ñîñòîÿíèé àâòîìàòà è çàäàþò êîëè÷åñòâåííûå õà-
ðàêòåðèñòèêè ðàçëè÷íûõ ïðîöåññîâ, ÷òî çàòðóäíÿåò àíàëèç ìîäåëè-
ðóåìîé ñèñòåìû. Îñîáåííî ñëîæíûìè ÿâëÿþòñÿ àëãîðèòìû âåðèôè-
êàöèè ñèñòåì ñ âðåìåííûìè ðåãèîíàìè, ïîñòðîåííûìè êàê ôàêòîð-
ñèñòåìû ïåðåõîäîâ ïî îòíîøåíèþ ýêâèâàëåíòíîñòè.
Èñïîëüçîâàíèå äëÿ ñïåöèôèêàöèè ïîâåäåíèÿ ñèñòåìû Σ-ôîðìóë

[1] èñ÷èñëåíèÿ ïðåäèêàòîâ 1-ãî ïîðÿäêà ïîçâîëÿåò ÿâíî ñ èñïîëü-
çîâàíèåì ïåðåìåííûõ (âðåìåíè) âûðàçèòü êîëè÷åñòâåííóþ èíôîð-
ìàöèþ î âðåìåííûõ ñâîéñòâàõ ñîáûòèé ñèñòåìû. Âåðèôèêàöèÿ âû-
ïîëíÿåòñÿ äëÿ ìîäåëè ñèñòåìû ïåðåõîäîâ, çàäàííîé êîíå÷íûì àâ-
òîìàòîì ñ ïðàâèëàìè ÊÑ-ãðàììàòèêè G âèäà Sti → {Act}∗Stj,
ãäå St, Act−ñèìâîëû ñîñòîÿíèé è äåéñòâèé ñèñòåìû ñîîòâåòñòâåí-
íî. Íàïðèìåð, ãðàììàòèêà ìàíèïóëÿòîðà "ìûøü" èìååò ïðàâèëà:
Ms → Click P1 | Final; P1 → Click P2 | S Ms; P2 → D Ms, ãäå
Click−èìÿ äåñòâèÿ, S, D, Final−õàðàêòåðèñòèêè ðåçóëüòàòà äåé-
ñòâèÿ ("ïðîñòîé" , "äâîéíîé" , "ôèíàë").
Ïðàâèëà ÊÑ-ãðàìàòèêè G îïðåäåëÿþò òèïèçèðîâàííîå ìíîæå-

ñòâî èåðàðõè÷åñêèõ ñïèñêîâ, ïðåäñòàâëÿþùèõ äåðåâüÿ âûâîäîâ ãðàì-
ìàòèêè. Cïèñêè ÿâëÿþòñÿ îáëàñòüþ äåéñòâèÿ îãðàíè÷åííûõ êâàíòî-
ðîâ, âõîäÿùèõ â ∆0-ôîðìóëû ëîãè÷åñêîé ñïåöèôèêàöèè (òåîðèè) ñè-
ñòåìû. Îãðàíè÷åííûå êâàíòîðû íàä èåðàðõè÷åñêèìè ñïèñêàìè èìå-
þò ñëåäóþùèé âèä: ∀x ∈̇y, ∀x ≺ y, ãäå ∈̇−òðàíçèòèâíîå çàìûêàíèå
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îòíîøåíèÿ ïðèíàäëåæíîñòè, ≺ −îòíîøåíèå "ëåâåå"äëÿ ýëåìåíòîâ
ñïèñêà.
Çíà÷åíèÿìè ïåðåìåííûõ ñîðòà "âðåìÿ" ÿâëÿþòñÿ êîíñòàíòû t

"ìîìåíòàëüíîãî" âðåìåíè èëè ñåãìåíòû âèäà [t1, t2], (t1, t2] è ò.ä.
Äëÿ âûðàæåíèÿ ñâîéñòâ ïîâåäåíèÿ ñèñòåìû ñ íåîïðåäåëåííûìè âðå-
ìåííûìè èíòåðâàëàìè ìåæäó äâóìÿ ñîáûòèÿìè èñïîëüçóþòñÿ òåð-
ìû ñîðòà "ñèìâîëüíûå" (char), äëÿ êîòîðûõ äîïóñòèìî ïðèìåíåíèå
ñïåöèôè÷íûõ îïåðàöèé.
Òåîðèÿ ìîäåëèðóåìîé ñèñòåìû òðàêòóåòñÿ êàê ñèñòåìà îïðåäåëå-

íèé ôóíêöèé è îòíîøåíèé, çàäàííûõ íà óçëàõ äåðåâà ãðàììàòèêèG.
Ðåçóëüòàòîì èíòåðïðåòàöèè òåîðèè Th ÿâëÿåòñÿ àòðèáóòèðîâàííîå
äåðåâî äåéñòâèé, êîòîðîå ñòðîèòñÿ íà îñíîâå ïðÿìîãî ëîãè÷åñêîãî
âûâîäà ñ ïðèìåíåíèåì ïðàâèë ãðàììàòèêè, ïðèïèñàííûì ê àêñè-
îìàì òåîðèè Th. Íà ïîëó÷åííîì àòðèáóòèðîâàííîì äåðåâå ìîæíî
çà ïîëèíîìèàëüíîå âðåìÿ îòíîñèòåëüíî êîëè÷åñòâà óçëîâ äåðåâà âå-
ðèôèöèðîâàòü ñâîéñòâà ìîäåëèðóåìîé ñèñòåìû, ôîðìàëèçîâàííûå
∆0T -ôîðìóëàìè ñïåöèôèêàöèè.

Ñïèñîê ëèòåðàòóðû

1. S. S. Goncharov, Yu. L. Ershov, D. I. Sviridenko. Semantic
programming // Inf. processing. 1986. V. 11, � 10. P. 1093�1100.

Ðåøåíèå ñèñòåì ÎÄÓ ïðè ïîìîùè çàäà÷è ôàêòîðèçàöèè

È. Ç. Ãîëóá÷èê, Ð. À. Àòíàãóëîâà

Áàøêèðñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé

óíèâåðñèòåò èì. Ì. Àêìóëëû, Óôà

Ïóñòü G = Cn×n � àëãåáðà n × n ìàòðèö íàä ïîëåì êîìïëåêñ-
íûõ ÷èñåë C, H = G[λ, λ−1] � àëãåáðà ïîëèíîìîâ Ëîðàíà íàä G,
H+ =

⊕
i≥0G · λi, H− =

⊕
i<0G · λi, a � ïîñòîÿííàÿ ìàòðèöà èç G,

L = λ · a + q, q � ïåðåìåííàÿ ìàòðèöà èç G, M = P (λ, λ−1, L) �
ïîëèíîì îò L, λ, λ−1; M = M+ −M−, ãäå M+ ∈ H+,M− ∈ H−.
Òîãäà ìàòðè÷íîå ëàêñîâî óðàâíåíèå

δtL = [L,M+] (1)

ðåøàåòñÿ ïðè ïîìîùè çàäà÷è ôàêòîðèçàöèè (ñì. [1], c. 145).
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Â íàøåé ðàáîòå ðàññìîòðåí ñëó÷àé ïðèìåð, êîãäà a è q çàâè-
ñÿò äîïîëíèòåëüíî îò ìàëîãî ïàðàìåòðà ε. Ïóñòü n = 3m, a =0 ε−1Em 0
c 0 ε−1Em

d 0 0

, ãäå c, d � ïîñòîÿííûå ìàòðèöû ðàçìåðàm×m

è M =
∑

k∈T ε
2k · λ−3k+1 · αkL3k + βελ−1 · L4, ãäå αk è β � ïîñòîÿí-

íûå ÷èñëà, íå çàâèñÿùèå îò ε, T � êîíå÷íîå ìíîæåñòâî. Òîãäà ïðè
ε → 0 óðàâíåíèå (1) äëÿ êîíêðåòíûõ c, d, αk, β èìååò èíòåðåñíûå
ðåäóêöèè.

Ñïèñîê ëèòåðàòóðû

1. À. Ã. Ðåéìàí, Ì. À. Ñåìåíîâ-Òÿí-Øàíñêèé. Èíòåãðèðóåìûå
ñèñòåìû. Òåîðåòèêî-ãðóïïîâîé ïîäõîä. Èæåâñê: ÐÕÄ, 2003. 351 ñ.

Óíèâåðñàëüíûå îá¼ðòûâàþùèå àëãåáðû Ðîòà � Áàêñòåðà
êîììóòàòèâíûõ, àññîöèàòèâíûõ è ëèåâûõ ïðåàëãåáð

Â. Þ. Ãóáàðåâ
Èíñòèòóò ìàòåìàòèêè èìåíè Ñ. Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê

Ïóñòü A � àëãåáðà ìíîãîîáðàçèÿ Var. Ëèíåéíûé îïåðàòîð R íà
A íàçûâàåòñÿ îïåðàòîðîì Ðîòà � Áàêñòåðà, åñëè äëÿ ëþáûõ x, y ∈ A
âûïîëíåíî

R(x)R(y) = R(R(x)y + xR(y) + xy).

Â òàêîì ñëó÷àå àëãåáðà A íàçûâàåòñÿ Var-àëãåáðîé
Ðîòà � Áàêñòåðà.
Ïðåëèåâû àëãåáðû áûëè íåçàâèñèìî ââåäåíû Êîæóëåì, Âèíáåð-

ãîì è Ãåðøòåíõàáåðîì â 1960-õ ãîäàõ, òàêèå àëãåáðû çàäàþòñÿ òîæ-
äåñòâîì (xy)z − x(yz) = (yx)z − y(xz). Â 1990 è 2000-õ ãîäàõ Ëî-
äåé îïðåäåëèë ïðåêîììóòàòèâíûå è ïðåàññîöèàòèâíûå àëãåáðû. Â
[1] è [2] áûëî äàíî ýêâèâàëåíòíîå äðóã äðóãó îïðåäåëåíèå ïðå-Var-
àëãåáðû äëÿ ëþáîãî ìíîãîîáðàçèÿ Var.
Àãóèàð â 2000 ã. çàìåòèë [3], ÷òî àññîöèàòèâíàÿ àëãåáðà

Ðîòà � Áàêñòåðà îòíîñèòåëüíî íîâûõ îïåðàöèé x � y = R(x)y,
x ≺ y = xR(y) áóäåò ïðåàññîöèàòèâíîé àëãåáðîé. Â [1] ýòî áûëî
ðàñïðîñòðàíåíî íà ïðîèçâîëüíîå ìíîãîîîáðàçèå Var. Â [4] áûëà äî-
êàçàíà

24



Òåîðåìà 1. Ëþáàÿ ïðå-Var-àëãåáðà èíúåêòèâíî âêëàäûâàåòñÿ â
Var-àëãåáðó Ðîòà � Áàêñòåðà.

Â ðàáîòå íàéäåí áàçèñ óíèâåðñàëüíîé îá¼ðòûâàþùåé àëãåáðû
Ðîòà � Áàêñòåðà (ñîîòâåòñòâóþùåãî ìíîãîîáðàçèÿ) êîììóòàòèâíûõ,
àññîöèàòèâíûõ è ëèåâûõ ïðåàëãåáð. Äëÿ îïèñàíèÿ áàçèñà â ëèåâîì
ñëó÷àå èñïîëüçóåòñÿ êîíñòðóêöèÿ ñâîáîäíîé ëèåâîé àëãåáðû Ðîòà �
Áàêñòåðà [5, 6].
Äîêàçàíî, ÷òî ïàðà ìíîãîîáðàçèé (RBLie, preLie) ÿâëÿåòñÿ PBW-

ïàðîé [7]. Äîêàçàíà íåøðàéåðîâîñòü ìíîãîîáðàçèé êîììóòàòèâíûõ,
àññîöèàòèâíûõ è ëèåâûõ àëãåáð Ðîòà � Áàêñòåðà.

Àâòîð ïîääåðæàí ãðàíòîì ÐÍÔ (ïðîåêò � 14-21-00065).
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Ýëåìåíòàðíûå ñåòè (êîâðû) è ëèíåéíûå ãðóïïû

Ð. Þ. Äðÿåâà
Ñåâåðî-Îñåòèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Âëàäèêàâêàç

Â. À. Êîéáàåâ
Ñåâåðî-Îñåòèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,

Þæíûé ìàòåìàòè÷åñêèé èíñòèòóò ÐÀÍ, Âëàäèêàâêàç

Ïóñòü R � ïðîèçâîëüíîå êîììóòàòèâíîå êîëüöî ñ åäèíèöåé, n �
íàòóðàëüíîå ÷èñëî. Ñèñòåìà σ = (σij), 1 ≤ i, j ≤ n, àääèòèâíûõ
ïîäãðóïï êîëüöà R íàçûâàåòñÿ ñåòüþ [1] íàä êîëüöîì R ïîðÿäêà
n, åñëè σirσrj ⊆ σij ïðè âñåõ çíà÷åíèÿõ èíäåêñîâ i, r, j. Äëÿ ñåòè
ïðèíÿòà òàêæå òåðìèíîëîãèÿ "êîâåð" [2]. Ñåòü, ðàññìàòðèâàåìàÿ
áåç äèàãîíàëè, íàçûâàåòñÿ ýëåìåíòàðíîé ñåòüþ (ýëåìåíòàðíûé êîâåð
[3]).
Äëÿ ýëåìåíòàðíîé ñåòè σ = (σij) ìû îïðåäåëÿåì ïðîèçâîäíóþ

ñåòü ω = (ωij) è D-çàìûêàíèå σD = Ω = (Ωij) ýëåìåíòàðíîé ñåòè σ
(íàèìåíüøàÿ (ïîëíàÿ) ñåòü (êîâåð), ñîäåðæàùàÿ ýëåìåíòàðíóþ ñåòü
σ). Ìû äàåì ÿâíîå âû÷èñëåíèå ñåòè Ω. Äîêàçûâàåòñÿ ñïðàâåäëè-
âîñòü âêëþ÷åíèé ω ⊆ σ ⊆ Ω, ïðè ýòîì äëÿ ëþáûõ i 6= j è ïðîèç-
âîëüíîãî r ñïðàâåäëèâû âêëþ÷åíèÿ Ωirωrj ⊆ ωij, ωirΩrj ⊆ ωij. Äëÿ
ðàññìàòðèâàåìûõ êîíêðåòíûé ïîëåé ýòîò ðåçóëüòàò äàåò ñóùåñòâåí-
íóþ èíôîðìàöèþ î ñòðîåíèè ýëåìåíòàðíîé ñåòè σ è ýëåìåíòàðíîé
ñåòåâîé ãðóïïû E(σ).
Ðåçóëüòàòû íàñòîÿùåé çàìåòêè áûëè ïîëó÷åíû âòîðûì àâòîðîì

â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíîáðíàóêè Ðîññèè.
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Î ÷èñëå Ṽm,t âñåõ ñîáñòâåííûõ t-ìåðíûõ ïîäïðîñòðàíñòâ
ïðîñòðàíñòâà Vm íàä ïîëåì GF (q)

Ã. Ï. Åãîðû÷åâ
Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Â àëãåáðå Øåâàëëå íàä ïîëåì K, àññîöèèðîâàííîé ñ ïðîèçâîëü-
íîé ñèñòåìîé êîðíåé, âûäåëÿþò íèëüòðåóãîëüíóþ ïîäàëãåáðó
NΦ(K) ñ áàçèñîì {er(r ∈ Φ+)}. Â [1] áûëè ïîñòàâëåíû äâå ïðîáëå-
ìû ïåðå÷èñëåíèÿ èäåàëîâ: ñïåöèàëüíûõ èäåàëîâ â àëãåáðàõ êëàñ-
ñè÷åñêèõ òèïîâ (ïðîáëåìà 1) è âñåõ èäåàëîâ (ïðîáëåìà 2). Ïðè èõ
ðåøåíèè âîçíèêàåò çàäà÷à íàõîæäåíèÿ ÷èñåë Ṽm,t, 1 ≤ t ≤ m, äëÿ
êîòîðûõ â [2] áûëà íàéäåíà ñëåäóþùàÿ ôîðìóëà (êðàòíîãî ñóììè-
ðîâàíèÿ): Ṽm,1 = (q − 1)m−1,

Ṽm,t =
∑

1<j1<...<jt≤m

(qt − 1)m−jt

(q − 1)t−jt

t−1∏
k=1

(
qk − 1

q − 1

)jk+1−jk−1

, 2 ≤ t ≤ m.

Çäåñü ñ ïîìîùüþ àâòîðñêîãî ìåòîäà èíòåãðàëüíîãî ïðåäñòàâëå-
íèÿ è âû÷èñëåíèÿ êîìáèíàòîðíûõ ñóìì íàéäåíî èíòåãðàëüíîå ïðåä-
ñòàâëåíèå äëÿ ÷èñåë Ṽm,t è, êàê ñëåäñòâèå ýòîãî ðåçóëüòàòà, íàéäåíû
äâå íîâûå âû÷èñëèòåëüíûå ôîðìóëû (îäíîêðàòíîãî ñóììèðîâàíèÿ)
äëÿ ýòèõ ÷èñåë. Ïåðâàÿ � ðåêóððåíòíàÿ, âòîðàÿ � êîìáèíàòîðíàÿ,
êàê çíàêîïåðåìåííàÿ ñóììà (òèïà âêëþ÷åíèÿ-èñêëþ÷åíèÿ) ïðîèçâå-
äåíèé îáû÷íûõ è q-áèíîìèàëüíûõ êîýôôèöèåíòîâ. Ñòàâèòñÿ çàäà÷à
íàõîæäåíèÿ êîìáèíàòîðíî-àëãåáðàè÷åñêîé èíòåðïðåòàöèè (äîêàçà-
òåëüñòâà) çòèõ ôîðìóë.
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Ïðîñòûå éîðäàíîâû ñóïåðàëãåáðû
ñ àññîöèàòèâíîé ÷åòíîé ÷àñòüþ

Â. Í. Æåëÿáèí
Èíñòèòóò ìàòåìàòèêè èìåíè Ñ. Ë. Ñîáîëåâà, Íîâîñèáèðñê

Ïóñòü F � ïîëå õàðàêòåðèñòèêè íå 2, G � àëãåáðà Ãðàññìàíà.
Òîãäà G = G0+G1 � Z2-ãðàäóèðîâàííàÿ àëãåáðà. Ïóñòü A = A0+A1

� ïðîèçâîëüíàÿ Z2-ãðàäóèðîâàííàÿ àëãåáðà. Òîãäà G(A) = G0 ⊗
A0 + G1 ⊗ A1 ÿâëÿåòñÿ ïîäàëãåáðîé â àëãåáðå G ⊗ A ( òåíçîðíîå
ïðîèçâåäåíèå íàä ïîëåì F ) è íàçûâàåòñÿ ãðàññìàíîâîé îáîëî÷êîé
àëãåáðû A.

Îïðåäåëåíèå 1. Ñóïåðàëãåáðà J = J0 + J1 (Z2-ãðàäóèðîâàííàÿ àë-
ãåáðà) íàçûâàåòñÿ éîðäàíîâîé ñóïåðàëãåáðîé òîãäà è òîëüêî òîãäà,
êîãäà åå ãðàññìàíîâà îáîëî÷êà G(J) � éîðäàíîâà àëãåáðà, òî åñòü
â G(J) âûïîëíÿþòñÿ òîæäåñòâà:

xy = yx, (x2y)x = x2(yx).

×åòíóþ ÷àñòü ñóïåðàëãåáðû J áóäåì îáîçíà÷àòü ÷åðåç A, íå÷åò-
íóþ � ÷åðåç M .
Ñóïåðàëãåáðà J = A+M íàçûâàåòñÿ àáåëåâîé, åñëè A � àññîöè-

àòèâíàÿ àëãåáðà, à M � àññîöèàòèâíûé A-ìîäóëü.

Òåîðåìà 1. Ïóñòü J = A + M � ïðîñòàÿ éîðäàíîâà àáåëåâà ñó-
ïåðàëãåáðà. Òîãäà J � óíèòàëüíàÿ àëãåáðà. Êðîìå òîãî,
1). ÷åòíàÿ ÷àñòü A � äèôôåðåíöèàëüíî ïðîñòàÿ àëãåáðà;
2). íå÷åòíàÿ ÷àñòü M ÿâëÿåòñÿ êîíå÷íî ïîðîæäåííûì ïðîåê-

òèâíûì A-ìîäóëåì ðàíãà 1;
3). J âêëàäûâàåòñÿ â ïðîñòóþ ñóïåðàëãåáðó éîðäàíîâîé ñêîáêè.

Â [1] ïîêàçàíî, ÷òî äëÿ ïðîñòîé óíèòàëüíîé ñïåöèàëüíîé éîðäà-
íîâîé ñóïåðàëãåáðû ñ àññîöèàòèâíîé ÷åòíîé ÷àñòüþ ñïðàâåäëèâî
(A,M,A) = 0, çäåñü (A,M,A) � âåêòîðíîå ïîäïðîñòðàíñòâî, ïî-
ðîæäåííîå àññîöèàòîðàìè âèäà (a,m, b), ãäå a, b ∈ A, m ∈ M . Êðî-
ìå òîãî, ñóùåñòâóþò ïðîñòûå óíèòàëüíûå éîðäàíîâû ñóïåðàëãåáðû
ñ àññîöèàòèâíîé ÷åòíîé ÷àñòüþ, äëÿ êîòîðûõ (A,M,A) 6= 0.

Òåîðåìà 2. Ïóñòü J = A + M � óíèòàëüíàÿ ïðîñòàÿ éîðäàíîâà
ñóïåðàëãåáðà ñ àññîöèàòèâíîé íèëü-ïîëóïðîñòîé ÷åòíîé ÷àñòüþ.
Ïðåäïîëîæèì, ÷òî N = (A,M,A) 6= 0. Òîãäà
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1). ÷åòíàÿ ÷àñòü A = A0 + A1 � Z2-ãðàäóèðîâàííàÿ àëãåáðà,
è A1 ÿâëÿåòñÿ òî÷íûì êîíå÷íî ïîðîæäåííûì ïðîåêòèâíûì A0-
ìîäóëåì ðàíãà 1;
2). íå÷åòíàÿ ÷àñòü M = M0 ⊕N � ïðÿìàÿ ñóììà A0-ìîäóëåé,

ïðè÷åì N ⊗A0
M0
∼= A1 � èçîìîðôèçì A0-ìîäóëåé. Êðîìå òîãî,

M0, N ÿâëÿþòñÿ òî÷íûìè êîíå÷íî ïîðîæäåííûìè ïðîåêòèâíûìè
A0-ìîäóëÿìè ðàíãà 1;
3). A0 +M0 � ïðîñòàÿ óíèòàëüíàÿ àáåëåâà ïîäñóïåðàëãåáðà â J .

Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîí-
äà (ïðîåêò � 14-21-00065).
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Òåîðåòèêî-ìîäåëüíûå âîïðîñû äëÿ êîëåö
íèëüòðåóãîëüíûõ ìàòðèö è àññîöèèðîâàííûõ êîëåö Ëè

Þ. À. Çóáàêèí, Â. Ð. Êèÿòêèí, Â. Ì. Ëåâ÷óê
Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Äëÿ àëãåáðàè÷åñêèõ ñèñòåì A è B ôèêñèðîâàííîé ñèãíàòóðû Σ

ââîäÿò îòíîøåíèÿ A ≡ B è A
2≡ B ýëåìåíòàðíîé ýêâèâàëåíòíîñòè

â ÿçûêàõ 1-ãî è 2-ãî ïîðÿäêîâ ñîîòâåòñòâåííî [1]. Ïåðâàÿ îçíà÷à-
åò, ÷òî êàæäàÿ çàêðûòàÿ ôîðìóëà ÿçûêà 1-ãî ïîðÿäêà ñèãíàòóðû
Σ, èñòèííàÿ íà îäíîé èç ñèñòåì, èñòèííà è íà äðóãîé. Îòíîøåíèå

A
2≡ B îïðåäåëÿåòñÿ àíàëîãè÷íî.
Îäíèì èç ãëàâíûõ äëÿ ðàçëè÷íûõ êëàññîâ ëèíåéíûõ ãðóïï ÿâ-

ëÿåòñÿ âîïðîñ î ñîîòâåòñòâèè Ìàëüöåâà: ïåðåíîñèòñÿ ëè èõ ýëåìåí-
òàðíàÿ ýêâèâàëåíòíîñòü 1-é ñòóïåíè íà êîëüöà êîýôôèöèåíòîâ? Ñî-
ãëàñíî Ê. Âèäåëà [2] ñîîòâåòñòâèå âûïîëíÿåòñÿ äëÿ êîëåö NT (n,K)
(n ≥ 3) íèëüòðåóãîëüíûõ n× n-ìàòðèö (ñ íóëÿìè íà è íàä ãëàâíîé
äèàãîíàëüþ) íàä àññîöèàòèâíûìè êîëüöàìè K ñ åäèíèöåé. Äîêàçà-
íî, ÷òî ýëåìåíòàðíàÿ ýêâèâàëåíòíîñòü 2-é ñòóïåíè êîëåö NT (n,K)
íàä àññîöèàòèâíûìè êîëüöàìè ñ åäèíèöåé, âîîáùå ãîâîðÿ, íå ïåðå-
íîñèòñÿ íà êîëüöà êîýôôèöèåíòîâ.
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Òåîðåìà 1. Ïóñòü K � àññîöèàòèâíîå, íî íå êîììóòàòèâíîå êîëü-
öî ñ åäèíèöåé. Òîãäà ñóùåñòâóåò òàêàÿ ôîðìóëà 2-é ñòóïåíè ϕ,
÷òî ϕ ∈ Th(NT (n,K)), íî ϕ /∈ Th(K).

Ïðè óñëîâèè êîììóòàòèâíîñòè êîëüöà êîýôôèöèåíòîâ K ñîîò-
âåòñòâèå Ìàëüöåâà ïåðåíîñèòñÿ íà ïðèñîåäèí¼ííûå ãðóïïû êîëüöà
NT (n,K) (îíè èçîìîðôíû óíèòðåóãîëüíîé ãðóïïå UT (n,K)) [3] è
íà àññîöèèðîâàííûå êîëüöà Ëè. Â îáùåì æå ñëó÷àå ñîîòâåòñòâèå
Ìàëüöåâà çäåñü íàðóøàåòñÿ [4].
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Âåêòîðíûå èíâàðèàíòû G2 è Spin7 íàä áåñêîíå÷íûì
ïîëåì íå÷åòíîé õàðàêòåðèñòèêè

À. Í. Çóáêîâ
Èíñòèòóò ìàòåìàòèêè èìåíè Ñ. Ë. Ñîáîëåâà, ÑÎ ÐÀÍ, Îìñêèé ôèëèàë, Îìñê

Èñêëþ÷èòåëüíàÿ ïðîñòàÿ ãðóïïà G2 ÿâëÿåòñÿ ãðóïïîé àâòîìîð-
ôèçìîâ àëãåáðû îêòîíèîíîâ O. Ïîñêîëüêó G2 ñîõðàíÿåò íîðìó àë-
ãåáðû O, à çíà÷èò è àññîöèèðîâàííóþ ñ íåé íåâûðîæäåííóþ áèëè-
íåéíóþ ôîðìó, G2 ÿâëÿåòñÿ ïîäãðóïïîé ãðóïïû SO8. Îòìåòèì, ÷òî
G2 ëåæèò â ïîäãðóïïå StabSO8

(1O) ' SO7 è SO8 ñîäåðæèò ïîäãðóï-
ïó, èçîìîðôíóþ Spin7. Ïîñëåäíåå îçíà÷àåò, ÷òî O ìîæíî îòîæäå-
ñòâèòü ñ 8-ìåðíûì ñïèíîðíûì ïðåäñòàâëåíèåì Spin7.
Ïóñòü G � ýòî ëèáî ãðóïïà G2, ëèáî Spin7. Ãðóïïà G äåéñòâó-

åò äèàãîíàëüíî íà ïðîñòðàíñòâå m êîïèé O. Âîçíèêàåò åñòåñòâåí-
íûé âîïðîñ: íàéòè ïîðîæäàþùèå àëãåáðû âåêòîðíûõ èíâàðèàíòîâ
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K[Om]G. Âïåðâûå òàêîå îïèñàíèå áûëî ïîëó÷åíî â ðàáîòå [1] â ñëó-
÷àå, êîãäà charK = 0. Áîëåå êîíöåïòóàëüíîå äîêàçàòåëüñòâî ïðèâå-
äåíî â [2].
Â ñëó÷àå ïîëÿ íåíóëåâîé õàðàêòåðèñòèêè åäèíñòâåííûìè ðåçóëü-

òàòàìè òàêîãî ñîðòà áûëè îïèñàíèÿ èíâàðèàíòîâ íåñêîëüêèõ âåêòî-
ðîâ è êîâåêòîðîâ, ïîëó÷åííûå â [3] äëÿ âñåõ êëàññè÷åñêèõ ãðóïï. ×òî
êàñàåòñÿ ñôîðìóëèðîâàííîé âûøå ïðîáëåìû îïèñàíèÿ èíâàðèàíòîâ
G2 è Spin7, èëè áîëåå øèðîêî, ïðîáëåìû îïèñàíèÿ âåêòîðíûõ èíâà-
ðèàíòîâ ïðîñòûõ èñêëþ÷èòåëüíûõ ãðóïï íàä (áåñêîíå÷íûì) ïîëåì
êîíå÷íîé õàðàêòåðèñòèêè, òî çà ïîñëåäíèå 30�40 ëåò íå áûëî íèêà-
êèõ ñåðúåçíûõ ïðîäâèæåíèé.
Â äîêëàäå áóäåò ïðåäñòàâëåí îðèãèíàëüíûé ìåòîä (ðàçðàáîòàí-

íûé ñîâìåñòíî ñ È. Ï. Øåñòàêîâûì), èñïîëüçóþùèé òåîðèþ ìî-
äóëåé ñ õîðîøåé ôèëüòðàöèåé, òåîðèþ ëóï Ìóôàíã è ìîäóëÿðíóþ
äâîéñòâåííîñòü Õàó (Howe). Ìû ïîêàæåì, ÷òî îïèñàíèå âåêòîðíûõ
G-èíâàðèàíòîâ ìîæåò áûòü ñâåäåíî ê îïèñàíèþ ïîëèëèíåéíûõ G-
èíâàðèàíòîâ. Äàëåå, ïîëèëèíåéíûå G-èíâàðèàíòû ìîãóò áûòü ïîëó-
÷åíû èç èíâàðèàíòîâ ãðóïïû SO7, äåéñòâóþùåé íà âíåøíåé àëãåáðå
Λ(V ), ãäå V � ïðÿìàÿ ñóììà íåñêîëüêèõ êîïèé áåññëåäîâûõ îêòîíè-
îíîâ. Ê ñîæàëåíèþ, ñâÿçü SO7-èíâàðèàíòîâ ñ G-èíâàðèàíòàìè íà-
ñòîëüêî íåòðèâèàëüíà, ÷òî èñêëþ÷àåò ëþáóþ âîçìîæíîñòü ïðÿìûõ
âû÷èñëåíèé. Âìåñòî ýòîãî ìû èñïîëüçóåì ýëåãàíòíóþ ïðîöåäóðó,
ïîçâîëÿþùóþ ïîíèæàòü ñòåïåíü èíâàðèàíòîâ áåç êàêèõ-áû òî íè
áûëî âû÷èñëåíèé.

Òåîðåìà 1. (À. Í. Çóáêîâ, È. Ï. Øåñòàêîâ) Ïóñòü G � ýòî ëè-
áî ãðóïïà G2, ëèáî Spin7. Åñëè charK 6= 2, òîãäà àëãåáðà K[Om]G

ïîðîæäåíà ýëåìåíòàìè ñòåïåíè íå âûøå 4. Áîëåå òîãî, ýòè ïî-
ðîæäàþùèå òå æå, ÷òî è â ñëó÷àå charK = 0.
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Àëãåáðàè÷åñêèé ïîäõîä ê óðàâíåíèÿì
ñ ÷àñòíûìè ïðîèçâîäíûìè

Î. Â. Êàïöîâ
Èíñòèòóò âû÷èñëèòåëüíîãî ìîäåëèðîâàíèÿ ÑÎ ÐÀÍ, Êðàñíîÿðñê

Ðàññìàòðèâàåòñÿ áåñêîíå÷íîìåðíîå ïðîñòðàíñòâî KT îòîáðàæå-
íèé èç ñ÷åòíîãî ìíîæåñòâà T â ïîëíîå íîðìèðîâàííîå ïîëå K.
Â ïðîñòðàíñòâå KT ââîäèòñÿ òîïîëîãèÿ ïðÿìîãî ïðîèçâåäåíèÿ è äå-
êàðòîâà ñèñòåìà êîîðäèíàò. Ïðîèçâîëüíîé òî÷êå a ∈ KT ñîïîñòàâëÿ-
åòñÿ ëîêàëüíàÿ àëãåáðà Fa ñõîäÿùèõñÿ ñòåïåííûõ ðÿäîâ. Êàæäûé
ðÿä èç Fa çàâèñèò îò êîíå÷íîãî ÷èñëà ïåðåìåííûõ, îäíàêî ÷èñëî
ýòèõ ïåðåìåííûõ ìîæåò áûòü êàê óãîäíî áîëüøèì. Ñ ïîìîùüþ ðÿ-
äîâ èç Fa ââîäÿòñÿ àíàëèòè÷åñêèå ôóíêöèè íà îòêðûòûõ ìíîæå-
ñòâàõ ïðîñòðàíñòâà KT è àíàëèòè÷åñêèå îòîáðàæåíèÿ äàííîãî ïðî-
ñòðàíñòâà. Ýòî ïîçâîëÿåò îïðåäåëèòü àíàëèòè÷åñêèå ìíîãîîáðàçèÿ
â KT . Ââîäèòñÿ ïîíÿòèå íîðìàëèçîâàííîé ñèñòåìû îáðàçóþùèõ èäå-
àëà àëãåáðû Fa. Ïîêàçàíî, ÷òî íóëè àíàëèòè÷åñêèõ ôóíêöèé, ñîîò-
âåòñòâóþùèå íîðìàëèçîâàííîé ñèñòåìå, çàäàþò ìíîãîîáðàçèå â KT .
Èçó÷àþòñÿ äèôôåðåíöèðîâàíèÿ àëãåáðû Fa, ïôàôôîâû (äèôôå-

ðåíöèàëüíûå) ôîðìû è ïðîèçâîäíûå Ëè îò ýòèõ ôîðì. Äîêàçûâàåò-
ñÿ, ÷òî äèôôåðåíöèðîâàíèÿ îäíîçíà÷íî îïðåäåëÿþòñÿ äåéñòâèåì íà
îáðàçóþùèõ àëãåáðû Fa. Ââîäÿòñÿ èíâàðèàíòíûå èäåàëû è ïîäìî-
äóëè. Äàëåå ðàññìàòðèâàåòñÿ ïðîñòðàíñòâî (áåñêîíå÷íûõ) äæåòîâ
J = KT , ãäå T = Nn ∪ (Nm × Nn), Nn = 1, . . . , n, N � ìíîæåñòâî
íåîòðèöàòåëüíûõ öåëûõ ÷èñåë. Íà ïðîñòðàíñòâå J ââîäÿòñÿ îïåðà-
òîðû ïîëíîãî äèôôåðåíöèðîâàíèÿ, êàíîíè÷åñêèå ôîðìû, êîíòàêò-
íûå äèôôåðåíöèðîâàíèÿ è ñèììåòðèè ñèñòåì óðàâíåíèé ñ ÷àñòíû-
ìè ïðîèçâîäíûìè. Îòìå÷àåòñÿ, ÷òî çàäà÷è âû÷èñëåíèÿ ñèììåòðèé è
çàêîíîâ ñîõðàíåíèÿ ñèñòåìû óðàâíåíèé òåñíî ñâÿçàíû ñ ïðîáëåìîé
ïðîâåðêè ïðèíàäëåæíîñòè ýëåìåíòà àëãåáðû äàííîìó äèôôåðåíöè-
àëüíîìó èäåàëó.
Äîêàçûâàåòñÿ, ÷òî åñëè äèôôåðåíöèàëüíûå ñèñòåìû ïîðîæäàþò

îäèí è òîò æå äèôôåðåíöèàëüíûé èäåàë, òî îíè çàäàþò îäèíàêî-
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âûå ðîñòêè íóëåé. Çàòåì îïðåäåëÿþòñÿ òàêèå ïîíÿòèÿ êàê ðåäóê-
öèÿ ðÿäà îòíîñèòåëüíî äèôôåðåíöèàëüíîé ñèñòåìû, óñëîâèÿ ñîâ-
ìåñòíîñòè, ïàññèâíûå ñèñòåìû. Ïîêàçàíî, ÷òî åñëè ñèñòåìà S ⊂ Fa
ïàññèâíà, òî ðÿä f ∈ Fa ïðèíàäëåæèò äèôôåðåíöèàëüíîìó èäåà-
ëó, ïîðîæäåííîìó ñèñòåìîé S, òîãäà è òîëüêî òîãäà, êîãäà f ðå-
äóöèðóåòñÿ ê íóëþ îòíîñèòåëüíî S. Îñíîâíûì ðåçóëüòàòîì ðàáîòû
ÿâëÿåòñÿ òåîðåìà, â êîòîðîé óòâåðæäàåòñÿ, ÷òî åñëè äèôôåðåíöè-
àëüíàÿ ñèñòåìà óäîâëåòâîðÿåò íåêîòîðûì óñëîâèÿì ñëàáîé ðàçðå-
øèìîñòè è ñîâìåñòíîñòè, òî îíà ïàññèâíà â íåêîòîðîé òî÷êå a ∈ J
è çàäàåò àíàëèòè÷åñêîå ìíîãîîáðàçèå â îêðåñòíîñòè ýòîé òî÷êè. Â
êà÷åñòâå ïðèìåðà ðàññìîòðåíî óðàâíåíèå Äþáðåé-Æàêîòåí, îïèñû-
âàþùåå ïëîñêèå ñòàöèîíàðíûå òå÷åíèÿ íåîäíîðîäíîé æèäêîñòè.

Àíàëèç ÷èñëà ðàöèîíàëüíûõ òî÷åê êðèâûõ,
âîçíèêàþùèõ èç ãåîìåòðè÷åñêèõ êîäîâ Ãîïïû

Þ. Ñ. Êàñàòêèíà
Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è èíôîðìàöèîííûõ òåõíîëîãèé,

Áàëòèéñêèé ôåäåðàëüíûé óíèâåðñèòåò èìåíè È. Êàíòà, Êàëèíèíãðàä

À. Ñ. Êàñàòêèíà
Çàïàäíûé ôèëèàë ÐÀÍÕèÃÑ, Êàëèíèíãðàä

Êîíñòðóêöèÿ íåêîòîðûõ êëàññîâ êîäîâ òðåáóåò êðèâûå, îáëàäà-
þùèå äîñòàòî÷íûì ÷èñëîì ðàöèîíàëüíûõ òî÷åê. Äëÿ ïîñòðîåíèÿ
òàêèõ êðèâûõ âîçìîæíî èñïîëüçîâàòü êîäîâûå ñëîâà ìàëîãî âåñà.
Ýòèì êîäîâûì ñëîâàì ìîæíî ïîñòàâèòü â ñîîòâåòñòâèå êðèâûå Àð-
òèíà � Øðàéåðà. Ñîîòâåòñòâèå, â ñâîþ î÷åðåäü, ìîæåò áûòü ïðî-
äîëæåíî äî ïîäêîäîâ, íà êîòîðûõ äîñòèãàåòñÿ îáîáùåííûé âåñ Õåì-
ìèíãà, è ðàññëîåííîãî ïðîèçâåäåíèÿ êðèâûõ Àðòèíà � Øðàéåðà.
Â ðàáîòå ïðèâîäÿòñÿ íåêîòîðûå ðåçóëüòàòû, ïîëó÷åííûå â ïðîöåññå
ïîñòðîåíèÿ êðèâûõ, â êîíñòðóêöèè êîòîðûõ ó÷àñòâóþò ãåîìåòðè-
÷åñêèå êîäû Ãîïïû CL(D,G) íàä êîíå÷íûì ïîëåì Fp ñ ïàðàìåò-
ðàìè [n, k].
Ëèíåéíûé êîä Ãîïïû, ñâÿçàííûé ñ ãëàäêîé ïðîåêòèâíîé êðèâîé

C íàä êîíå÷íûì ïîëåì, îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì. Ïóñòü
C � àáñîëþòíî íåïðèâîäèìàÿ ãëàäêàÿ ïðîåêòèâíàÿ êðèâàÿ íàä ïî-
ëåì Fp. Ïóñòü P1, . . . , Pn � ðàçëè÷íûå Fp-ðàöèîíàëüíûå òî÷êè íà C
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è äèâèçîð D = P1 + . . .+Pn. Äèâèçîð G òàêîé, ÷òî íîñèòåëè G è D
íå ïåðåñåêàþòñÿ. Ëèíåéíîå ïðîñòðàíñòâî

L(G) = {f ∈ Fp(C)∗ |(f) +G ≥ 0} ∪ {0}

ïîðîæäàåò ëèíåéíîå îòîáðàæåíèå

Ev : L(G)→ F n
p , f 7→ (f(P1), . . . , f(Pn)).

Îáðàç ýòîãî îòîáðàæåíèÿ åñòü ëèíåéíûé [n, k]-êîä CL(D,G) íàä
êîíå÷íûì ïîëåì Fp. Ïóñòü Dr � r-ìåðíûé ïîäêîä ðàöèîíàëüíîãî
êîäà Ãîïïû CL(D, aP∞), íîñèòåëü êîòîðîãî óäîâëåòâîðÿåò óñëîâèþ

|χ(Dr)| = dr(CL(D, aP∞)).

Ýëåìåíòàì áàçèñà cRi ýòîãî ïîäêîäà ïîñòàâèì â ñîîòâåòñòâèå êðè-
âûå Àðòèíà � Øðàéåðà CRi ñ àôôèííûì óðàâíåíèåì

ypi − yi = Ri(x), 1 ≤ i ≤ r,

çäåñü ýëåìåíò Ri(x) ∈ U ñîîòâåòñòâóåò ñëîâó cRi [1]. Fp-âåêòîðíîå
ïðîñòðàíñòâî U ⊆ Fpm(x) è ïîäêîä Dr ñâÿçûâàåò ñëåäóþùåå ñîîò-
íîøåíèå:

TrCon(D)(U) =
{
TrCon(D)(R) |R ∈ U

}
= Dr,

ãäå Tr − îòîáðàæåíèå ñëåäà

Tr : Fpm → Fp.

Ïîäêîäó Dr ïîñòàâèì â ñîîòâåòñòâèå êðèâóþ CDr
íàä ïîëåì Fpm,

çàäàâàåìóþ ðàññëîåííûì ïðîèçâåäåíèåì êðèâûõ CRi.Òàêèì îáðà-
çîì, ïîäêîäó íàèìåíüøåãî âåñà ñîîòâåòñòâóåò êðèâàÿ íàä ïîëåì Fpm.
Â ðàáîòå [2] èññëåäîâàí òèï ýòîé êðèâîé, â äàííîé ðàáîòå èññëåäó-
þòñÿ ïàðàìåòðû êðèâîé CDr

. Ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû.
Ïóñòü EU − ïîëå ðàöèîíàëüíûõ ôóíêöèé êðèâîé CDr

. Äëÿ îïðå-
äåëåíèÿ êîëè÷åñòâà ðàöèîíàëüíûõ òî÷åê íà êðèâîé CDr

îáîçíà÷èì:

F = Fpm(x).

P1
F = {P |P ∈ PF , degP = 1}.

S = P1
F\suppCon(D).

l =
∣∣{Q ∈ P1

EU
|Q ∩ F ∈ S}

∣∣.
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Òîãäà êîëè÷åñòâî ðàöèîíàëüíûõ òî÷åê ðàñøèðåíèÿ EU/F îïðåäåëÿ-
åòñÿ ïî ôîðìóëå

N(EU) = pr(n− dr) + l,

ãäå dr − r-é îáîáùåííûé âåñ Õåììèíãà êîäà CL(D, aP∞).
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Êîíå÷íûå ãðóïïû ñ K-U-ñóáíîðìàëüíûìè âòîðûìè
è òðåòüèìè ìàêñèìàëüíûìè ïîäãðóïïàìè

Â. À. Êîâàëåâà
Ãîìåëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ôðàíöèñêà Ñêîðèíû, Ãîìåëü

Âñå ðàññìàòðèâàåìûå â ñîîáùåíèè ãðóïïû ÿâëÿþòñÿ êîíå÷íû-
ìè. Ñèìâîë π(G) îáîçíà÷àåò ìíîæåñòâî ïðîñòûõ äåëèòåëåé ïîðÿäêà
ãðóïïû G.
Ïîäãðóïïà H ãðóïïû G íàçûâàåòñÿ 2-ìàêñèìàëüíîé (âòîðîé ìàê-

ñèìàëüíîé) ïîäãðóïïîé â G, åñëè H ÿâëÿåòñÿ ìàêñèìàëüíîé ïîä-
ãðóïïîé íåêîòîðîé ìàêñèìàëüíîé ïîäãðóïïû èçG. Àíàëîãè÷íî ìîæ-
íî îïðåäåëèòü 3-ìàêñèìàëüíûå ïîäãðóïïû è ò.ä.
Ðàáîòû, ïîñâÿùåííûå èçó÷åíèþ n-ìàêñèìàëüíûõ ïîäãðóïï

(n > 1), ñîñòàâèëè îáøèðíîå íàïðàâëåíèå òåîðèè êîíå÷íûõ ãðóïï,
îáîãàùåííîå áîëüøèì ÷èñëîì ãëóáîêèõ òåîðåì è ñîäåðæàòåëüíûõ
ïðèìåðîâ. Òàê, íàïðèìåð, â ðàáîòå Þ. Â. Ëóöåíêî è À. Í. Ñêè-
áû [1] áûëî ïîëó÷åíî îïèñàíèå ãðóïï, âñå 2-ìàêñèìàëüíûå èëè âñå
3-ìàêñèìàëüíûå ïîäãðóïïû êîòîðûõ ÿâëÿþòñÿ ñóáíîðìàëüíûìè.
Íàïîìíèì, ÷òî ïîäãðóïïà H ãðóïïû G íàçûâàåòñÿ U-ñóáíîðìàëü-

íîé â ñìûñëå Êåãåëÿ [2] èëè K-U-ñóáíîðìàëüíîé [3, ñ. 236] â G, åñëè
íàéäåòñÿ òàêàÿ öåïü ïîäãðóïï H = H0 ≤ H1 ≤ · · · ≤ Ht = G, ÷òî
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ëèáî Hi−1 íîðìàëüíà â Hi, ëèáî Hi/(Hi−1)Hi
ñâåðõðàçðåøèìà äëÿ

âñåõ i = 1, . . . , t. Çàìåòèì, ÷òî êàæäàÿ ñóáíîðìàëüíàÿ ïîäãðóïïà
ÿâëÿåòñÿ K-U-ñóáíîðìàëüíîé. Îáðàòíîå óòâåðæäåíèå, êàê ïîêàçû-
âàåò ïðèìåð ñèììåòðè÷åñêîé ãðóïïû ñòåïåíè 3, â îáùåì ñëó÷àå íå
ÿâëÿåòñÿ âåðíûì. Ýòî ýëåìåíòàðíîå íàáëþäåíèå, à òàêæå ðåçóëüòà-
òû ðàáîòû [1] äåëàþò åñòåñòâåííîé çàäà÷ó îá îïèñàíèè ãðóïï, âñå
âòîðûå ëèáî âñå òðåòüè ìàêñèìàëüíûå ïîäãðóïïû êîòîðûõ ÿâëÿþò-
ñÿ K-U-ñóáíîðìàëüíûìè.
Îïèñàíèå ãðóïï, âñå âòîðûå ìàêñèìàëüíûå ïîäãðóïïû êîòîðûõ

ÿâëÿþòñÿ K-U-ñóáíîðìàëüíûìè, âîñõîäèò ê ðàáîòå [4]. Èç [4, òåîðå-
ìà C] ñëåäóåò, ÷òî âñå 2-ìàêñèìàëüíûå ïîäãðóïïû ãðóïïû G ÿâëÿ-
þòñÿ K-U-ñóáíîðìàëüíûìè â G â òîì è òîëüêî â òîì ñëó÷àå, êîãäà
G ëèáî ñâåðõðàçðåøèìà, ëèáî ÿâëÿåòñÿ ìèíèìàëüíîé íåñâåðõðàçðå-
øèìîé ãðóïïîé ñ àáåëåâûì ñâåðõðàçðåøèìûì êîðàäèêàëîì.
Ïîñêîëüêó êàæäàÿ ïîäãðóïïà ñâåðõðàçðåøèìîé ãðóïïû ÿâëÿåò-

ñÿ K-U-ñóáíîðìàëüíîé, òî äëÿ îïèñàíèÿ ãðóïï, òðåòüè ìàêñèìàëü-
íûå ïîäãðóïïû êîòîðûõ ÿâëÿþòñÿ K-U-ñóáíîðìàëüíûìè, íåîáõîäè-
ìî ðàññìîòðåòü ëèøü ñëó÷àé, êîãäà ãðóïïà íå ÿâëÿåòñÿ ñâåðõðàçðå-
øèìîé. Íî â ýòîì ñëó÷àå, ââèäó [4, òåîðåìà À], |π(G)| ≤ 4. Îïèñàíèå
áèïðèìàðíûõ íåñâåðõðàçðåøèìûõ ãðóïï ñ K-U-ñóáíîðìàëüíûìè
3-ìàêñèìàëüíûìè ïîäãðóïïàìè äàåò òåîðåìà 1.2 èç [5]. Ïîëíîå îïè-
ñàíèå íåñâåðõðàçðåøèìîé ãðóïïû G, âñå òðåòüè ìàêñèìàëüíûå ïîä-
ãðóïïû êîòîðîé ÿâëÿþòñÿ K-U-ñóáíîðìàëüíûìè, äëÿ ñëó÷àåâ
|π(G)| = 3 è |π(G)| = 4 ïîëó÷åíî â [6]. Â ÷àñòíîñòè, êàê ñëåäóåò
èç [6, òåîðåìà B], íåñâåðõðàçðåøèìàÿ ãðóïïàG, ó êîòîðîé |π(G)| = 3
è âñå òðåòüè ìàêñèìàëüíûå ïîäãðóïïû ÿâëÿþòñÿ K-U-ñóáíîðìàëü-
íûìè, φ-äèñïåðñèâíà äëÿ íåêîòîðîãî óïîðÿäî÷åíèÿ φ ìíîæåñòâà
π(G). Â ñëó÷àå æå, êîãäà ïîðÿäîê íåñâåðõðàçðåøèìîé ãðóïïû G

èìååò ÷åòûðå ïðîñòûõ äåëèòåëÿ è âñå òðåòüè ìàêñèìàëüíûå ïîä-
ãðóïïû èçG ÿâëÿþòñÿK-U-ñóáíîðìàëüíûìè,G äèñïåðñèâíà ïî Îðå
[6, òåîðåìà C].
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Èññëåäîâàíèå âåðõíèõ ãðàíèö
ñóùåñòâîâàíèÿ ìäð-êîäîâ

Ñ.Ã. Êîëåñíèêîâ, Î.Â. Ïîëÿíèíà
Ñèáèðñêèé ãîñóäàðñòâåííûé àýðîêîñìè÷åñêèé óíèâåðñèòåò

èìåíè àêàäåìèêà Ì. Ô. Ðåøåòíåâà, Êðàñíîÿðñê

Ê.Ñ. Îñèïîâ
ÇÀÎ ¾ÐÒÊ-Ñèáèðü¿, Êðàñíîÿðñê

Ïóñòü V � ëèíåéíîå ïðîñòðàíñòâî ðàçìåðíîñòè n íàä
ïîëåì GF (q). Äëÿ âñÿêîãî ïîäìíîæåñòâà M ⊆ V îïðåäåëèì ïà-
ðàìåòð d � ìèíèìàëüíîå êîäîâîå ðàññòîÿíèå � ðàâåíñòâîì

d = min
x∈M, x 6=0

||x||,

ãäå ||x|| � íîðìà âåêòîðà � ÷èñëî îòëè÷íûõ îò íóëÿ êîîðäèíàò âåê-
òîðà x.

Îïðåäåëåíèå 1. Ëèíåéíîå ïîäïðîñòðàíñòâî U ⊆ V ðàçìåðíîñòè
k ñ ìèíèìàëüíûì êîäîâûì ðàññòîÿíèåì d íàçûâàåòñÿ ëèíåéíûì
êîäîì ñ ïàðàìåòðàìè [n, k, d]q.
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Ñîãëàñíî èçâåñòíîé òåîðåìå Ñèíãëòîíà ïàðàìåòðû n, k, d ïðîèç-
âîëüíîãî ëèíåéíîãî êîäà U óäîâëåòâîðÿþò íåðàâåíñòâó n+1 > k+d.
Ëèíåéíûå êîäû, äëÿ êîòîðûõ äîñòèãàåòñÿ ðàâåíñòâî, òî åñòü d = n+
1 − k, íàçûâàþòñÿ ìäð-êîäàìè. Ïðè ôèêñèðîâàííîì
q ìäð-êîäû ñóùåñòâóþò äëÿ âñåõ k, 1 6 k 6 n, êîãäà n 6 q + 1.
Óæå ïðîäîëæèòåëüíîå âðåìÿ íå äîêàçàíà è íå îïðîâåðãíóòà
ñëåäóþùàÿ

Ãèïîòåçà 1. Ïðè íå÷¼òíîì q, à òàêæå ïðè ÷¼òíîì q, åñëè k 6=
3, q−1, êîäà ñ ïàðàìåòðàìè [q+2, k, q+3−k]q íå ñóùåñòâóåò; ïðè
÷¼òíîì q è k = 3 èëè k = q−1 íå ñóùåñòâóåò êîäà ñ ïàðàìåòðàìè
[q + 3, k, q + 4− k]q (ñì., íàïðèìåð, [2, ñ. 319]).

Â [1, ñ. 26] è [2, ñ. 321] îòìå÷àåòñÿ, ÷òî ãèïîòåçà äîêàçàíà äëÿ
âñåõ k ïðè q 6 11 è äëÿ ëþáûõ q, êîãäà k 6 5. Ñ èñïîëüçîâàíèåì
âû÷èñëåíèé íà êîìïüþòåðå àâòîðàìè äîêàçàíà

Òåîðåìà 1. Ãèïîòåçà ñïðàâåäëèâà äëÿ ëþáîãî k, êîãäà q = 13, è
äëÿ k = 6, êîãäà q = 16, 17.

Ïåðâûé àâòîð ïîääåðæàí ãðàíòîì ÐÔÔÈ (ïðîåêò 16-01-00707).
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Èãëà ìíîæåñòâà
è êðèòåðèé åäèíñòâåííîñòè ðåøåíèÿ ñèñòåìû óðàâíåíèé

ïî ïðîèçâîëüíîìó íåèçâåñòíîìó

Î. Þ. Êîïûñîâ
Äåêàðòîâ Íàó÷åí Öåíòúð, Âàðíà

Ýëåìåíò ak ìíîæåñòâà A={an : n∈n} ëèíåéíîãî ïðîñòðàíñòâà XA
íàä ïîëåì X íàçûâàåòñÿ ëèíåéíî íåçàâèñèìûì ýëåìåíòîì, èãëîé
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ìíîæåñòâà A, åñëè ëþáîå îòíîøåíèå ëèíåéíîé çàâèñèìîñòè ýëåìåí-
òîâ ìíîæåñòâà∑

n∈n
xnan = 0

(
an∈A, xn∈X

)
âëå÷¼ò xk = 0 (k ∈ n).

Ñâîéñòâà èãëû ìíîæåñòâà

Ñâîéñòâî 1. Èãëà ìíîæåñòâà îòëè÷íà îò íóëåâîãî ýëåìåíòà ëè-
íåéíîãî ïðîñòðàíñòâà.
Ñâîéñòâî 2. Èãëà ìíîæåñòâà íå ïðèíàäëåæèò ëèíåéíîé îáîëî÷-

êå îñòàëüíûõ ýëåìåíòîâ ýòîãî ìíîæåñòâà (ïîýòîìó è íàçâàíà èã-
ëîé, òîð÷àùåé èç îáîëî÷êè) èëè, äðóãèìè ñëîâàìè, èãëà ìíîæåñòâà
íå âûðàæàåòñÿ â ôîðìå ëèíåéíîé êîìáèíàöèè îñòàëüíûõ ýëåìåíòîâ
ìíîæåñòâà.
Îòñþäà ñëåäóåò, ÷òî ëþáîé ýëåìåíò ìíîæåñòâà, íå ÿâëÿþùèéñÿ

èãëîé, åñòü ëèíåéíàÿ êîìáèíàöèÿ ñ íåíóëåâûìè êîýôôèöèåíòàìè
äðóãèõ ýëåìåíòîâ, íå ÿâëÿþùèõñÿ èãëàìè.
Ñâîéñòâî 3. Èãëà ìíîæåñòâà âêëþ÷åíà â ëþáóþ ìàêñèìàëüíóþ

ëèíåéíî íåçàâèñèìóþ ñèñòåìó ýòîãî ìíîæåñòâà.
Ñâîéñòâî 4. Â ëþáîì ìíîæåñòâå ëèíåéíîãî ïðîñòðàíñòâà êîëè-

÷åñòâî èãë íå ìîæåò áûòü áîëüøå ðàçìåðíîñòè ýòîãî ïðîñòðàíñòâà.

Òåîðåìà 1. Íåèçâåñòíûé xk îïðåäåëÿåòñÿ îäíîçíà÷íî èç ñèñòåìû
ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé Ax=b, b6=0 òîãäà è òîëüêî
òîãäà, êîãäà ñîîòâåòñòâóþùèé åìó ñòîëáåö ak ÿâëÿåòñÿ èãëîé
ìíîæåñòâà ñòîëáöîâ ìàòðèöû ñèñòåìû A.

Ñëåäñòâèå 1. Âñå íåèçâåñòíûå îïðåäåëÿþòñÿ îäíîçíà÷íî èç ñè-
ñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé òîãäà è òîëüêî òîãäà,
êîãäà âñå ñòîëáöû ÿâëÿþòñÿ èãëàìè ìíîæåñòâà ñòîëáöîâ ìàò-
ðèöû ñèñòåìû èëè, äðóãèìè ñëîâàìè, ìàòðèöà � ëèíåéíî íåçà-
âèñèìàÿ ñèñòåìà ñâîèõ ñòîëáöîâ èëè, äðóãèìè ñëîâàìè, ìàòðèöà
ïîëíîãî ðàíãà.

Òåîðåìà 2. Ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé Ax=b
íå èìååò ðåøåíèé òîãäà è òîëüêî òîãäà, êîãäà âåêòîð-ñòîëáåö b
ÿâëÿåòñÿ èãëîé ìíîæåñòâà ñòîëáöîâ ðàñøèðåííîé ìàòðèöû ñè-
ñòåìû

(
A|b

)
.

Âñå äîêàçàòåëüñòâà ìîæíî ïðî÷èòàòü â [1].
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Î ðåø¼òî÷íûõ èçîìîðôèçìàõ ìàòðè÷íûõ êîëåö

Ñ. Ñ. Êîðîáêîâ
Óðàëüñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò, Åêàòåðèíáóðã

Ïóñòü R è R′ � äâà àññîöèàòèâíûõ êîëüöà ñ èçîìîðôíûìè ðå-
øåòêàìè ïîäêîëåö L(R) è L(R′) ñîîòâåòñòâåííî. Îáîçíà÷èì èçîìîð-
ôèçì ðåø¼òêè L(R) íà ðåø¼òêó L(R′) ÷åðåç ϕ è íàçîâ¼ì åãî ðåø¼-
òî÷íûì èçîìîðôèçìîì (ïðîåêòèðîâàíèåì) êîëüöà R íà êîëüöî R′.
Êîëüöî R′ ïåðåîáîçíà÷èì êàê Rϕ è íàçîâ¼ì ïðîåêòèâíûì îáðàçîì
êîëüöà R. Áóäåì ãîâîðèòü, ÷òî êîëüöî R ðåø¼òî÷íî îïðåäåëÿåòñÿ,
åñëè èç èçîìîðôèçìà ðåø¼òîê L(R) ∼= L(Rϕ) âñåãäà ñëåäóåò èçîìîð-
ôèçì êîëåö R ∼= Rϕ.
Â òåîðèè êîíå÷íûõ êîëåö âàæíóþ ðîëü èãðàþò êîëüöà Ãàëóà

è ìàòðè÷íûå êîëüöà íàä íèìè. Ðåø¼òî÷íûå èçîìîðôèçìû
êîëåö Ãàëóà èçó÷àëèñü â ðàáîòå [1]. Ñîãëàñíî (Òåîðåìà 4, [1]), åñ-
ëè R = GR(pn,m), ãäå n > 1, m > 1, à ϕ � ïðîåêòèðîâàíèå êîëüöà
R íà êîëüöî Rϕ, òî R ∼= Rϕ.
Ïóñòü êîëüöî R ÿâëÿåòñÿ êîëüöîì êâàäðàòíûõ ìàòðèöMn(K) ïî-

ðÿäêà n > 2 íàä êîëüöîì Ãàëóà K = GR(pk,m). Åñëè k = 1, òî
êîëüöî K ÿâëÿåòñÿ êîíå÷íûì ïîëåì GF (pm). Â ýòîì ñëó÷àå êîëüöî
R ìîæíî ðàññìàòðèâàòü êàê àëãåáðó ìàòðèö íàä êîíå÷íûì ïîëåì
K. Ðåø¼òî÷íàÿ îïðåäåëÿåìîñòü ìàòðè÷íîé àëãåáðû íàä ïîëåì äî-
êàçàíà â ðàáîòàõ [2, 3]. Îäíàêî â ñëó÷àå àññîöèàòèâíûõ àëãåáð ðå-
ø¼òî÷íî èçîìîðôíûå àëãåáðû A è Aϕ ïðèíÿòî ñ÷èòàòü àëãåáðàìè
íàä îäíèì è òåì æå ïîëåì. Ïðè ðàññìîòðåíèè ðåø¼òî÷íûõ èçîìîð-
ôèçìîâ êîëåö àïðèîðè íå òðåáóåòñÿ, ÷òîáû R è Rϕ áûëè êîëüöàìè
îäíîé è òîé æå õàðàêòåðèñòèêè.
Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ êîëüöî ìàòðèö R = Mn(K), ãäå

n > 2, K = GR(pk, 1), k > 1. Â ýòîì ñëó÷àå K ∼= Z/pkZ, L(K) �
öåïü äëèíû k è R � êîëüöî õàðàêòåðèñòèêè pk. Îñíîâíûìè ðåçóëü-
òàòàìè ðàáîòû ÿâëÿþòñÿ ñëåäóþùèå òåîðåìû:
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Òåîðåìà 1. Ïóñòü R = Mn(K), ãäå K = GR(pk, 1), n > 2, k > 2.
Ïóñòü ϕ � ïðîåêòèðîâàíèå êîëüöà R íà êîëüöî Rϕ. Òîãäà ñïðàâåä-
ëèâû ñëåäóþùèå óòâåðæäåíèÿ:
1) Rϕ ∼= R;
2) (RadR)ϕ = RadRϕ;
3) 〈e〉ϕ = 〈e′〉, ãäå e, e′ � åäèíèöû êîëåö R è Rϕ ñîîòâåòñòâåííî.

Òåîðåìà 2. Ïóñòü R = R1 u · · · u Rm, ãäå Ri = Mni(Ki),
Ki = GR(pki, 1), ni > 2, ki > 2 (i = 1,m). Ïóñòü ϕ � ïðîåê-
òèðîâàíèå êîëüöà R íà êîëüöî Rϕ. Òîãäà ñïðàâåäëèâû ñëåäóþùèå
óòâåðæäåíèÿ:
1) Rϕ = Rϕ

1 u · · ·uRϕ
m è Rϕ

i
∼= Ri (i = 1,m);

2) Rϕ ∼= R.
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Íîâàÿ êîíñòàíòà
â ñóïåðèíòóèöèîíèñòñêîé ëîãèêå L3: àêñèîìàòèêà

À. Ê. Êîùååâà
Óäìóðòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Èæåâñê

Ïóñòü Fm � ìíîæåñòâî ôîðìóë ñòàíäàðòíîãî ïðîïîçèöèî-
íàëüíîãî ÿçûêà. Îáîãàòèì ÿçûê äîïîëíèòåëüíîé ëîãè÷åñêîé
êîíñòàíòîé ϕ.
ϕ-ëîãèêîé íàçûâàåòñÿ ìíîæåñòâî L ôîðìóë ðàñøèðåííîãî ÿçûêà,

âêëþ÷àþùåå Int è çàìêíóòîå îòíîñèòåëüíî ïðàâèë modus ponens
è ïîäñòàíîâêè.
ϕ-ëîãèêà L íàçûâàåòñÿ êîíñåðâàòèâíûì ðàñøèðåíèåì ëîãèêè L,

åñëè L ⊆ L è äëÿ âñÿêîé ÷èñòîé ôîðìóëû A èç A ∈ L ñëåäóåò A ∈ L.
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ϕ-ëîãèêà L íàçûâàåòñÿ ïîëíûì ïî Ï. Ñ. Íîâèêîâó ðàñøèðåíè-
åì ëîãèêè L, åñëè L êîíñåðâàòèâíà íàä L è äëÿ ëþáîé ôîðìóëû
A ∈ Fm(ϕ) \ L, ϕ-ëîãèêà L+ A íåêîíñåðâàòèâíà íàä L.
Â ðàáîòàõ [1, 2] ñóïåðèíòóèöèîíèñòñêàÿ (ñ.è.) ëîãèêà L3 ââåäåíà

êàê ëîãèêà âñåõ êîíå÷íûõ êîðíåâûõ ÷àñòè÷íî óïîðÿäî÷åííûõ ìíî-
æåñòâ ãëóáèíû 3 ñ íàèáîëüøèì ýëåìåíòîì è äîêàçàíî, ÷òî L3 =
Int+kc+ bd3, ãäå àêñèîìû bd3 := p1∨ (p1 → (p2∨ (p2 → (p3∨¬p3))))
(îãðàíè÷èòåëü ãëóáèíû íå áîëåå 3); kc := ¬p ∨ ¬¬p (ñëàáûé çàêîí
èñêëþ÷åííîãî òðåòüåãî).
Ïîä ïðîáëåìîé Íîâèêîâà äëÿ L3 ïîíèìàåòñÿ îïèñàíèå êëàññà âñåõ

ïîëíûõ ïî Íîâèêîâó ðàñøèðåíèé (ïîïîëíåíèé) L3 â êîíêðåò-
íîì ðàñøèðåíèè ÿçûêà, â ðàññìàòðèâàåìîì ñëó÷àå � ñ íîâîé
êîíñòàíòîé ϕ.
Ìîäåëÿìè ϕ-ëîãèê ÿâëÿþòñÿ òàê íàçûâàåìûå ϕ-øêàëû, òî åñòü

øêàëû ñ âûäåëåííûì êîíóñîì, â êîòîðîì îïðåäåëåííûì îáðàçîì
èíòåðïðåòèðóåòñÿ êîíñòàíòà.
Â ðàáîòå [3] óñòàíîâëåíî, ÷òî ñóùåñòâóåò ðîâíî ïÿòü ïîëíûõ ïî

Íîâèêîâó ðàñøèðåíèé ñ.è. ëîãèêè L3 :
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Àêñèîìàòèêà ýòèõ ðàñøèðåíèé çàäàåòñÿ ñëåäóþùèì îáðàçîì:
L1 = L3 + ¬ϕ;
L2 = L3 + ϕ;
L3 = L3 + ¬¬ϕ+ ϕ→ (A ∨ ¬A);
L4 = L3 + ¬¬ϕ+ ϕ→ bd2 + (A ∨ (A→ ϕ));
L5 = L3 + ¬¬ϕ+ ϕ→ bd2 + ¬¬A ∨ (A→ ϕ) ∧ ((ϕ→ A)→ A)→

→ ϕ+ (A→ B) ∨ (B → A) ∨ (A→ ϕ) ∨ (B → ϕ).
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Îá èçîìîðôèçìàõ ïðîñòûõ 14-ìåðíûõ
àëãåáð Ëè õàðàêòåðèñòèêè 2

Ì. È. Êóçíåöîâ, Í. Ã. ×åáî÷êî
Íèæåãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íèæíèé Íîâãîðîä

Ïðîñòðàíñòâî ëîêàëüíûõ äåôîðìàöèé àëãåáðû Ëè òèïà
G2 = A3 íàä ïîëåì õàðàêòåðèñòèêè 2 èìååò ðàçìåðíîñòü 20 [1]. Àâòî-
ðàìè äîêëàäà äîêàçàíî, ÷òî ãëîáàëüíûå äåôîðìàöèè èçîìîðôíû îä-
íîé èç äâóõ íåîãðàíè÷åííûõ ïðîñòûõ àëãåáð Ëè
(L1, [ , ] + ψ1), (L2, [ , ] + ψ2), ãäå ψi ∈ Z2(L,L), è èìåþò ñëå-
äóþùèå ðåàëèçàöèè.
Àëãåáðà Ëè A3 èçîìîðôíà àëãåáðå Ëè êàðòàíîâñêîãî òèïà

S(3 : 1). Ïóñòü ω = (1 + x1x2x3)dx1 ∧ dx2 ∧ dx3. Òàáëèöà óìíîæåíèÿ
àëãåáðû S(3 : 1, ω) â áàçèñå

e−α3
= (1 + x1x2x3)∂3, e−α2−α3

= (1 + x1x2x3)∂2,

e−α1−α2−α3
= (1 + x1x2x3)∂1,

h1 = x1∂1 + x2∂2, h2 = x2∂2 + x3∂3, eα1
= x1∂2, e−α1

= x2∂1,

eα2
= x2∂3, e−α2

= x3∂2, eα1+α2
= x1∂3, e−α1−α2

= x3∂1,

eα3
= D12(x1x2x3), eα2+α3

= D23(x1x2x3), eα1+α2+α3
= D13(x1x2x3),

ãäå Dij(f) = ∂i(f)∂j + ∂j(f)∂i, ñîâïàäàåò ñ òàáëèöåé óìíîæåíèÿ L1

â áàçèñå, ñîîòâåòñòâóþùåì ñèñòåìå êîðíåé A3.
Àëãåáðà Ëè A3 íàä ïîëåì õàðàêòåðèñòèêè p = 2 òàêæå èçîìîðô-

íà ãàìèëüòîíîâîé àëãåáðå Ëè H(4 : 1). Ðàññìîòðèì ãàìèëüòîíîâó
àëãåáðó Ëè H(4 : 1, ω), ω = (1 + x1x3)dx1 ∧ dx3 + dx2 ∧ dx4. Ïóñòü
A = A(4 : 1) � àëãåáðà ðàçäåëåííûõ ñòåïåíåé, A = A/〈1〉 � ãàìèëü-
òîíîâà àëãåáðà Ëè ñî ñêîáêîé Ïóàññîíà

{f, g} = (1 + x1x3)(∂1f∂3g − ∂3f∂1g) + (∂2f∂4g − ∂4f∂2g).

Ïðîñòàÿ àëãåáðà Ëè H(4 : 1, ω) ÿâëÿåòñÿ ïîäàëãåáðîé (A, { , })
ñ áàçèñîì

h1 = x1x3 + x2x4 + x1x2x3x4, h2 = x1x3,
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e−α2
= x2, eα1

= x2x3, eα2
= x1x3x4,

e−α1−α2
= x1, e−α1

= x1x4, eα1+α2
= x2x3x4,

e−α2−α3
= x3, eα3

= x1x2, eα2+α3
= x1x2x4,

e−α1−α2−α3
= x4, e−α3

= x3x4, eα1+α2+α3
= x1x2x3.

Òàáëèöà óìíîæåíèÿ H(4 : 1, ω) ñîâïàäàåò ñ òàáëèöåé óìíî-
æåíèÿ L2.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíèñòåðñòâà íàóêè è îáðàçî-
âàíèÿ Ðîññèè (ãîñçàêàç, ïðîåêò 1.1410.2014/Ê).
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Ñâîéñòâà ñ÷åòíî êàòåãîðè÷íûõ òåîðèé
êîíå÷íîãî ðàíãà âûïóêëîñòè

Á. Ø. Êóëïåøîâ

Ìåæäóíàðîäíûé óíèâåðñèòåò èíôîðìàöèîííûõ òåõíîëîãèé, Àëìàòû

Íàñòîÿùàÿ ðàáîòà êàñàåòñÿ ïîíÿòèÿ ñëàáîé î-ìèíèìàëüíîñòè,
ïåðâîíà÷àëüíî ãëóáîêî èññëåäîâàííîãî â [1]. Ïîäìíîæåñòâî A ëè-
íåéíî óïîðÿäî÷åííîé ñòðóêòóðûM íàçûâàåòñÿ âûïóêëûì, åñëè äëÿ
ëþáûõ a, b ∈ A è c ∈ M âñÿêèé ðàç êîãäà a < c < b ìû èìå-
åì c ∈ A. Ñëàáî î-ìèíèìàëüíîé ñòðóêòóðîé íàçûâàåòñÿ ëèíåéíî
óïîðÿäî÷åííàÿ ñòðóêòóðàM = 〈M,=, <, . . .〉 òàêàÿ, ÷òî ëþáîå îïðå-
äåëèìîå (ñ ïàðàìåòðàìè) ïîäìíîæåñòâî ñòðóêòóðûM ÿâëÿåòñÿ îáú-
åäèíåíèåì êîíå÷íîãî ÷èñëà âûïóêëûõ ìíîæåñòâ â M .
Ðàíã âûïóêëîñòè ôîðìóëû ñ îäíîé ñâîáîäíîé ïåðåìåííîé ââåäåí

â [2], ñëàáàÿ îðòîãîíàëüíîñòü 1-òèïîâ � â [3], (p1, p2)-ñåêàòîðû äëÿ
íåàëãåáðàè÷åñêèõ 1-òèïîâ p1 è p2 � â [4]. Ïóñòü A ⊆ M ,
p1, p2 ∈ S1(A) � íåàëãåáðàè÷åñêèå íå ñëàáî îðòîãîíàëüíûå òèïû.
Ìû ãîâîðèì, ÷òî A-îïðåäåëèìàÿ ôîðìóëà φ(x, y) ÿâëÿåòñÿ
(p1, p2)�ñåêàòîðîì, åñëè ñóùåñòâóåò a ∈ p1(M) òàêîé, ÷òî φ(a,M)
⊂ p2(M), φ(a,M) âûïóêëî è φ(a,M)− = p2(M)−. Åñëè φ1(x, y),
φ2(x, y) � (p1, p2)-ñåêàòîðû, òî ìû ãîâîðèì ÷òî φ1(x, y) ìåíüøå, ÷åì
φ2(x, y), åñëè ñóùåñòâóåò a ∈ p1(M) òàêîé, ÷òî φ1(a,M) ⊂ φ2(a,M).
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Òåîðåìà 1. Ïóñòü T � ñ÷åòíî êàòåãîðè÷íàÿ ñëàáî î-ìèíèìàëüíàÿ
òåîðèÿ êîíå÷íîãî ðàíãà âûïóêëîñòè, p, q ∈ S1(∅) � íåàëãåáðàè÷å-
ñêèå íå ñëàáî îðòîãîíàëüíûå òèïû. Òîãäà RC(p) > RC(q) ⇔ äëÿ
ëþáîãî (p, q)-ñåêàòîðà R(x, y) ñóùåñòâóåò ∅-îïðåäåëèìîå îòíîøå-
íèå ýêâèâàëåíòíîñòè E(x, y), ðàçáèâàþùåå p(M) íà áåñêîíå÷íîå
÷èñëî áåñêîíå÷íûõ âûïóêëûõ êëàññîâ, òàê ÷òî f(x) := supR(x,M)
ÿâëÿåòñÿ êîíñòàíòîé íà êàæäîì E-êëàññå.

Ñëåäñòâèå 1. Ïóñòü T � ñ÷åòíî êàòåãîðè÷íàÿ ñëàáî î-ìèíèìàëü-
íàÿ òåîðèÿ êîíå÷íîãî ðàíãà âûïóêëîñòè, p, q ∈ S1(∅) � íåàëãåáðà-
è÷åñêèå íå ñëàáî îðòîãîíàëüíûå òèïû. Òîãäà RC(p) = RC(q)⇔ ñó-
ùåñòâóåò (p, q)-ñåêàòîð R(x, y) òàêîé, ÷òî ôóíêöèÿ
f(x) := supR(x,M) ÿâëÿåòñÿ ëîêàëüíî ìîíîòîííîé (íå ëîêàëüíî
êîíñòàíòîé) íà p(M).

Àâòîð ïîääåðæàí ãðàíòîì ÊÍ ÌÎÍ ÐÊ (ïðîåêò 0830/ÃÔ4).
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Íåàáåëåâû êîìïîçèöèîííûå ôàêòîðû êîíå÷íîé ãðóïïû,
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íå÷åòíûõ èíäåêñîâ êîòîðîé õîëëîâû

Í. Â. Ìàñëîâà
Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè èìåíè Í. Í. Êðàñîâñêîãî ÓðÎ ÐÀÍ,

Óðàëüñêèé ôåäåðàëüíûé óíèâåðñèòåò, Åêàòåðèíáóðã

Ä. Î. Ðåâèí
Èíñòèòóò ìàòåìàòèêè èìåíè Ñ. Ë. Ñîáîëåâà ÑÎ ÐÀÍ,

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê

Ïîäãðóïïà H êîíå÷íîé ãðóïïû G íàçûâàåòñÿ õîëëîâîé, åñëè åå
ïîðÿäîê |H| è èíäåêñ |G : H| âçàèìíî ïðîñòû.
Â [1] áûëî ïîëó÷åíî îïèñàíèå êîíå÷íûõ ðàçðåøèìûõ ãðóïï, âñå

ìàêñèìàëüíûå ïîäãðóïïû êîòîðûõ õîëëîâû. Â [2] áûëè îïèñàíû íåà-
áåëåâû êîìïîçèöèîííûå ôàêòîðû êîíå÷íûõ íåðàçðåøèìûõ ãðóïï,
âñå ìàêñèìàëüíûå ïîäãðóïïû êîòîðûõ õîëëîâû. Îñíîâíûì ðåçóëü-
òàòîì íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿ

Òåîðåìà 1. (i) Íåàáåëåâû êîìïîçèöèîííûå ôàêòîðû ãðóïïû, âñå
ìàêñèìàëüíûå ïîäãðóïïû íå÷åòíûõ èíäåêñîâ êîòîðîé õîëëîâû, ñî-
äåðæàòñÿ â ñëåäóþùåì ñïèñêå:

(1) PSL2(2
l), ãäå l ≥ 2;

(2) PSL2(p
l), ãäå p � íå÷åòíîå ïðîñòîå ÷èñëî è ëèáî l = 2w ≥ 2,

ëèáî l = 1 è p ≡ ±1 (mod 8), ëèáî l = 1 è p ≡ 5, 11, 13, 29, 43, 59, 61,
67 (mod 72);

(3) PSL3(2
2w−1), ãäå w ≥ 1;

(4) PSL5(2
w), ãäå w íå äåëèòñÿ íà 4;

(5) PSLn(p), ãäå n � ïðîñòîå ÷èñëî Ôåðìà, p � ïðîñòîå ÷èñëî
òàêîå, ÷òî p ≡ 3 (mod 4), è (n, q − 1) = 1;

(6) PSp4(2
w), ãäå w ≥ 2;

(7) Sz(22w+1), ãäå w ≥ 1;
(8) An, ãäå n = 6 èëè n � ïðîñòîå ÷èñëî Ôåðìà;
(9) J1,M23;
(ii) äëÿ êàæäîé ïðîñòîé ãðóïïû S èç ñïèñêà ïóíêòà (i) íàéäåò-

ñÿ ãðóïïà G, êàæäàÿ ìàêñèìàëüíàÿ ïîäãðóïïà íå÷åòíîãî èíäåêñà
êîòîðîé õîëëîâà, òàêàÿ, ÷òî Soc(G) ∼= S.
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Çàìåòèì, ÷òî êîíå÷íûå ðàçðåøèìûå ãðóïïû, âñå ìàêñèìàëüíûå
ïîäãðóïïû íå÷åòíûõ èíäåêñîâ êîòîðûõ õîëëîâû, òàêæå îïèñàíû â
[1].

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ñîâåòà ïî ãðàíòàì
Ïðåçèäåíòà ÐÔ (ïðîåêò ÌÊ-6118.2016.1), Êîìïëåêñíîé ïðîãðàììû
ôóíäàìåíòàëüíûõ èññëåäîâàíèé ÓðÎ ÐÀÍ (ïðîåêò 15-16-1-5) è Ïðî-
ãðàììû ãîñóäàðñòâåííîé ïîääåðæêè âåäóùèõ óíèâåðñèòåòîâ ÐÔ (ñî-
ãëàøåíèå �02.A03.21.0006 îò 27.08.2013). Ïåðâûé àâòîð òàêæå ÿâëÿ-
åòñÿ ïîáåäèòåëåì êîíêóðñà ìîëîäûõ ìàòåìàòèêîâ ôîíäà Äìèòðèÿ
Çèìèíà �Äèíàñòèÿ� 2013 ã.

Ñïèñîê ëèòåðàòóðû

1. Â. Ñ. Ìîíàõîâ. Êîíå÷íûå π-ðàçðåøèìûå ãðóïïû ñ õîëëîâûìè
ìàêñèìàëüíûìè ïîäãðóïïàìè // Ìàòåì. çàìåòêè. 2008. Ò. 84,
� 3. C. 390�394.

2. Í. Â. Ìàñëîâà. Íåàáåëåâû êîìïîçèöèîííûå ôàêòîðû êîíå÷íîé
ãðóïïû, âñå ìàêñèìàëüíûå ïîäãðóïïû êîòîðîé õîëëîâû // Ñèá.
ìàòåì. æóðí. 2012. Ò. 53, � 5. C. 1065�1076.

Àâòîìîðôèçìû AT4(9,3,2)-ãðàôà

À. À. Ìàõíåâ, Ä. Â. Ïàäó÷èõ
Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè èìåíè Í. Í. Êðàñîâñêîãî ÓðÎ ÐÀÍ,

Åêàòåðèíáóðã

Ì. Ì. Õàìãîêîâà
Êàáàðäèíî-Áàëêàðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Âëàäèêàâêàç

Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô äèàìåòðà d ≥ 3 è
θ0 > θ1 > . . . > θd � ñîáñòâåííûå çíà÷åíèÿ Γ. Ïî [1] âûïîëíÿåò-
ñÿ ôóíäàìåíòàëüíàÿ ãðàíèöà

(θ1 +
k

a1 + 1
)(θd +

k

a1 + 1
) ≥ − ka1b1

(a1 + 1)2
.

Ïîëîæèì

b+ = −1− b1

1 + θd
, b− = −1− b1

1 + θ1
.
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Íåäâóäîëüíûé ãðàô, äëÿ êîòîðîãî äîñòèãàåòñÿ ðàâåíñòâî â ôóí-
äàìåíòàëüíîé ãðàíèöå, íàçûâàåòñÿ ïëîòíûì. Ãðàô ÿâëÿåòñÿ ïëîò-
íûì òîãäà è òîëüêî òîãäà, êîãäà îêðåñòíîñòü ëþáîé âåðøèíû â ýòîì
ãðàôå ñèëüíî ðåãóëÿðíà ñ ñîáñòâåííûìè çíà÷åíèÿìè a1, b

+, b−.
Äèñòàíöèîííî ðåãóëÿðíûé ãðàô Γ ñ ìàññèâîì ïåðåñå÷åíèé

{117, 80, 18, 1; 1, 18, 80, 117} ÿâëÿåòñÿ AT4(9, 3, 2)-ãðàôîì,
àíòèïîäàëüíîå ÷àñòíîå Γ̄ èìååò ïàðàìåòðû (378, 117, 36, 36) è íåãëàâ-
íûå ñîáñòâåííûå çíà÷åíèÿ 9,−9, îêðåñòíîñòè âåðøèíû â Γ è â Γ̄
ñèëüíî ðåãóëÿðíû ñ ïàðàìåòðàìè (117, 36, 15, 9). Â äàííîé ðàáîòå
èçó÷åíû àâòîèîðôèçìû äèñòàíöèîííî ðåãóëÿðíîãî ãðàôà ñ ìàññè-
âîì ïåðåñå÷åíèé {117, 80, 18, 1; 1, 18, 80, 117}.

Òåîðåìà 1. Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì
ïåðåñå÷åíèé {117, 80, 18, 1; 1, 18, 80, 117}, G = Aut(Γ), g � ýëåìåíò
èç G ïðîñòîãî ïîðÿäêà p, Ω = Fix(g) è Γ̄ � àíòèïîäàëüíîå ÷àñòíîå
ãðàôà Γ. Òîãäà π(G) ⊆ {2, 3, 5, 7, 13}, g èíäóöèðóåò òðèâèàëüíûé
àâòîìîðôèçì àíòèïîäàëüíîãî ÷àñòíîãî Γ̄ è p = 2 èëè âûïîëíÿ-
þòñÿ ñëåäóþùèå óòâåðæäåíèÿ:

(1) åñëè Ω � ïóñòîé ãðàô, òî p = 2, 3, 7, à åñëè Ω � àíòèïî-
äàëüíûé êëàññ, òî p = 13;

(2) åñëè Ω̄ ÿâëÿåòñÿ n-êëèêîé, òî ëèáî p = 5, n = 3, ëèáî p = 2,
n = 6, 12;

(3) åñëè Ω ÿâëÿåòñÿ m-êîêëèêîé, òî p = 3, m = 42;
(4) åñëè Ω̄ ñîäåðæèò ãåîäåçè÷åñêèé 2-ïóòü, òî ëèáî p = 3,

|Ω| = 54, ëèáî p = 2, |Ω| = 36s, s ≤ 7.

Êàê ñëåäñòâèå ïîëó÷èì, ÷òî äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ
ìàññèâîì ïåðåñå÷åíèé {117, 80, 18, 1; 1, 18, 80, 117} íå ÿâëÿåòñÿ ðå-
áåðíî ñèììåòðè÷íûì.

Ðàáîòà ïîääåðæàíà ãðàíòîì ÐÍÔ (ïðîåêò 15-11-10025).

Ñïèñîê ëèòåðàòóðû

1. A. Jurisic, J. Koolen. Krein parameters and antipodal tight
graphs with diameter 3 and 4 // Discrete Math. 2002.
V. 244. P. 181�202.
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Íåðàçðåøèìûå ãðóïïû ñ áèïðèìàðíûìè êîôàêòîðàìè
íåíèëüïîòåíòíûõ ïîäãðóïï

Â. Ñ. Ìîíàõîâ, È. Ë. Ñîõîð
Ãîìåëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ô. Ñêîðèíû, Ãîìåëü

Ðàññìàòðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû. Êîôàêòîðîì
ïîäãðóïïû H ãðóïïû G íàçûâàåòñÿ ôàêòîð-ãðóïïà H/HG, ãäå
HG =

⋂
x∈G x

−1Hx. Ïîäãðóïïà Ôèòòèíãà è íàèáîëüøàÿ íîðìàëü-
íàÿ ðàçðåøèìàÿ ïîäãðóïïà ãðóïïû G îáîçíà÷àþòñÿ ÷åðåç F (G) è
R(G) ñîîòâåòñòâåííî, à |π(G)| � êîëè÷åñòâî ðàçëè÷íûõ ïðîñòûõ äå-
ëèòåëåé ïîðÿäêà ãðóïïû G. Åñëè |π(G)| = 1, òî ãðóïïó G íàçûâàþò
ïðèìàðíîé, ïðè |π(G)| = 2 � áèïðèìàðíîé.
Ñòðîåíèå ãðóïïû ñóùåñòâåííî çàâèñèò îò ñâîéñòâ êîôàêòîðîâ åå

ïîäãðóïï. ß. Ã. Áåðêîâè÷ [1] èññëåäîâàë ãðóïïû, ó êîòîðûõ íåíèëü-
ïîòåíòíûå êîôàêòîðû ìàêñèìàëüíûõ ïîäãðóïï ÿâëÿþòñÿ ðàçðåøè-
ìûìè ãðóïïàìè ñ íèëüïîòåíòíûìè ñîáñòâåííûìè íîðìàëüíûìè ïîä-
ãðóïïàìè. Ñ.Ì. Åâòóõîâà è Â.Ñ. Ìîíàõîâ [2] èçó÷èëè ãðóïïû ñî
ñâåðõðàçðåøèìûìè êîôàêòîðàìè ìàêñèìàëüíûõ ïîäãðóïï.
E.Ò. Îãàðêîâ [3] ðàññìàòðèâàë ãðóïïû, ó êîòîðûõ ïîðÿäêè êîôàê-
òîðîâ âñåõ ïîäãðóïï äåëÿòñÿ íå áîëåå, ÷åì íà äâà ïðîñòûõ ÷èñëà.
Äîêàçàíà ñëåäóþùàÿ

Òåîðåìà 1. Åñëè â ãðóïïå G êîôàêòîðû íåíèëüïîòåíòíûõ ïîä-
ãðóïï ïðèìàðíû èëè áèïðèìàðíû, òî |π(R(G)/F (G))| ≤ 2 èëè
R(G)/F (G) ìåòàíèëüïîòåíòíà, à G/R(G) èçîìîðôíà ïîäãðóïïå
èç Aut(H/R(G)), ãäå H/R(G) � ïîäãðóïïà â G/R(G) è H/R(G)
èçîìîðôíà îäíîé èç ñëåäóþùèõ ãðóïï:

(1) SL(2, 2p), ãäå p = 2 èëè p = 3;
(2) PSL(2, 3p), ãäå p � íå÷åòíîå ïðîñòîå ÷èñëî òàêîå, ÷òî

3p − 1 = 2 · qα, α ≥ 1, q � ïðîñòîå ÷èñëî, q > 3, 3p + 1 = 4 · rγ,
γ ≥ 1, r � ïðîñòîå ÷èñëî, r > 3 è r 6= q;

(3) PSL(2, p), ãäå p � ïðîñòîå ÷èñëî òàêîå, ÷òî p > 5, p2 ≡ −1
(mod 5), p − 1 = 2 · 3α, α ≥ 1, p + 1 = 2s · qβ, s ≥ 2, β ≥ 0, q �
ïðîñòîå ÷èñëî, q > 3;

(4) PSL(2, p), ãäå p � ïðîñòîå ÷èñëî òàêîå, ÷òî p > 5, p2 ≡ −1
(mod 5), p − 1 = 2l · rγ, l ≥ 1, γ ≥ 0, r � ïðîñòîå ÷èñëî, r > 3 è
γ = 0 ïðè l > 1, p+ 1 = 2t · 3δ, t ≥ 1, δ ≥ 1;
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(5) PSL(3, 3);
(6) Sz(2q), ãäå q = 3 èëè q = 5.

Äîêàçàííàÿ òåîðåìà ïîïîëíÿåò ñïèñîê ãðóïï òåîðåìû 2 [3].

Ñïèñîê ëèòåðàòóðû
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ìàëüíûõ ïîäãðóïï // Ñèá. ìàòåì. æóðí. 1968. Ò. IX, � 2.
Ñ. 243�248.

2. Ñ. Ì. Åâòóõîâà, Â. Ñ. Ìîíàõîâ. Î êîíå÷íûõ ãðóïïàõ ñî ñâåðõ-
ðàçðåøèìûìè êîôàêòîðàìè ïîäãðóïï // Èçâ. ÍÀÍ Áåëàðóñè.
Ñåð. ôèç.-ìàò. íàóê. 2008. � 4. Ñ. 53�57.

3. Å. Ò. Îãàðêîâ. Êîíå÷íûå ãðóïïû ñ îïðåäåëåííûìè ñâîéñòâàìè
êîôàêòîðîâ // Âåñöi ÀÍ Áåëàðóñi. Ñåð. ôiç.-ìàòýì. íàâóê. 1974.
� 3. Ñ. 118�120.

2-õîðîøèå ôîðìàëüíûå ìàòðèöû
íàä êîëüöîì öåëûõ ÷èñåë

Ö. Ä. Íîðáîñàìáóåâ
Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Òîìñê

Ýëåìåíò êîëüöà íàçûâàåòñÿ k-õîðîøèì, åñëè îí ïðåäñòàâèì â âè-
äå ñóììû k îáðàòèìûõ ýëåìåíòîâ ýòîãî êîëüöà. Ñ ôîðìàëüíûìè
ìàòðèöàìè è êîëüöàìè ôîðìàëüíûõ ìàòðèö ìîæíî îçíàêîìèòüñÿ
â [1] è [2]. Çäåñü áóäóò ïðèâåäåíû íåêîòîðûå óñëîâèÿ 2-õîðîøåñòè
ôîðìàëüíûõ ìàòðèö íàä êîëüöîì öåëûõ ÷èñåë.

Òåîðåìà 1. [1] Ïóñòü äàíî êîëüöî ôîðìàëüíûõ ìàòðèö
M(n,R, {sijk}), ãäå R � êîììóòàòèâíîå êîëüöî ñ åäèíèöåé. Ïóñòü
À � ìàòðèöà èç ýòîãî êîëüöà. Ìàòðèöà À îáðàòèìà òîãäà è
òîëüêî òîãäà, êîãäà å¼ îïðåäåëèòåëü � îáðàòèìûé ýëåìåíò êîëü-
öà R.

Ëåììà 1. Ïóñòü M(2,Z, s) � êîëüöî ôîðìàëüíûõ ìàòðèö ïîðÿä-
êà 2 íàä êîëüöîì öåëûõ ÷èñåë. Äèàãîíàëüíàÿ ìàòðèöà À=diag(a,b)
áóäåò 2-õîðîøåé â M(2,Z, s) òîãäà è òîëüêî òîãäà, êîãäà íàéäóò-
ñÿ òàêèå öåëûå ÷èñëà x, a1, a2, b1, b2, ÷òî a = a1 + a2, b = b1 + b2

è a1 · b1 − s · x = ±1, a2 · b2 − s · x = ±1.
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Ñëåäñòâèå 1. Ïóñòü M(2,Z, s) � êîëüöî ôîðìàëüíûõ ìàòðèö ïî-
ðÿäêà 2 íàä êîëüöîì öåëûõ ÷èñåë è ïóñòü ìíîæèòåëü s � ÷åòíîå
÷èñëî. Åñëè äèàãîíàëüíàÿ ìàòðèöà À=diag(a,b) ÿâëÿåòñÿ
2-õîðîøåé â M(2,Z, s), òî òîãäà å¼ ýëåìåíòû a è b � ÷åòíûå ÷èñ-
ëà.

Ñëåäñòâèå 2. Ïóñòü M(2,Z, s) � êîëüöî ôîðìàëüíûõ ìàòðèö
ïîðÿäêà 2 íàä êîëüöîì öåëûõ ÷èñåë. Äèàãîíàëüíàÿ ìàòðèöà
= diag(a, 0) áóäåò 2-õîðîøåé âM(2,Z, s) òîãäà è òîëüêî òîãäà, êî-
ãäà a ∈ {0; 1;−1; 2;−2} ïðè íå÷åòíîì ìíîæèòåëå s, è a ∈ {0; 2;−2}
ïðè ÷åòíîì.
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Áåëíàïîâñêèå ìîäàëüíûå ëîãèêè, ðàçëè÷íûå ïîäõîäû

Ñ. Ï. Îäèíöîâ
Èíñòèòóò ìàòåìàòèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê

Ã. Âàíñèíã
Ðóðñêèé óíèâåðñèòåò, Áîõóì

Ê. À. Êàóøàí
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê

Áåëíàïîâñêèå ìîäàëüíûå ëîãèêè õàðàêòåðèçóþòñÿ òåì, ÷òî â êàæ-
äîì èç âîçìîæíûõ ìèðîâ ôîðìóëå ïðèïèñûâàåòñÿ îäíî èç ÷åòûðåõ
çíà÷åíèé èñòèííîñòè True, Both, False, Neither ëîãèêè Áåëíàïà
[1]. Èñïîëüçóÿ â êà÷åñòâå òî÷êè îòñ÷åòà ïðåäëîæåííóþ ïåðâûìè äâó-
ìÿ àâòîðàìè ëîãèêó BK [2], ìû ñðàâíèâàåì ðàçëè÷íûå ïîäõîäû ê
îïðåäåëåíèþ Áåëíàïîâñêèõ ìîäàëüíûõ ëîãèê (ñì. [3, 4, 5]). Âñå ýòè
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ëîãèêè óäîâëåòâîðÿþò ñâîéñòâó ôîðìàëüíîé äâîéñòâåííîñòè (îòðè-
öàíèå îáû÷íûì îáðàçîì ïðîíîñòèòñÿ ÷åðåç ìîäàëüíîñòè). Ñ ïîìî-
ùüþ ñòàíäàðòíîé òðàíñëÿöèè èç ìîäàëüíîãî ÿçûêà â ÿçûê ïåðâî-
ïîðÿäêîâîé ëîãèêè Áåëíàïà îïðåäåëåíà ëîãèêà BKFS áåç ñâîéñòâà
ôîðìàëüíîé äâîéñòâåííîñòè. Çàäàíû ãèëüáåðòîâñêîå èñ÷èñëåíèå è
èñ÷èñëåíèå åñòåñòâåííîãî âûâîäà äëÿ BKFS, äîêàçàíû ñîîòâåòñòâó-
þùèå òåîðåìû ïîëíîòû. Ïîêàçàíî, ÷òî ëîãèêà Þíãà � Ðèâå÷÷î [4]
ñëàáî îïðåäåëèìà â BKFS.

Îïðåäåëåíû ãèáðèäíûå âåðñèè HybBK è HybBKFS ëîãèê BK
è, ñîîòâåòñòâåííî, BKFS. Äîêàçàíî, ÷òî ëîãèêà HybBKFS äåôèíè-
öèàëüíî ýêâèâàëåíòíà ïåðâîïîðÿäêîâîé ëîãèêå Áåëíàïà, à ëîãèêà
HybBK äåôèíèöèàëüíî ýêâèâàëåíòíà îãðàíè÷åííîé âåðñèè äàííîé
ëîãèêè (ñ êëàññè÷åñêèì äâóõìåñòíûì ïðåäèêàòoì).

Â çàêëþ÷èòåëüíîé ÷àñòè äîêëàäà ñôîðìóëèðîâàíû ãèëüáåðòîâ-
ñêèå èñ÷èñëåíèÿ è èñ÷èñëåíèÿ åñòåñòâåííîãî âûâîäà äëÿ ëîãèê
HybBK è HybBKFS. Äîêàçàíû ñîîòâåòñòâóþùèå òåîðåìû ïîëíîòû.

Ïåðâûé àâòîð ïîääåðæàí ãðàíòîì ÐÔÔÈ (ïðîåêò 15-07-03410).
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Ãîìîìîðôèçìû îäíîé àëãåáðàè÷åñêîé ñèñòåìû

À. Í. Îñòûëîâñêèé
Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Ïóñòü K � êîëüöî è S � íåêîòîðîå ìíîæåñòâî îòîáðàæåíèé
Kn → K. Äëÿ x, y, x1, . . . , xn ∈ S è t1, . . . , tn ∈ K ïîëîæèì

(x+ y)(t1, . . . , tn) = x(t1, . . . , tn) + y(t1, . . . , tn),

(xy)(t1, . . . , tn) = x(t1, . . . , tn)y(t1, . . . , tn).

Ââåä¼ì îïåðàöèþ êîìïîçèöèè

(x|x1, . . . , xn)(t1, . . . , tn) = x(x1(t1, . . . , tn), . . . , xn(t1, . . . , tn)).

Áóäåì ñ÷èòàòü, ÷òî ìíîæåñòâî S îáðàçóåò êîëüöî Ŝ îòíîñèòåëüíî
ñëîæåíèÿ è óìíîæåíèÿ, à òàêæå çàìêíóòî îòíîñèòåëüíî îïåðàöèè
êîìïîçèöèè. Áóäåì ðàññìàòðèâàòü àëãåáðàè÷åñêóþ ñèñòåìó S̃ ñ ýòè-
ìè òðåìÿ îïåðàöèÿìè.

Òåîðåìà 1. Ïóñòü J � èäåàë êîëüöà Ŝ. Êîëüöåâàÿ êîíãðóýíöèÿ
x ∼ y ⇔ x − y ∈ J ÿâëÿåòñÿ êîíãðóýíöèåé ñèñòåìû S̃ òîãäà è
òîëüêî òîãäà, êîãäà âûïîëíÿþòñÿ óñëîâèÿ:
1) (J |S, . . . , S) ⊆ J ;
2) ∀x, x1, . . . , xn ∀i1, . . . , in ∈ J ∃j ∈ J(x|x1 + i1, . . . , xn + in) =
= (x|x1, . . . , xn) + j.

Òåîðåìà ÿâëÿåòñÿ ïðîäîëæåíèåì ïðåäëîæåíèÿ 6.1 èç [1].
Ïðè n = 1 óñëîâèÿ 1), 2) òåîðåìû ðàâíîñèëüíû óñëîâèþ ñòàáèëü-

íîñòè â ïîëóãðóïïàõ, íî â ïðèñóòñòâèè ñòðóêòóðû êîëüöà óñëîâèå
2) âûãëÿäèò êàê íåêîòîðîå îñëàáëåíèå ëåâîé äèñòðèáóòèâíîñòè.

Ñïèñîê ëèòåðàòóðû
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Î ïî÷òè êîíå÷íîìåðíûõ éîðäàíîâûõ àëãåáðàõ

À. Ñ. Ïàíàñåíêî
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê

Îïðåäåëåíèå 1. Àëãåáðà A íàçûâàåòñÿ éîðäàíîâîé, åñëè âûïîëíå-
íû ñëåäóþùèå òîæäåñòâà:

xy = yx, x2(yx) = (x2y)x.

Îïðåäåëåíèå 2. Àëãåáðà A íàçûâàåòñÿ ïî÷òè êîíå÷íîìåðíîé,
åñëè dim(A) = ∞ è dim(A/I) < ∞ äëÿ ëþáîãî íåíóëåâîãî
èäåàëà I.

Îïðåäåëåíèå 3. Àëãåáðà A íàçûâàåòñÿ ïåðâè÷íîé, åñëè ïðîèçâå-
äåíèå ëþáûõ äâóõ íåíóëåâûõ èäåàëîâ îòëè÷íî îò íóëÿ. Éîðäàíîâà
àëãåáðà A íàçûâàåòñÿ íåâûðîæäåííîé, åñëè â íåé íåò òàêèõ íåíó-
ëåâûõ ýëåìåíòîâ a ∈ A, ÷òî aAa = 0.

Òåîðåìà 1. Âñÿêàÿ ïî÷òè êîíå÷íîìåðíàÿ éîðäàíîâà àëãåáðà ïåð-
âè÷íà è íåâûðîæäåíà.

Òåîðåìà 2. Ïóñòü A � ïî÷òè êîíå÷íîìåðíàÿ éîðäàíîâà èñêëþ÷è-
òåëüíàÿ àëãåáðà. Òîãäà:
1) A � êîëüöî Àëáåðòà (öåíòðàëüíûé ïîðÿäîê â àëãåáðå Àëáåð-

òà);
2) àññîöèàòèâíûé öåíòð Z àëãåáðû A ÿâëÿåòñÿ ïî÷òè êîíå÷íî-

ìåðíîé àññîöèàòèâíîé è êîììóòàòèâíîé àëãåáðîé.
Åñëè, êðîìå òîãî, àëãåáðà (Z∗)−1A ðàñùåïëÿåìà, òî A � êîíå÷-

íûé Z-ìîäóëü.

Àíàëîãè÷íûå ðåçóëüòàòû äëÿ àññîöèàòèâíûõ è àëüòåðíàòèâíûõ
àëãåáð áûëè ðàíåå ïîëó÷åíû â [1] è [2].

Òåîðåìà 3. Ó ëþáîé ïî÷òè êîíå÷íîìåðíîé ñïåöèàëüíîé éîðäàíî-
âîé àëãåáðû ñóùåñòâóåò ïî÷òè êîíå÷íîìåðíàÿ àññîöèàòèâíàÿ îáåð-
òûâàþùàÿ.

Ðàáîòà ïîääåðæàíà ãðàíòîì ÐÔÔÈ (ïðîåêò 14-01-00014).
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Ïîëèíîìèàëüíûå ïðåîáðàçîâàíèÿ êëàññîâ âû÷åòîâ
ïî ïðèìàðíîìó ìîäóëþ

Í. Ã. Ïàðâàòîâ
Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Òîìñê

Ïóñòü f1, . . . , fn � öåëî÷èñëåííûå ìíîãî÷ëåíû îò n ïåðåìåííûõ,
è f � ïîëèíîìèàëüíàÿ ôóíêöèÿ, îïðåäåë¼ííàÿ êàê

f : Zn → Zn, f : x 7→ (f1(x), . . . , fn(x)),

ãäå Z � êîëüöî öåëûõ ÷èñåë. Äëÿ ïðîèçâîëüíîãî íàáîðà a èç Zn,
ïðîñòîãî ÷èñëà p è öåëîãî ïîëîæèòåëüíîãî ÷èñëà m ðàññìîòðèì
ïîñëåäîâàòåëüíîñòü

f 0(a) + pmZn, f 1(a) + pmZn, f 2(a) + pmZn, . . .

ýëåìåíòîâ ôàêòîð-êîëüöà Zn/pmZn, ãäå f 0(a) = a è fk(a) =
f(fk−1(a)) äëÿ k > 0. Óêàçàííàÿ ïîñëåäîâàòåëüíîñòü ïåðèîäè÷åñêàÿ
ñ ïåðèîäîì t, åñëè

a+ pmZn = f t(a) + pmZn

è t � íàèìåíüøåå ïîëîæèòåëüíîå ÷èñëî ñ ýòèì ñâîéñòâîì. Îáîçíà-
÷èì ÷åðåç s(a, f,m) ýòó ïîñëåäîâàòåëüíîñòü è ÷åðåç τ(a, f,m) å¼ ïå-
ðèîä. Äàëåå ðàññìàòðèâàåòñÿ çàäà÷à îïðåäåëåíèÿ âîçìîæíûõ çíà-
÷åíèé ïåðèîäà τ(a, f,m). Èçâåñòíî ðåøåíèå ýòîé çàäà÷è ïðè n = 1
äëÿ ïîñëåäîâàòåëüíîñòåé íàä êîëüöîì Ãàëóà (ñì. [1]).
Îáîçíà÷èì òàêæå ÷åðåç Jf(a) çíà÷åíèå ìàòðèöû ßêîáè ïðåîáðà-

çîâàíèÿ f â òî÷êå a è ïîëîæèì

Jkf (a) = Jf(f
0(a)) · · · Jf(fk−1(a))

äëÿ ëþáîãî öåëîãî ïîëîæèòåëüíîãî k. Èìååò ìåñòî
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Òåîðåìà 1. Ïóñòü a ∈ Zn, A = a + pZn è m > 1. Åñëè
ïîñëåäîâàòåëüíîñòü s(b, f,m) ïåðèîäè÷íà äëÿ ëþáîãî b èç A, òî
det(J τf (a)) 6≡ 0 mod p è âûïîëíÿåòñÿ ñëåäóþùåå ñîîòíîøåíèå äëÿ
ïåðèîäà:

τ(a, f,m)|τ · pm−k · ordp(J τf (a)),

ãäå τ = τ(a, f, 1), ordp(J
τ
f (a)) � ïîðÿäîê ìàòðèöû J τf (a) ïî

ìîäóëþ p, k = 2 ïðè det(J τf (a) − E) ≡ 0 mod p è k = 1 ïðè
det(J τf (a)− E) 6≡ 0 mod p.

Äëÿ êîíãðóýíòíîé ïîñëåäîâàòåëüíîñòè, îïðåäåëÿåìîé ïðåîáðàçî-
âàíèåì f(x) = x · A, ãäå A � öåëî÷èñëåííàÿ ìàòðèöà è detA 6≡ 0
mod p, ñ èñïîëüçîâàíèåì òåîðåìû 1 ïîëó÷àåòñÿ èçâåñòíàÿ îöåíêà
τ(a, f,m) ≤ pm−k(pn − 1); ýòà îöåíêà äîñòèæèìà (ñì. [2]). Ñôîðìó-
ëèðîâàííàÿ òåîðåìà ìîæåò áûòü îáîáùåíà äëÿ ïîñëåäîâàòåëüíîñòåé
íàä ïðîèçâîëüíûì êîíå÷íûì êîììóòàòèâíûì êîëüöîì.
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Êëîíû è ñóïåðêëîíû, ñîäåðæàùèå àëãåáðû n-ìåñòíûõ
îïåðàöèé è ìóëüòèîïåðàöèé

Í. À. Ïåðÿçåâ
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé ýëåêòðîòåõíè÷åñêèé óíèâåðñèòåò,

Ñàíêò-Ïåòåðáóðã

È. Ê. Øàðàíõàåâ
Áóðÿòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Óëàí-Óäý

Åñëè A � ìíîæåñòâî, B(A) � ìíîæåñòâî âñåõ ïîäìíîæåñòâ A,
òî n-ìåñòíàÿ îïåðàöèÿ � ýòî f : An → A, à n-ìåñòíàÿ ìóëüòèî-
ïåðàöèÿ � ýòî f : An → B(A). Îáîçíà÷èì ÷åðåç P n

A, PA ìíîæåñòâà
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n-ìåñòíûõ è âñåõ îïåðàöèé, à ÷åðåçMn
A,MA � ìíîæåñòâà n-ìåñòíûõ

è âñåõ ìóëüòèîïåðàöèé.
Êëîíîì íàä ìíîæåñòâîì A íàçûâàåòñÿ ïîäìíîæåñòâî K ⊆ PA,

ñîäåðæàùåå âñå îïåðàöèè ïðîåêòèðîâàíèÿ è çàìêíóòîå îòíîñèòåëüíî
ñóïåðïîçèöèé.
Àëãåáðîé n-ìåñòíûõ îïåðàöèé íàä ìíîæåñòâîìA íàçûâàåòñÿ ïîä-

ìíîæåñòâî K ⊆ P n
A, ñîäåðæàùåå âñå n-ìåñòíûå îïåðàöèè ïðîåêòè-

ðîâàíèÿ è çàìêíóòîå îòíîñèòåëüíî ñóïåðïîçèöèé.
Ñóïåðêëîíîì íàä ìíîæåñòâîì A íàçûâàåòñÿ ïîäìíîæåñòâî R ⊆

MA, ñîäåðæàùåå âñå ìóëüòèîïåðàöèè ïóñòûå, ïîëíûå, ïðîåêòèðîâà-
íèÿ è çàìêíóòîå îòíîñèòåëüíî ñóïåðïîçèöèé è ðàçðåøèìîñòåé [1].
Àëãåáðîé n-ìåñòíûõ ìóëüòèîïåðàöèé íàä ìíîæåñòâîì A íàçû-

âàåòñÿ ïîäìíîæåñòâî R ⊆ Mn
A, ñîäåðæàùåå âñå n-ìåñòíûå ìóëü-

òèîïåðàöèè ïðîåêòèðîâàíèÿ, ïóñòóþ, ïîëíóþ ìóëüòèîïåðàöèè è çà-
ìêíóòîå îòíîñèòåëüíî ñóïåðïîçèöèé, ðàçðåøèìîñòåé è ïåðåñå÷åíèé
[2].
Ââåäåì îáîçíà÷åíèÿ:

[K] � êëîí íàä A, ïîðîæäåííûé ìíîæåñòâîì îïåðàöèé K ⊆ PA;
Stn(K) = {f |fni ∈ K ⇒ f ∗ (fn1 , ..., f

n
m) ∈ K}, ãäå K � àëãåáðà

n-ìåñòíûõ îïåðàöèé; F n = F ∩ P n
A, ãäå F ⊆ PA;

〈R 〉 � ñóïåðêëîí íàä A, ïîðîæäåííûé ìóëüòèîïåðàöèÿìè R ⊆Mn
A;

Stn(R) = {g|gni ∈ R ⇒ g ∗ (gn1 , ..., g
n
m) ∈ R}, ãäå R � àëãåáðà

n-ìåñòíûõ ìóëüòèîïåðàöèé; En = E ∩Mn
A, ãäå E ⊆MA.

Òåîðåìà 1. à) Ïóñòü K àëãåáðà n-ìåñòíûõ îïåðàöèé íàä A. Òîãäà
äëÿ ëþáîãî êëîíà F íàä A òàêîãî, ÷òî F n = K âûïîëíÿåòñÿ

[K] ⊆ F ⊆ Stn(K).

á) Ïóñòü R àëãåáðà n-ìåñòíûõ ìóëüòèîïåðàöèé íàä A ðàíãà 2.
Òîãäà äëÿ ëþáîãî ñóïåðêëîíà E íàä A òàêîãî, ÷òî En = R âûïîë-
íÿåòñÿ

〈R 〉 ⊆ E ⊆ Stn(R).
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Î ìåòðèêå íà ïðîñòðàíñòâå ôóíêöèîíàëüíûõ êëîíîâ
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Äëÿ ëþáîãî ôóíêöèîíàëüíîãî êëîíà F íà ìíîæåñòâå A ÷åðåç F (n)

îáîçíà÷èì ñîâîêóïíîñòü âñåõ n-ìåñòíûõ ôóíêöèé èç F . Íà ñîâîêóï-
íîñòè FA âñåõ êëîíîâ íà ìíîæåñòâå A ââåäåì ìåòðèêó d ñëåäóþùèì
îáðàçîì: äëÿ F, F ′ ∈ FA ïóñòü

d(F, F ′) =

{
1

min{n∈ω′|F (n) 6=(F ′)(n)} , åñëèF 6= F ′,

0, åñëè F = F ′,

ãäå ω′ = ω \ {0}.
Ðàçìåðíîñòü êëîíà F ∈ FA (dimF ) îïðåäåëèì êàê íàèìåíüøåå íà-

òóðàëüíîå n òàêîå, ÷òî äëÿ ëþáîãî F ′ ∈ FA ðàâåíñòâî
(F ′)(n) = F (n) âëå÷åò ðàâåíñòâî F ′ = F. Â ïðîòèâíîì ñëó÷àå ïî-
ëàãàåì dimF =∞.
Êëîíû êîíå÷íîé ðàçìåðíîñòè è òîëüêî îíè ñóòü èçîëèðîâàííûå

òî÷êè ìåòðè÷åñêîãî ïðîñòðàíñòâà.
Ñëîæíîñòü ïðîñòðàíñòâà < FA; d > âîçðàñòàåò ñ ðîñòîì ìíîæå-

ñòâà A: äëÿ ëþáûõ B ⊆ A ïðîñòðàíñòâî < FB; d > èçîìåòðè÷åñêè
âëîæèìî â < FA; d >.
Âñå ïðîñòðàíñòâà < FA; d > ïîëíû.
Äëÿ ëþáîãî áåñêîíå÷íîãî A ïðîñòðàíñòâî < FA; d > íå êîìïàêò-

íî.
Ïðîñòðàíñòâî < F{0,1}; d > êîìïàêòíî.
Âîïðîñ î êîìïàêòíîñòè ïðîñòðàíñòâ < FA; d > äëÿ êîíå÷íûõ áî-

ëåå ÷åì äâóõýëåìåíòíûõ ìíîæåñòâ A îñòàåòñÿ îòêðûòûì.
Ïðîñòðàíñòâî < FA; d > ñåïàðàáåëüíî òîãäà è òîëüêî òîãäà, êîãäà

ìíîæåñòâî A êîíå÷íî.
Íàêîíåö çàìåòèì, ÷òî ðåøåòî÷íûå îïåðàöèè ∧,∨ ðåøåòêè LA âñåõ

êëîíîâ íà ìíîæåñòâå A íåïðåðûâíû â ïðîñòðàíñòâå < FA; d >.
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Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîäääåðæêå Ìèíèñòåðñòâà îá-
ðàçîâàíèÿ è íàóêè ÐÔ, ãîñ. çàäàíèå � 2014/138, ïðîåêò 1052.

Àðèôìåòèêà ôîðìàëüíûõ ìîäóëåé

Ï. Í. Ïèòàëü
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ñàíêò-Ïåòåðáóðã

Â òåîðèè àëãåáðàè÷åñêèõ êðèâûõ åñòü îñîáûé êëàññ òàê íàçûâà-
åìûõ ãèïåðáîëè÷åñêèõ êðèâûõ. Óðàâíåíèå Âåéåðøòðàññà â ïðîåê-
òèâíîé ïëîñêîñòè äëÿ òàêèõ êðèâûõ èìååò âèä

Y 2Z + µ1XY Z = X3 + µ2X
2Z.

Åñëè ïðåäïîëîæèòü, ÷òî óðàâíåíèå T 2 − µ1T − µ2 = 0O ðàçðåøè-
ìî â O è a, b ∈ O � êîðíè ýòîãî óðàâíåíèÿ: µ1 = a + b, µ2 = −ab,
òî ñòàíäàðòíîé ãåîìåòðè÷åñêîé ñòðóêòóðå ñëîæåíèÿ òî÷åê íà òàêèõ
êðèâûõ áóäóò ñîîòâåòñòâîâàòü ãèïåðáîëè÷åñêèå ôîðìàëüíûå ãðóï-
ïû (ñì. [1]):

Fa,b(X, Y ) =
X + Y − µ1XY

1 + µ2XY
=
X + Y − (a+ b)XY

1− abXY
.

Ïóñòü F � ôîðìàëüíàÿ ãðóïïà íàä O � ïîëíûì äèñêðåòíî íîð-
ìèðîâàííûì êîëüöîì íóëåâîé õàðàêòåðèñòèêè, ñî ñâåðøåííûì ïî-
ëåì âû÷åòîâ, íåðàçâåòâëåííûì íàä Zp (p � íå÷åòíîå ïðîñòîå ÷èñëî).
Äëÿ èçó÷åíèÿ áîëüøîãî ñïåêòðà âîïðîñîâ, ñâÿçàííûõ ñ ôîðìàëüíû-
ìè ìîäóëÿìè, íàïðèìåð äëÿ ïîñòðîåíèÿ áàçèñàØàôàðåâè÷à, óäîáíî
èñïîëüçîâàòü ñïåöèàëüíûå ðÿäû EF è lF îñóùåñòâëÿþùèå ñîîòâåò-
ñòâèå ìåæäó XO[[X]] â ñòàíäàðòíîé òîïîëîãèè è XO[[X]] â òîïîëî-
ãèè ðÿäîâ Êàðòüå, êîòîðîå íàçûâàþòñÿ ýêñïîíåíòîé Àðòèíà � Õàññå
è l-ôóíêöèåé Âîñòîêîâà ôîðìàëüíîé ãðóïïû F íàäO (ïîäðîáíåå ñì.
[2]). Â íàñòîÿùåé ðàáîòå òàêèå ðÿäû íàéäåíû äëÿ ãèïåðáîëè÷åñêèõ
ôîðìàëüíûõ ãðóïï.
Ïóñòü σ � àâòîìîðôèçì Ôðîáåíèóñà íà O. Îïðåäåëèì îïåðàòîð

Ôðîáåíèóñà ∆ íà êîëüöå XO[[X]]: ∆(aXm) = σ(a)Xpm, a ∈ O.
Òîãäà âåðíà ñëåäóþùàÿ òåîðåìà:

Òåîðåìà 1. Ýêñïîíåíòà Àðòèíà � Õàññå è l-ôóíêöèÿ Âîñòîêî-
âà ôîðìàëüíîãî ãèïåðáîëè÷åñêîãî çàêîíà èìåþò, ñîîòâåòñòâåííî,
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âèä

EFa,b(X) =
exp

(
(1− ∆

p )
−1

((a− b)X)
)
− 1

a · exp
(

(1− ∆
p )
−1

((a− b)X)
)
− b

,

lFa,b(X) = (a− b)−1

(
(1− ∆

p
)
−1(

log

(
1− bX
1− aX

)))
.

Îñíîâûâàÿñü íà ýòèõ âû÷èñëåíèÿõ, â äàëüíåéøåì ïëàíèðóåòñÿ
ïîñòðîèòü ÿâíûå ôîðìóëû ñïàðèâàíèÿ Ãèëüáåðòà äëÿ ãèïåðáîëè÷å-
ñêèõ ôîðìàëüíûõ ìîäóëåé, ïîñòðîåííûõ íà ìàêñèìàëüíîì èäåàëå
êîëüöà öåëûõ ëîêàëüíîãî ïîëÿ.

Ñïèñîê ëèòåðàòóðû

1. V. M. Buchstaber, E. Yu. Bunkova. Elliptic formal group laws
// Integral Hirzebruch genera and Krichever genera. 2010.

2. Ñ. Â. Âîñòîêîâ. Íîðìåííîå ñïàðèâàíèå â ôîðìàëüíûõ ìîäóëÿõ
// Èçâ. ÀÍ ÑÑÑÐ. Ñåð. Ìàòåì. 1979. Ò. 43, � 4. Ñ. 765�794.

Ñòðóêòóðà ïîëèëèíåéíîé ÷àñòè îäíîãî ìíîãîîáðàçèÿ
ðàçðåøèìûõ éîðäàíîâûõ àëãåáð

À. Â. Ïîïîâ
Óëüÿíîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Óëüÿíîâñê

Ïóñòü F{X} � ñâîáîäíàÿ íåàññîöèàòèâíàÿ àëãåáðà îò ñ÷åòíîãî
ìíîæåñòâà ïîðîæäàþùèõ X = {x1, x2, . . .} íàä ïîëåì íóëåâîé õà-
ðàêòåðèñòèêè F . Òîæäåñòâàìè íåàññîöèàòèâíîé F -àëãåáðû A íà-
çûâàþòñÿ ýëåìåíòû F{X}, ëåæàùèå â èäåàëå I (A) = ∩

ϕ
kerϕ, ãäå

ïåðåñå÷åíèå áåðåòñÿ ïî âñåâîçìîæíûì ãîìîìîðôèçìàì ϕ èç F{X}
â A. Ìíîãîîáðàçèåì àëãåáð V íàçûâàåòñÿ êëàññ âñåõ àëãåáð, óäîâëå-
òâîðÿþùèõ çàäàííîìó íàáîðó òîæäåñòâ. Òîæäåñòâà, êîòîðûì óäî-
âëåòâîðÿåò ëþáàÿ àëãåáðà èç V , îáðàçóþò èäåàë òîæäåñòâ I (V ).
Õîðîøî èçâåñòíî, ÷òî â ñëó÷àå ïîëÿ íóëåâîé õàðàêòåðèñòèêè âñÿ-

êîå òîæäåñòâî ýêâèâàëåíòíî íåêîòîðîìó íàáîðó îäíîðîäíûõ ïîëè-
ëèíåéíûõ òîæäåñòâ. Ïîýòîìó äëÿ èçó÷åíèÿ ñòðóêòóðû èäåàëà òîæ-
äåñòâ I (V ) äîñòàòî÷íî èçó÷àòü ïðîñòðàíñòâà Pn (V ) = Pn∩I (V ), ãäå
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Pn � ïðîñòðàíñòâî âñåõ ïîëèëèíåéíûõ íåàññîöèàòèâíûõ ìíîãî÷ëå-
íîâ ñòåïåíè n îò ñâîáîäíûõ îáðàçóþùèõ x1, . . . , xn. Ïðîñòðàíñòâà
Pn (V ) òàêæå íàçûâàþò ïîëèëèíåéíîé ÷àñòüþ ìíîãîîáðàçèÿ V .
Ïðîñòðàíñòâà Pn (V ) èìåþò ñòðóêòóðó Sn-ìîäóëåé, â êîòîðûõ ãðóï-

ïà Sn äåéñòâóåò íà èíäåêñàõ îáðàçóþùèõ x1, . . . , xn. Èçó÷åíèå ñòðóê-
òóðû ìîäóëåé Pn (V ) ïîçâîëÿåò ïîëó÷èòü ìíîãî âàæíîé èíôîðìà-
öèè î ìíîãîîáðàçèè.
Îáîçíà÷èì ÷åðåç L ìíîãîîáðàçèå àëãåáðû Ëè. Ðàññìîòðèì ïðî-

ñòðàíñòâà PLn1,n2
= Pn1+n2

(L), îïðåäåëåííûå íà îáðàçóþùèõ
x1, . . . , xn1

, y1, . . . , yn2
. Ýòè ïðîñòðàíñòâà èìåþò ñòðóêòóðó Sn1

×Sn2
-

ìîäóëåé è ìîãóò áûòü ðàçëîæåíû â ñóììó íåïðèâîäèìûõ ïîäìîäó-
ëåé (cì. [1]):

PLn1,n2
∼= ⊕

λ¬n1

µ¬n2

(Mλ ⊗Mµ)dλµ , (1)

ãäå λ è µ äèàãðàììû Þíãà, à Mλ è Mµ � ñîîòâåñòâóþùèå íåïðèâî-
äèìûå Sn1

- è Sn2
-ìîäóëè.

Îáîçíà÷èì ÷åðåç Jsc ìíîãîîáðàçèå éîðäàíîâûõ àëãåáð ñ äîïîë-
íèòåëüíûìè òîæäåñòâàìè x2yx ≡ 0 è (x1x2) (x3x4) (x5x6) ≡ 0 (cì.
[2]). Ñëåäóþùàÿ òåîðåìà äàåò îïèñàíèå Sn-ñòðóêòóðû ïîëèëèíåéíîé
÷àñòè Pn (Jsc) ìíîãîîáðàçèÿ Jsc.

Òåîðåìà 1. Äëÿ Sn-ìîäóëÿ Pn (Jsc) ñïðàâåäëèâî ðàçëîæåíèå

Pn (Jsc) =
k
⊕
i=0

P i
n (Jsc) ,

ãäå k =
[
n+2

3

]
, à Sn-ìîäóëè P i

n (Jsc) èìåþò ñëåäóþùèé âèä:

P i
n (Jsc) ∼= ⊕

λ¬m,µ¬i
indSnSm×Sn−m

(
Mλ ⊗M(n−m−i,µ)

)dλµ
,

ãäå m =
[
n−3i

2

]
+ 1, dλµ � êðàòíîñòè èç ðàçëîæåíèÿ (1).

Ñïèñîê ëèòåðàòóðû

1. J. Hong, J-H Kwon. Decompose of Free Lie Algebras into Irreducible
Components // J. of Algebra. 1997. V. 197. P. 127�145.

2. Â. Ã. Ñêîñûðñêèé. Ðàçðåøèìîñòü è ñèëüíàÿ ðàçðåøèìîñòü éîð-
äàíîâûõ àëãåáð // Ñèá. ìàòåì. æóðí. 1989. � 2. C. 167�171.
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Îá óíèâåðñàëüíîé ýêâèâàëåíòíîñòè íåêîòîðûõ
ñ÷åòíî ïîðîæäåííûõ ÷àñòè÷íî êîììóòàòèâíûõ ñòðóêòóð

E. Í. Ïîðîøåíêî
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, Íîâîñèáèðñê

Ïóñòü G = 〈X;E〉 � íåîðèåíòèðîâàííûé ãðàô áåç ïåòåëü ñ êî-
íå÷íûì èëè ñ÷åòíûì ìíîæåñòâîì âåðøèí X è ìíîæåñòâîì ðåáåð
E. ×àñòè÷íî êîììóòàòèâíîé àëãåáðîé Ëè íàä îáëàñòüþ öåëîñò-
íîñòè R ñ åäèíèöåé íà ïðîèçâîëüíîì ìíîãîîáðàçèè (â òîì ÷èñëå è
íà ìíîãîîáðàçèè âñåõ àëãåáð Ëè) íàçûâàåòñÿ R-àëãåáðà ñ ìíîæå-
ñòâîì ïîðîæäàþùèõ X è ìíîæåñòâîì îïðåäåëÿþùèõ ñîîòíîøåíèé
âèäà

{[y, z] = 0 | y, z ∈ X; y è z ñîåäèíåíû ðåáðîì}, (1)

à òàêæå òîæäåñòâ ìíîãîîáðàçèÿ (åñëè îíè åñòü). ×àñòè÷íî êîììó-
òàòèâíîé ìåòàáåëåâîé ãðóïïîé íàçûâàåòñÿ ãðóïïà èç ìíîãîîáðà-
çèÿ ìåòàáåëåâûõ ãðóïï, ñ ìíîæåñòâîì ïîðîæäàþùèõ X è ìíîæå-
ñòâîì îïðåäåëÿþùèõ ñîîòíîøåíèé âèäà

{yz = zy | y, z ∈ X; y è z ñîåäèíåíû ðåáðîì}. (2)

Áóäåì èñïîëüçîâàòü PCS(X;G) â êà÷åñòâå îáùåãî îáîçíà÷åíèÿ
äëÿ ÷àñòè÷íî êîììóòàòèâíîé àëãåáðû Ëè ÷àñòè÷íî êîììóòàòèâíóþ
ìåòàáåëåâîé àëãåáðû Ëè èëè äëÿ ÷àñòè÷íî êîììóòàòèâíîé ìåòàáå-
ëåâîé ãðóïïû ñ îïðåäåëÿþùèì ãðàôîì G = 〈X;E〉.
Ïóñòü G = 〈X;E〉 � äåðåâî. ×åðåç G∗ îáîçíà÷èì ïîäãðàô ãðàôà

G, ïîðîæäåííûé âñåìè åãî íåâèñÿ÷èìè âåðøèíàìè. Áóäåì ãîâîðèòü,
÷òî ãðàô G êîíå÷íîãî (áåñêîíå÷íîãî) òèïà, åñëè ãðàô G∗ êîíå÷åí
(ñîîòâåòñòâåííî, áåñêîíå÷åí).

Òåîðåìà 1. Ïóñòü G = 〈X,E〉 � äåðåâî áåñêîíå÷íîãî òèïà, à
H = 〈Y, F 〉 � êîíå÷íîå äåðåâî, èëè äåðåâî êîíå÷íîãî òèïà. Òîãäà
÷àñòè÷íî êîììóòàòèâíûå ñòðóêòóðû îäíîãî âèäà PCS(X;G) è
PCS(Y ;H) íå ÿâëÿþòñÿ óíèâåðñàëüíî ýêâèâàëåíòíûìè.

Òåîðåìà 2. Ïóñòü G = 〈X;E〉 è H = 〈Y ;F 〉 � êîíå÷íûå äåðåâüÿ
èëè äåðåâüÿ êîíå÷íîãî òèïà. ×àñòè÷íî êîììóòàòèâíûå ñòðóêòó-
ðû îäíîãî âèäà PCS(X;G) è PCS(Y ;H) óíèâåðñàëüíî ýêâèâàëåíò-
íû òîãäà è òîëüêî òîãäà, êîãäà G∗ ' H∗.
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Ãðàôû G è H íàçûâàþòñÿ âçàèìíî ëîêàëüíî âëîæèìûìè, åñëè
ëþáîé êîíå÷íûé ïîäãðàô ãðàôà G èçîìîðôíî âêëàäûâàåòñÿ â ãðàô
H è ëþáîé êîíå÷íûé ïîäãðàô ãðàôà H èçîìîðôíî âêëàäûâàåòñÿ â
ãðàô G.

Òåîðåìà 3. Ïóñòü G = 〈X;E〉 è H = 〈Y ;F 〉 � äåðåâüÿ áåñêî-
íå÷íîãî òèïà. ×àñòè÷íî êîììóòàòèâíûå ñòðóêòóðû PCS(X;G)
è PCS(Y ;H) óíèâåðñàëüíî ýêâèâàëåíòíû òîãäà è òîëüêî òîãäà,
êîãäà äåðåâüÿ G∗ è H∗ âçàèìíî ëîêàëüíî âëîæèìû.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ãðàíò 15�
01�01485), à òàêæå Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÔ (ãîñ. çà-
äàíèå �214/138, ïðîåêò 1052).

Ñòðóêòóðà ìàòðèö ðàíãà 1 íàä îáëàñòüþ ãëàâíûõ èäåàëîâ
îòíîñèòåëüíî ïðåîáðàçîâàíèÿ ïîäîáèÿ

Â. Ì. Ïðîêèï
Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è ìåõàíèêè ÍÀÍ Óêðàèíû, Ëüâîâ

Ïóñòü Rm,n � ìíîæåñòâîm×n-ìàòðèö íàä îáëàñòüþ ãëàâíûõ èäå-
àëîâ R ñ åäèíèöåé e 6= 0 (cì. [1]). Îáîçíà÷èì: trA � ñëåä ìàòðèöû
A ∈ Rn,n; 0m,n � íóëåâàÿm×n-ìàòðèöà; U(R) � ìóëüòèïëèêàòèâíàÿ
ãðóïïà îáëàñòè R; Ra � ïîëíàÿ ñèñòåìà âû÷åòîâ ïî ìîäóëþ èäåàëà
(a), â êîòîðîé íóëåâîé êëàññ ïðåäñòàâëåí íóëåâûì ýëåìåíòîì îáëà-
ñòè R, à åäèíè÷íûé êëàññ � åäèíèöåé e. Â äàëüíåéøåì ¾t¿ � ñèìâîë
òðàíñïîíèðîâàíèÿ.
Íàïîìíèì, ÷òî âåêòîð u ∈ Rk,1 íàçûâàåòñÿ óíèìîäóëÿðíûì, åñëè

íàèáîëüøèé îáùèé äåëèòåëü åãî ýëåìåíòîâ ðàâåí åäèíèöå e êîëüöà
R.

Ëåììà 1. Ïóñòü A ∈ Rm,n � ìàòðèöà ðàíãà 1 è δ ∈ R � íàè-
áîëüøèé îáùèé äåëèòåëü ýëåìåíòîâ ìàòðèöû A. Äëÿ ìàòðèöû
A ñóùåñòâóåò åäèíñòâåííàÿ ïàðà ñ òî÷íîñòüþ äî àññîöèèðîâàí-
íîñòè óíèìîäóëÿðíûõ âåêòîðîâ u ∈ Rm,1 è v ∈ Rn,1 òàêèõ, ÷òî
A = δ u · vt. Åñëè æå äëÿ ìàòðèöû A ñóùåñòâóåò åùå îäíà ïà-
ðà óíèìîäóëÿðíûõ âåêòîðîâ u1 ∈ Rm,1 è v1 ∈ Rn,1 òàêèõ, ÷òî
A = δ u1 · vt1, òî u = p u1 è v = p−1 v1, ãäå p ∈ U(R).
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Òåîðåìà 1. Ìàòðèöà A ∈ Rn,n ðàíãà îäèí ïîäîáíà îäíîé èç ìàò-
ðèö:
1. Äèàãîíàëüíîé ìàòðèöå

Da = diag
(
a, 0, . . . , 0

)
,

åñëè trA = a 6= 0 è A = 0n,n (mod a). Ïðè ýòîì äèàãîíàëüíàÿ
ìàòðèöà Da ñëåäîì trA = a îïðåäåëåíà îäíîçíà÷íî.
2. Íèëüïîòåíòíîé ìàòðèöå

NA = diag

([
0 0
r 0

]
, 0n−2,n−2

)
,

åñëè trA = 0. Ýëåìåíò r ∈ R îïðåäåëåí îäíîçíà÷íî ñ òî÷íîñòüþ
äî àññîöèèðîâàííîñòè.
3. Áëî÷íî-äèàãîíàëüíîé ìàòðèöå

DA = diag

([
a 0
r 0

]
, 0n−2,n−2

)
,

åñëè trA = a 6= 0 è A 6= 0n,n (mod a). Ýëåìåíò r ïðèíàäëåæèò
ïîëíîé ñèñòåìå âû÷åòîâ ïî ìîäóëþ èäåàëà (a), ò.å. r ∈ Ra.

Ñëåäñòâèå 1. Ïóñòü A,B ∈ Rn,n � íèëüïîòåíòíûå ìàòðèöû ðàí-
ãà îäèí. Ïóñòü, äàëåå, δA, δB ∈ R � íàéáîëüøèå îáùèå äåëèòåëè
ýëåìåíòîâ ìàòðèö A è B ñîîòâåòñòâåííî. Íèëüïîòåíòíûå ìàò-
ðèöû A è B ðàíãà îäèí ïîäîáíû òîãäà è òîëüêî òîãäà, êîãäà ýëå-
ìåíòû δA è δB àññîöèèðîâàíû, ò.å. δA = p δB, ãäå p ∈ U(R).

Ñïèñîê ëèòåðàòóðû

1. W. C. Brown. Matrices over commutative rings. New York: Marcel
Dekker, 1993.

Àðèôìåòè÷åñêèå ñâîéñòâà êîíå÷íûõ ãðóïï

Ñ. Â. Ïóòèëîâ
Áðÿíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè È. Ã. Ïåòðîâñêîãî, Áðÿíñê

Ðàññìàòðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû. Ïóñòü P � ìíîæåñòâî
âñåõ ïðîñòûõ ÷èñåë. Ïîäãðóïïà A ãðóïïû G íàçûâàåòñÿ
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P-ñóáíîðìàëüíîé [1], åñëè A = G èëè ñóùåñòâóåò öåïî÷êà ïîäãðóïï
A = A0 ⊂ A1 ⊂ . . . ⊂ An = G â ãðóïïå G òàêàÿ, ÷òî [Ai : Ai−1] ∈
P. Ïîäãðóïïó B ãðóïïû G íàçîâåì ïî÷òè P-ñóáíîðìàëüíîé, åñëè
B ⊂ A è n ≥ 1. Çäåñü ïðîäîëæàþòñÿ èññëåäîâàíèÿ, íà÷àòûå â [1].

Òåîðåìà 1. Ïóñòü â ãðóïïå G íîðìàëèçàòîð ëþáîé ñèëîâñêîé ïîä-
ãðóïïû èëè P-ñóáíîðìàëåí, èëè ïî÷òè P-ñóáíîðìàëåí. Åñëè êàæ-
äûé ïî÷òè P-ñóáíîðìàëüíûé íîðìàëèçàòîð ñèëîâñêîé p-ïîäãðóïïû
p-íèëüïîòåíòåí äëÿ ñîîòâåòñòâóþùåãî ïðîñòîãî ÷èñëà p, òî G
ñâåðõðàçðåøèìà.

Òåîðåìà 2. Åñëè íîðìàëèçàòîðû öåíòðîâ âñåõ ñèëîâñêèõ ïîäãðóïï
ãðóïïû G P-ñóáíîðìàëüíû, òî G èìååò óïîðÿäî÷åííóþ ñèëîâñêóþ
áàøíþ ñâåðõðàçðåøèìîãî òèïà.

Â ÷àñòíîñòè, åñëè âñå ñèëîâñêèå ïîäãðóïïû â ãðóïïå G àáåëåâû,
òî G ñâåðõðàçðåøèìà, êîãäà â G âûïîëíÿåòñÿ óñëîâèå òåîðåìû 2,
÷òî ñëåäóåò èç òåîðåìû 3.1 [1].

Ñïèñîê ëèòåðàòóðû

1. V. Kniahina, V. Monakhov. On supersolvability of �nite groups with
P-subnormal subgroups // J. of Group Theory. 2013. V. 2, � 4.
P. 21�29.

Ê âîïðîñó ïåðå÷èñëåíèÿ ÷àñòè÷íûõ ïîðÿäêîâ

Â. È. Ðîäèîíîâ
Óäìóðòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Èæåâñê

×åðåç V0(N) îáîçíà÷èì ñîâîêóïíîñòü âñåõ ÷àñòè÷íûõ ïîðÿäêîâ,
îïðåäåëåííûõ íà ìíîæåñòâå N =̇ { 1, . . . , n }. Ñóùåñòâóåò áèåêöèÿ
ìåæäó ìíîæåñòâîì V0(N) è ìíîæåñòâîì âñåõ ïîìå÷åííûõ òðàíçè-
òèâíûõ îðãðàôîâ, îïðåäåëåííûõ íà N ; ñóùåñòâóåò áèåêöèÿ ìåæäó
V0(N) è ìíîæåñòâîì âñåõ ïîìå÷åííûõ T0-òîïîëîãèé, îïðåäåëåííûõ
íà ìíîæåñòâå N. Îáîçíà÷èì ÷åðåç T0(n) ÷èñëî òàêèõ òîïîëîãèé; â
÷àñòíîñòè, cardV0(N) = T0(n).
Çàôèêñèðóåì íàòóðàëüíûå ÷èñëà p1, . . . , pk òàêèå, ÷òî p1 + . . . +

pk = n, è ïóñòü Nr =̇ { p1 + . . .+pr−1 + 1, . . . , p1 + . . .+pr } äëÿ âñåõ
r = 1, . . . , k,

4 =̇
{

(i, j) ∈ N 2 : i > j
}
, D =̇

{
(i, j) ∈ N 2

1 ∪ . . . ∪N 2
k : i 6 j

}
.

65



×åðåçW(p1, . . . , pk) îáîçíà÷èì ñåìåéñòâî âñåõ σ ∈ V0(N) òàêèõ, ÷òî
σij = δij äëÿ ëþáûõ (i, j) ∈ 4∪D (ìû îòîæäåñòâëÿåì îòíîøåíèÿ σ è
èõ ìàòðèöû ñìåæíîñòè), è ïóñòü W (p1, . . . , pk) =̇ cardW(p1, . . . , pk).

Òåîðåìà 1. Äëÿ ëþáîãî íàòóðàëüíîãî n ñïðàâåäëèâî ðàâåíñòâî

T0(n) =
∑

p1+...+pk=n

(−1)n−k
n!

p1! . . . pk!
W (p1, . . . , pk), (1)

ãäå ñóììèðîâàíèå âåäåòñÿ ïî âñåì óïîðÿäî÷åííûì íàáîðàì
(p1, . . . , pk) íàòóðàëüíûõ ÷èñåë òàêèõ, ÷òî p1 + . . .+ pk = n.

Ïóñòü Dk � ýòî ãðóïïà äèýäðà.

Òåîðåìà 2. Äëÿ ëþáûõ p1, . . . , pk ∈ N è π ∈ Dk èìååò ìåñòî
ðàâåíñòâî

W ( pπ(1), . . . , pπ(k)) = W (p1, . . . , pk).

Åñëè èíòåðïðåòèðîâàòü V0(N) êàê ñîâîêóïíîñòü ïîìå÷åííûõ òðàí-
çèòèâíûõ îðãðàôîâ (â ýòîì ñëó÷àå ïîëàãàåì σii = 0 äëÿ âñåõ
σ ∈ V0(N) è i ∈ N, èñêëþ÷àÿ èç ãðàôîâ σ ïåòëè), òî âêëþ÷åíèå
σ ∈ V0(N) âëå÷åò âêëþ÷åíèå σ ∈ A(N), òî åñòü σ � ýòî ïîìå-
÷åííûé àöèêëè÷åñêèé îðãðàô. Ñîãëàñíî [1] ñïðàâåäëèâà ôîðìóëà,
àíàëîãè÷íàÿ (1):

cardA(N) =
∑

p1+...+pk=n

(−1)n−k
n!

p1! . . . pk!
2 (n2−p2

1−...−p2
k)/2,

è åå îáîáùåíèå

An(x) =
∑

p1+...+pk=n

(−1)n−k
n!

p1! . . . pk!
( 1+x ) (n2−p2

1−...−p2
k)/2,

ãäå An(x) =
∑
r

Anr x
r � ïðîèçâîäÿùàÿ ôóíêöèÿ (ïîëèíîì), â êî-

òîðîé ÷åðåç Anr îáîçíà÷åíî êîëè÷åñòâî ïîìå÷åííûõ àöèêëè÷åñêèõ
îðãðàôîâ ïîðÿäêà n, èìåþùèõ ðîâíî r äóã.

Ñïèñîê ëèòåðàòóðû

1. V. I. Rodionov. On the number of labeled acyclic digraphs
// Discrete Math. 1992. V. 105. P. 319�321.
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Ôåíîìåíîëîãè÷åñêîå îïèñàíèå ôàçîâûõ ïåðåõîäîâ
â ñëîèñòîì ïåðîâêèòå CsScF4

È. Í. Ñàôîíîâ, Â. À. Ñòåïàíåíêî, Ñ. Â. Ìèñþëü
Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Òåðìîäèíàìè÷åñêèé ïîòåíöèàë (ÒÏ), îïèñûâàþùèé ôàçîâûå ïðå-
âðàùåíèÿ â êðèñòàëëå, îáëàäàþùåì ñèììåòðèåé P4/mmm, ïî íåïðè-
âîäèìûì ïðåäñòàâëåíèÿì M+

2 (ïàðàìåòð ïîðÿäêà (ÏÏ) η1) è X−2
(η2, η3) èìååò âèä

Φ =
3∑
i=1

aiη
2i
1 +

4∑
i=1

αiI
i
1 +

2∑
i=1

βiI
i
2

+ δ1I1I2 + δ2I
2
1I2 + κη2

1I1 + γη1η2η3

(
η2

2 − η2
3

)
, (1)

ãäå I1 =
(
η2

2 + η2
3

)
, I2 =

(
η2

2 − η2
3

)2
� èíâàðèàíòíûå êîìáèíàöèè ÏÏ,

a1 = a0(T−Tc), α1 = α0(T−Tc), T � òåìïåðàòóðà, Tc � òåìïåðàòóðà
ÔÏ.
Çàâèñèìîñòè ηi (T ) è Φ (T ) îïðåäåëÿåòñÿ èç óñëîâèÿ ìèíèóìà Φ

ïî ηi:
∂Φ/∂ηi = 0, ∂2Φ/∂η2

i ≥ 0. (2)

Ðåøåíèå ýòîé ñèñòåìû â îáùåì âèäå â ðàäèêàëàõ ïîëó÷èòü íåâîç-
ìîæíî, ïîýòîìó îáû÷íî íàêëàäûâàþòñÿ äîïîëíèòåëüíûå îãðàíè÷å-
íèÿ íà çíà÷åíèÿ êîýôôèöèåíòîâ ïîëèíîìà (1) èëè äîáàâëÿþòñÿ ñî-
îòíîøåíèÿ ìåæäó ηi, èñõîäÿ èç îñîáåííîñòåé ðàññìàòðèâàåìîãî ñî-
åäèíåíèÿ [1]. Èçáàâèòüñÿ îò ââåäåíèÿ òàêèõ îãðàíè÷åíèé ìîæíî,

ïðèâåäÿ ñèñòåìó (2) ê âèäó ξmi

i +
∑pi

k=1 α
i
kξ
mi

1k
1 . . . ξ

mi
nk

n = 1 è ïîëó÷àÿ
ðåøåíèÿ ïî ôîðìóëå [2, 3]

ξµ1

1 . . . ξµnn =
∞∑
k=0

n∏
i=1

 ∏pi
j=1

(
−αij

)kij Γ
(
m−1
i Mi

)
mi

∏pi
j=1

(
kij!
)

Γ
(
m−1
i Mi −

∑pi
j=1 k

i
j + 1

)
×

×

∣∣∣∣∣∣∣
M1 −

∑p1

j=1m
1
1jk

1
j · · · −

∑p1

j=1m
1
njk

1
j

... . . . ...
−
∑pn

j=1m
n
1jk

n
j · · · Mn −

∑pn
j=1m

n
njk

n
j

∣∣∣∣∣∣∣ , (3)

ãäå Mi = µi +
∑n

j=1

∑pj
s=1m

j
isk

j
s, k � ìóëüòèèíäåêñ.
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Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíèñòåð-
ñòâà îáðàçîâàíèÿ è íàóêè ÐÔ Ñèáèðñêîìó ôåäåðàëüíîìó óíèâåðñè-
òåòó íà âûïîëíåíèå ÍÈÐ â 2016 ãîäó (Çàäàíèå � 3.2534.2016/K).
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Êîíå÷íûå ãðóïïû ñ îáîáùåííî ñóáíîðìàëüíûìè
ñèëîâñêèìè ïîäãðóïïàìè

Â. Í. Ñåìåí÷óê
Ãîìåëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ôðàíöèñêà Ñêîðèíû, Ãîìåëü

Ðàññìàòðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû. Âàæíóþ ðîëü ïðè èçó-
÷åíèè ñòðîåíèÿ êîíå÷íûõ ãðóïï èãðàþò ñèëîâñêèå ïîäãðóïïû. Íà-
ïðèìåð, ãðóïïà, ó êîòîðîé âñå ñèëîâñêèå ïîäãðóïïû ñóáíîðìàëüíû,
íèëüïîòåíòíà.
Â òåîðèè êëàññîâ êîíå÷íûõ ãðóïï îáîáùåíèåì ïîíÿòèÿ ñóáíîð-

ìàëüíîñòè ÿâëÿåòñÿ ïîíÿòèå F-äîñòèæèìîñòè, ââåäåííîå Êåãåëåì â
ðàáîòå [1].

Îïðåäåëåíèå 1. Ïóñòü F � íåïóñòàÿ ôîðìàöèÿ. Íàçîâåì ïîä-
ãðóïïó H F-äîñòèæèìîé â ãðóïïå G, åñëè ñóùåñòâóåò öåïü ïîä-
ãðóïï

G = H0 ⊇ H1 ⊇ . . . ⊇ Hm = H

òàêàÿ, ÷òî äëÿ ëþáîãî i = 1, 2, . . . ,m ëèáî ïîäãðóïïà Hi íîðìàëüíà
â Hi−1, ëèáî (Hi−1)

F ⊆ Hi.

Â íàñòîÿùåì ñîîáùåíèè ðàññìàòðèâàåòñÿ çàäà÷à èçó÷åíèÿ ñòðîå-
íèÿ êîíå÷íûõ ãðóïï, ó êîòîðûõ ñèëîâñêèå ïîäãðóïïû F-äîñòèæèìû.
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Òåîðåìà 1. Ïóñòü F � íåïóñòàÿ íàñëåäñòâåííàÿ ôîðìàöèÿ, ó êî-
òîðîé ëþáàÿ ìèíèìàëüíàÿ íå F-ãðóïïà ðàçðåøèìà. Òîãäà ñëåäóþ-
ùèå óòâåðæäåíèÿ ýêâèâàëåíòíû:
1) ëþáàÿ ãðóïïà G, ó êîòîðîé âñå ñèëîâñêèå ïîäãðóïïû F-äîñòè-

æèìû è ïðèíàäëåæàò F, òàêæå ïðèíàäëåæèò F;
2) ëþáàÿ ìèíèìàëüíàÿ íå F-ãðóïïà G ëèáî áèïðèìàðíàÿ

p-çàìêíóòàÿ (p ∈ π(G)) ãðóïïà, ëèáî ïðèìàðíàÿ ãðóïïà.

Ñëåäñòâèå 1. Ïóñòü F � ôîðìàöèÿ âñåõ p-íèëüïîòåíòíûõ ãðóïï.
Ãðóïïà ÿâëÿåòñÿ p-íèëüïîòåíòíîé òîãäà è òîëüêî òîãäà, êîãäà ó
íåå âñå ñèëîâñêèå ïîäãðóïïû F-äîñòèæèìû â G.

Ñëåäñòâèå 2. Ïóñòü F � ôîðìàöèÿ âñåõ p-ðàçëîæèìûõ ãðóïï.
Ãðóïïà ÿâëÿåòñÿ p-ðàçëîæèìîé òîãäà è òîëüêî òîãäà, êîãäà ó íåå
âñå ñèëîâñêèå ïîäãðóïïû F-äîñòèæèìû â G.

Ñëåäñòâèå 3. Ãðóïïà ÿâëÿåòñÿ àáåëåâîé òîãäà è òîëüêî òîãäà,
êîãäà âñå åå ñèëîâñêèå ïîäãðóïïû àáåëåâû è ñóáíîðìàëüíû.
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1. O. H. Kegel. Untergruppenverb�ande endlicher Gruppen, die
Subnormalteilorverband echt enthalten // Arch. Math. 1978.
V. 30. P. 225�228.

Î õàðàêòåðèçàöèè ïî÷òè ñëîéíî êîíå÷íûõ ãðóïï

Â. È. Ñåíàøîâ

Èíñòèòóò âû÷èñëèòåëüíîãî ìîäåëèðîâàíèÿ ÑÎ ÐÀÍ,

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Ïî÷òè ñëîéíî êîíå÷íûå ãðóïïû � ýòî ðàñøèðåíèÿ ñëîéíî êîíå÷-
íûõ ãðóïï ïðè ïîìîùè êîíå÷íûõ ãðóïï.
Ãðóïïà íàçûâàåòñÿ ÷åðíèêîâñêîé, åñëè îíà ëèáî êîíå÷íà, ëèáî

ÿâëÿåòñÿ êîíå÷íûì ðàñøèðåíèåì ïðÿìîãî ïðîèçâåäåíèÿ êîíå÷íîãî
÷èñëà êâàçèöèêëè÷åñêèõ ãðóïï.
Ãðóïïîé Øóíêîâà íàçûâàåòñÿ òàêàÿ ãðóïïà G, â êîòîðîé äëÿ ëþ-

áîé åå êîíå÷íîé ïîäãðóïïû K â ôàêòîð-ãðóïïå NG(K)/K ëþáûå
äâà ñîïðÿæåííûõ ýëåìåíòà ïðîñòîãî ïîðÿäêà ïîðîæäàþò êîíå÷íóþ
ïîäãðóïïó.
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Â ðàáîòå ïî÷òè ñëîéíî êîíå÷íûå ãðóïïû ïîëó÷àþò õàðàêòåðèçà-
öèþ â êëàññå ïåðèîäè÷åñêèõ ãðóïï Øóíêîâà. Àâòîðîì àíàëîãè÷íàÿ
òåîðåìà ðàíåå áûëà äîêàçàíà äëÿ ãðóïï ñ óñëîâèåì ìèíèìàëüíîñòè
äëÿ íå ïî÷òè ñëîéíî êîíå÷íûõ ïîäãðóïï [1, 2].

Òåîðåìà 1. Ïóñòü G � ïåðèîäè÷åñêàÿ ãðóïïà Øóíêîâà, öåíòðàëè-
çàòîðû êàæäîé èíâîëþöèè êîòîðîé ÷åðíèêîâñêèå. Åñëè íîðìàëè-
çàòîð ëþáîé íåòðèâèàëüíîé êîíå÷íîé ïîäãðóïïû ãðóïïû G ïî÷òè
ñëîéíî êîíå÷åí, òî G � ïî÷òè ñëîéíî êîíå÷íàÿ ãðóïïà.
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Î ãðóïïàõ ñ êâàçèöèêëè÷åñêèì
öåíòðàëèçàòîðîì èíâîëþöèè

À. È. Ñîçóòîâ, Á. Å. Äóðàêîâ
Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Ïî èçâåñòíîé òåîðåìå Áåðíñàéäà â êîíå÷íîé ãðóïïå ñ öèêëè÷åñêîé
ñèëîâñêîé 2-ïîäãðóïïîé âñå ýëåìåíòû íå÷åòíîãî ïîðÿäêà ñîñòàâëÿ-
þò íîðìàëüíóþ ïîäãðóïïó. Äëÿ áåñêîíå÷íûõ ïåðèîäè÷åñêèõ ãðóïï
ýòî óòâåðæäåíèå íåâåðíî äàæå â ñëó÷àå, êîãäà ñèëîâñêàÿ
2-ïîäãðóïïà èìååò ïîðÿäîê 2 è ÿâëÿåòñÿ öåíòðîì ãðóïïû [1]. Äî-
êàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà. Ïóñòü j � èíâîëþöèÿ ãðóïïû G, CG(j) � ëîêàëüíî
öèêëè÷åñêàÿ 2-ãðóïïà íå ìàêñèìàëüíàÿ â G è ëþáûå äâå èíâîëþöèè
èç jG ñîïðÿæåíû ïðè ïîìîùè èíâîëþöèè èç jG. Òîãäà G = [j, G]h
CG(j) � ãðóïïà Ôðîáåíèóñà ñ àáåëåâûì 2-ïîëíûì ÿäðîì [j,G] è
äîïîëíåíèåì CG(j).

Ðàáîòà ïîääåðæàíà ÐÔÔÈ, ïðîåêò � 15-01-04897-à.
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Íàóêà, 1975.

Î òî÷íî äâàæäû òðàíçèòèâíûõ ãðóïïàõ ñ îáîáùåííî
êîíå÷íûìè ýëåìåíòàìè

À. È. Ñîçóòîâ, Å. Á. Äóðàêîâ
Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Ãðóïïà G ïîäñòàíîâîê ìíîæåñòâà F (|F | ≥ k) íàçûâàåòñÿ òî÷íî
k-òðàíçèòèâíîé íà F , åñëè äëÿ ëþáûõ äâóõ óïîðÿäî÷åííûõ ìíî-
æåñòâ (a1, . . . , ak) è (b1, . . . , bk) ýëåìåíòîâ èç F òàêèõ, ÷òî ai 6= aj è
bi 6= bj ïðè i 6= j, ñóùåñòâóåò òî÷íî îäèí ýëåìåíò ãðóïïû T , ïåðåâî-
äÿùèé ai â bi, i = 1, ..., k. Êàê èçâåñòíî [1], êàæäîé òî÷íî äâàæäû
òðàíçèòèâíîé ãðóïïå T ñîîòâåòñòâóåò ïî÷òè-îáëàñòü F = F (+, ·),
äëÿ êîòîðîé T åñòü ãðóïïà T2(F ) àôôèííûõ ïðåîáðàçîâàíèé x →
a+ bx (b 6= 0), è íàîáîðîò, ãðóïïà T2(F ) àôôèííûõ ïðåîáðàçîâàíèé
x→ a+ bx (b 6= 0) êàæäîé ïî÷òè-îáëàñòè F òî÷íî äâàæäû òðàíçè-
òèâíà. Åñëè T2(F ) îáëàäàåò ðåãóëÿðíîé àáåëåâîé íîðìàëüíîé ïîä-
ãðóïïîé, òî ïî÷òè-îáëàñòü F ÿâëÿåòñÿ ïî÷òè-ïîëåì. Â ðàáîòàõ [2, 3]
ïîñòðîåíû ïðèìåðû òî÷íî äâàæäû òðàíçèòèâíûõ ãðóïï áåç ðåãóëÿð-
íûõ àáåëåâûõ íîìàëüíûõ ïîäãðóïï, à â ðàáîòå [4] íà îñíîâå ãðóïï
èç [2,3] � ïðèìåðû òî÷íî òðèæäû òðàíçèòèâíûõ ãðóïï. Çíà÷èò, ñó-
ùåñòâóþò ïî÷òè-îáëàñòè, íå ÿâëÿþùèåñÿ ïî÷òè-ïîëÿìè è KT -ïîëÿ
(F, σ), â êîòîðûõ ïî÷òè-îáëàñòè (F,+, ·) íå ïî÷òè-ïîëÿ. Ýòè ðåçóëü-
òàòû äàþò åùå îäíî îñíîâàíèå äëÿ èçó÷åíèÿ óêàçàííûõ ñòðóêòóð
ïðè äîïîëíèòåëüíûõ îãðàíè÷åíèÿõ.
Â [5] äîêàçàíà ëîêàëüíàÿ êîíå÷íîñòü ïåðèîäè÷åñêèõ òî÷íî òðè-

æäû òðàíçèòèâíûx ãðóïï è òî÷íî òðèæäû òðàíçèòèâíûx ãðóïï ïîä-
ñòàíîâîê ñ ïåðèîäè÷åñêèì ñòàáèëèçàòîðîì äâóõ òî÷åê. Ïåðåôîðìó-
ëèðóåì ïîñëåäíèé ðåçóëüòàò â òåðìèíàõ ìîíîãðàôèè [1]:

Òåîðåìà 1. Åñëè (F, ε) � KT -ïîëå ñ ïåðèîäè÷åñêîé ãðóïïîé
(F ∗, ·), òî ïî÷òè-îáëàñòü (F,+, ·) ÿâëÿåòñÿ ëîêàëüíî êîíå÷íûì
ïîëåì è ãðóïïà T3(F, ε) ëîêàëüíî êîíå÷íà.
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Ãðóïïà íàçûâàåòñÿ áèíàðíî êîíå÷íîé (ïî [6] 2-êîíå÷íîé), åñëè
ëþáûå äâà ýëåìåíòà â íåé ïîðîæäàþò êîíå÷íóþ ïîäãðóïïó. Â [6]
áûëà äîêàçàíà ëîêàëüíàÿ êîíå÷íîñòü áèíàðíî êîíå÷íûõ òî÷íî äâà-
æäû òðàíçèòèâíûõ ãðóïï. Â [7] òî÷íî äâàæäû òðàíçèòèâíûå ãðóï-
ïû èçó÷àëèñü ïðè áîëåå ñëàáûõ óñëîâèÿõ êîíå÷íîñòè. Íååäèíè÷-
íûé ýëåìåíò a ãðóïïû G íàçûâàåòñÿ êîíå÷íûì, åñëè â G êîíå÷-
íû âñå ïîäãðóïïû âèäà 〈a, ag〉. Òàê, â òî÷íî äâàæäû òðàíçèòèâíîé
ãðóïïe íå÷åòíîé õàðàêòåðèñòèêè èíâîëþöèè ÿâëÿþòñÿ êîíå÷íûìè
ýëåìåíòàìè. Â [7] äîêàçàíî, ÷òî åñëè â ãðóïïå T2(F ) àôôèííûõ
ïðåîáðàçîâàíèé ïî÷òè-îáëàñòè F åñòü êîíå÷íûé ýëåìåíò ïîðÿäêà
> 2, òî T2(F ) îáëàäàåò íîðìàëüíîé ðåãóëÿðíîé àáåëåâîé ïîäãðóï-
ïîé è ïî÷òè-îáëàñòü F ÿâëÿåòñÿ ïî÷òè-ïîëåì êîíå÷íîé õàðàêòåðè-
ñòèêè. Åñëè, äîïîëíèòåëüíî, ãðóïïà T2(F ) àôôèííûõ ïðåîáðàçîâà-
íèé ïî÷òè-îáëàñòè F ÿâëÿåòñÿ ãðóïïîé Øóíêîâà è CharF 6= 2, òî
T2(F ) îáëàäàåò ëîêàëüíî êîíå÷íîé ïåðèîäè÷åñêîé ÷àñòüþ [7].
Íååäèíè÷íûå ýëåìåíòû a, b ãðóïïû G íàçûâàþòñÿ îáîáùåííî êî-

íå÷íûìè, åñëè âñå ïîäãðóïïû Lg = 〈a, bg〉 â ãðóïïå G êîíå÷íû. Äî-
êàçàíà ñëåäóþùàÿ òåîðåìà:

Òåîðåìà 2. Åñëè â ãðóïïå T2(F ) àôôèííûõ ïðåîáðàçîâàíèé
ïî÷òè-îáëàñòè F åñòü îáîáùåííî êîíå÷íûé ýëåìåíò ïîðÿäêà > 2,
òî T2(F ) îáëàäàåò íîðìàëüíîé ðåãóëÿðíîé àáåëåâîé ïîäãðóïïîé, à
ïî÷òè-îáëàñòü F ÿâëÿåòñÿ ïî÷òè-ïîëåì êîíå÷íîé õàðàêòåðèñòè-
êè.

Ðàáîòà ïîääåðæàíà ÐÔÔÈ, ïðîåêò � 15-01-04897-à.
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Äðîáíîå óðàâíåíèå òåïëîïðîâîäíîñòè
âî ôðàêòàëüíûõ ñðåäàõ

Â. À. Ñòåïàíåíêî, Í. À. Òàðàñîâà, Ï. Ï. Òóð÷èí
Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Ïðîöåññû òåïëîïðîâîäíîñòè äèñïåðñíûõ ôðàêòàëüíûõ ìàòåðèà-
ëîâ íå ìîãóò áûòü îïèñàíû ñòàíäàðòíûì óðàâíåíèåì òåïëîïðîâîä-
íîñòè, à òðåáóþò ðåøåíèÿ äðîáíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

u′t = au(α)
x , (1)

ãäå a � ïîëîæèòåëüíàÿ êîíñòàíòà,

u(α)
x =

1

xn−α
1

Γ (n− α)

∫ x

0

u
(n)
τ (τ)

(x− τ)α−n+1 dτ, (2)

α � ïîðÿäîê äðîáíîé ïðîèçâîäíîé, ïðè÷åì (n− 1) < α < n, äàëåå
ïîëàãàåì n = 2.
Îïðåäåëåíèå äðîáíîé ïðîèçâîäíîé (2) îòëè÷àåòñÿ îò äðîáíîé ïðî-

èçâîäíîé Êàïóòî [1] ìíîæèòåëåì x−(n−α), ïðè ýòîì îòïàäàåò íåîá-
õîäèìîñòü ââîäèòü æåñòêîå îãðàíè÷åíèå u(α)

x (0) = 0.
Åñëè íà÷àëüíîå ðàñïðåäåëåíèå òåìïåðàòóðû ïî áåñêîíå÷íîìó

(x ∈ (−∞,∞)) ñòåðæíþ çàäàåòñÿ ôóíêöèåé f (x), òî ðåøåíèå óðàâ-
íåíèÿ (1) ñ ïðîèçâîäíîé (2) åñòü

u (t, x) = f (x) + at
∞∑
m=0

f (2+m) (0)

Γ (3 +m− α)
xm+

+
∞∑
k=2

(at)k

k!

∞∑
m=0

f (2+m) (0)

Γ (2k + 1 +m− α)

k−1∏
q=1

(2q +m)!

Γ (2q +m+ 1− α)
xm. (3)
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Ïðè α = 2 ïîëó÷àåì ðåøåíèå äëÿ îáûêíîâåííîãî óðàâíåíèÿ òåï-
ëîïðîâîäíîñòè u′t = auxx â ñïëîøíîé ñðåäå (äëÿ áåñêîíå÷íîãî ñòåðæ-
íÿ):

u (t, x) = f (x) +
∞∑
k=1

(at)k

k!
f (2k) (x) . (4)
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Îá àáåëåâûõ ãðóïïàõ, êîëüöà ýíäîìîðôèçìîâ êîòîðûõ
ÿâëÿþòñÿ ïðèìèòèâíûìè îòäåëèìûìè

òîïîëîãè÷åñêèìè êîëüöàìè

À. Â. Òèòîâà
Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Òîìñê

Â ìîíîãðàôèè [1] ñôîðìóëèðîâàíà ïðîáëåìà � 15: ¾Ñâåñòè èñ-
ñëåäîâàíèå ñìåøàííûõ ãðóïï ñ í¼òåðîâûìè ñïðàâà, ïîëóïåðâè÷íû-
ìè èëè êîììóòàòèâíûìè êîëüöàìè ýíäîìîðôèçìîâ ê èññëåäîâàíèþ
ãðóïï áåç êðó÷åíèÿ ñ ñîîòâåòñòâóþùèìè êîëüöàìè ýíäîìîðôèçìîâ¿.
Â äàííûõ òåçèñàõ ïîêàçàíû íåêîòîðûå íåîáõîäèìûå óñëîâèÿ, êî-
òîðûìè äîëæíà îáëàäàòü àáåëåâà ãðóïïà èç íåêîòîðîãî êëàññà K,
èìåþùàÿ ïðèìèòèâíîå îòäåëèìîå òîïîëîãè÷åñêîå êîëüöî ýíäîìîð-
ôèçìîâ.
Ââåäåì íåêîòîðûå îáîçíà÷åíèÿ: Tp(G) � p-êîìïîíåíòà ïåðèîäè-

÷åñêîé ÷àñòè ãðóïïû G, E(G) � êîëüöî ýíäîìîðôèçìîâ ãðóïïû G.

Îïðåäåëåíèå 1. Áóäåì ãîâîðèòü, ÷òî ñìåøàííàÿ ðåäóöèðîâàííàÿ
ãðóïïà G ïðèíàäëåæèò êëàññó K, åñëè âûïîëíÿþòñÿ ñëåäóþùèå
óñëîâèÿ:

1) äëÿ ëþáîãî p ∈ P ñëåäóåò, ÷òî G = Tp(G)
⊕

Ep;

2) åñëè B =
⋂
p∈P

Ep 6= 0, òî ñóùåñòâóåò B-âûñîêàÿ ïîäãðóïïà A

ãðóïïû G, ñîäåðæàùàÿ T (G), ïðè÷¼ì äëÿ ëþáîãî ïðîñòîãî ÷èñ-
ëà q òàêîãî, ÷òî qB 6= B ñëåäóåò, ÷òî qA = A.
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Òåîðåìà 1. Ïóñòü G ∈ K. Åñëè E(G) � ïðèìèòèâíîå [2] îòäå-
ëèìîå òîïîëîãè÷åñêîå êîëüöî, òîãäà äëÿ ëþáîãî p ∈ P â ðàçëîæå-
íèè G = Tp(G) ⊕ Ep ïîäãðóïïà Tp(G) ÿâëÿåòñÿ ýëåìåíòàðíîé è
pEp = Ep, ïðè÷åì âûïîëíÿåòñÿ îäíî èç óñëîâèé:
1) åñëè

⋂
p∈P Ep = 0, òî G ÿâëÿåòñÿ psp-ãðóïïîé;

2) åñëè
⋂
p∈P Ep 6= 0, òî G = A⊕ (

⋂
p∈P Ep), ïðè÷åì âûïîëíÿþòñÿ

ñëåäóþùèå óñëîâèÿ:

à) åñëè A � ñìåøàííàÿ ãðóïïà, òî A óäîâëåòâîðÿåò óñëîâèþ êî-
íå÷íîñòè è ÿâëÿåòñÿ psp-ãðóïïîé;

b) qA = A äëÿ ëþáîãî ïðîñòîãî ÷èñëà q òàêîãî, ÷òî
q(
⋂
p∈P Ep) 6=

⋂
p∈P Ep;

c)
⋂
p∈P Ep � ãðóïïà áåç êðó÷åíèÿ ñ ïîëóïåðâè÷íûì êîëüöîì ýí-

äîìîðôèçìîâ.
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Êâàçèòîæäåñòâà íèëüïîòåíòíûõ éîðäàíîâûõ ëóï

Â. È. Óðñó
Èíñòèòóò ìàòåìàòèêè ¾Ñèìèîí Ñòîéëîâ¿ Ðóìûíñêîé àêàäåìèè,

Òåõíè÷åñêèé óíèâåðñèòåò Ìîëäîâû

Îäíà èç îñíîâíûõ òåîðåì ïî òåîðèè êâàçèìíîãîîáðàçèé ÿâëÿåò-
ñÿ òåîðåìà Îëüøàíñêîãî (ñì. [1]), ñîãëàñíî êîòîðîé êîíå÷íàÿ ãðóïïà
èìååò êîíå÷íûé áàçèñ êâàçèòîæäåñòâ òîãäà è òîëüêî òîãäà, êîãäà âñå
åå ñèëîâñêèå ïîäãðóïïû àáåëåâû. Â äîêàçàòåëüñòâå ýòîé òåîðåìû,
â ñëó÷àå êîãäà êîíå÷íàÿ ãðóïïà ñîäåðæèò íåêîììóòàòèâíàÿ íèëü-
ïîòåíòíàÿ ïîäãðóïïà, àâòîð ïîêàçàë ÷òî âñå êâàçèòîæäåñòâà ýòîé
ãðóïïû íå èìåþò áàçèñ êâàçèòîæäåñòâ îò êîíå÷íîãî ÷èñëà ïåðåìåí-
íûõ. Ýòî ïðîâîöèðîâàëî ïîëó÷èòü àíàëîãè÷íûå ðåçóëüòàòû è äëÿ
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äðóãèõ íèëüïîòåíòíûõ àëãåáð àâòîðàìè ðàáîò, íàïðèìåð [2�4]. Â
äàííîé ðàáîòå ïîêàçàíî, ÷òî òàêèå ïðèìåðû ñóùåñòâóþò è â êëàññå
éîðäàíîâûõ íèëüïîòåíòíûõ ëóï.
Ëóïà íàçûâàåòñÿ éîðäàíîâîé, åñëè â íåé âûïîëíÿþòñÿ òîæäåñòâà

x · y = y · x, xx · yx = (xx · y)x.

Ïîñêîëüêó éîðäàíîâàÿ ëóïà êîììóòàòèâíà, åå ïðàâîå è ëåâîå äåëå-
íèÿ ñîâïàäàþò, ïîýòîìó ïðåäïîëàãàåòñÿ, ÷òî ñèãíàòóðà éîðäàíîâûõ
ëóï ñîñòîèò èç äâóõ áèíàðíûõ ôóíêöèîíàëüíûõ ñèìâîëîâ. Â ýòîé
ñèãíàòóðå äëÿ ëþáîãî ïðîñòîãî ÷èñëà p = 2, 3, . . . â êëàññå éîðäà-
íîâûõ ëóï ñ òîæäåñòâîì xp = 1 ïîñòðîåíà íåàññîöèàòèâíàÿ è íèëü-
ïîòåíòíàÿ éîðäàíîâàÿ ëóïà L ñ íàèìåíüøèì ïîðÿäêîì. Äëÿ ýòèõ
ëóï L äîêàçàíà

Òåîðåìà 1. Éîðäàíîâàÿ ëóïà L íå èìååò áàçèñ êâàçèòîæäåñòâ
îò êîíå÷íîãî ÷èñëà ïåðåìåííûõ, ò.å. åå àêñèîìàòè÷åñêèé
ðàíã q =∞.

Çàìå÷àíèå. Íàèìåíüøàÿ íåàññîöèàòèâíàÿ è íèëüïîòåíòíàÿ éîðäà-
íîâàÿ ëóïà ñ ýêñïîíåíòîì p (p � ïðîñòîå ÷èñëî) ïîðîæäàåòñÿ äâóìÿ
ýëåìåíòàìè è èìååò p3 ýëåìåíòîâ. Â ÷àñòíîñòè, íàèìåíüøàÿ íèëü-
ïîòåíòíàÿ éîðäàíîâàÿ ëóïà ñ àêñèîìàòè÷åñêèì êâàçèðàíãîì q =∞
ñîäåðæèò 8 ýëåìåíòîâ.
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Ïåðå÷èñëåíèå èäåàëîâ íèëüòðåóãîëüíûõ
ïîäàëãåáð àëãåáð Øåâàëëå

Í. Ä. Õîäþíÿ
Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

Àëãåáðó Øåâàëëå íàä ïîëåì K, àññîöèèðîâàííóþ ñ ïðîèçâîëüíîé
ñèñòåìîé êîðíåé Φ, õàðàêòåðèçóþò áàçèñîì Øåâàëëå. Â íåé âûäåëÿ-
þò íèëüòðåóãîëüíóþ ïîäàëãåáðó NΦ(K) ñ áàçèñîì
{er (r ∈ Φ+)}. Èññëåäóåòñÿ ïðîáëåìà (2) ïåðå÷èñëåíèÿ âñåõ èäå-
àëîâ àëãåáð Ëè NΦ(K) êëàññè÷åñêèõ òèïîâ íàä êîíå÷íûì ïîëåì
K = GF (q) (èëè NΦ(q)).
Äëÿ òèïà An−1 àëãåáðà NΦ(K) ïðåäñòàâëÿåòñÿ àëãåáðîé Ëè, àñ-

ñîöèèðîâàííîé ñ àëãåáðîé NT (n,K) íèæíèõ íèëüòðåóãîëüíûõ n×n
ìàòðèö íàä K. Ðåøèòü ïðîáëåìó (2) â ýòîì ñëó÷àå óäàåòñÿ, èñïîëü-
çóÿ êàíîíè÷åñêèé áàçèñ ëèåâà èäåàëà NT (n,K), ïîñòðîåííûé â [1].
Êîìáèíàòîðíîå âûðàæåíèå ÷èñëà âñåõ èäåàëîâ àññîöèàòèâíîé àë-
ãåáðû NT (n, q) óêàçàíî â [2]; òåì ñàìûì, äëÿ òèïà An−1 ðåøàåòñÿ
ïðîáëåìà (1) èç [3] î íàõîæäåíèè ÷èñëà α(Φ, q) ñïåöèàëüíûõ èäåà-
ëîâ.
Äëÿ êîðíåé r, s ∈ Φ ñ÷èòàåì s ≤ r, åñëè r − s èìååò ëèíåéíîå

ðàçëîæåíèå ñ íåîòðèöàòåëüíûìè êîýôôèöèåíòàìè ïî áàçå Π(Φ+).
Êîðíè r è s íàçûâàåì èíöèäåíòíûìè, åñëè r ≤ s èëè s ≤ r.
Ëþáîå ìíîæåñòâî L = {r1, r2, . . . , rm} ïîïàðíî íåèíöèäåíòíûõ

êîðíåé èç Φ+ íàçûâàåì ìíîæåñòâîì óãëîâ òèïà Φ+. ×èñëî òàêèõ
ìíîæåñòâ ñ ôèêñèðîâàííûì m îáîçíà÷èì ÷åðåç B(m,Φ). Äëÿ êëàñ-
ñè÷åñêèõ òèïîâ An−1, Bn, Cn è Dn îíî ðàâíî, ñîîòâåòñòâåííî,

1

n

(
n

m

)(
n

m+ 1

)
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(
n

m

)2

,

(
n

m

)2

,

(
n

m

)((
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m

)
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(
n− 2

m− 2

))
.

Òåîðåìà 1. ×èñëî α(Φ, q) ñïåàöèàëüíûõ èäåàëîâ àëãåáðû NΦ(q) äëÿ
êëàññè÷åñêèõ òèïîâ Φ = An−1, Bn, Cn èëè Dn ðàâíî

n∑
m=0

B(m,Φ)
∑

1=j1<j2<...<jt≤m

(qt − 1)m−jt

(q − 1)t−jt
·
t−1∏
k=2

(
qk − 1

q − 1
)jk+1−jk−1. (1)

Ã.Ï. Åãîðû÷åâ íàõîäèò ôîðìóëû â çàìêíóòîì âèäå äëÿ ÷èñëà
α(Φ, q). B(m,Φ) èçâåñòíû è äëÿ èñêëþ÷èòåëüíûõ òèïîâ [3] (è ññûë-
êè òàì æå), [4].
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Î drl-ïîëóêîëüöå, âëîæèìîì â l-êîëüöî

Â. Â. ×åðìíûõ, Î. Â. ×åðìíûõ
Âÿòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Êèðîâ

Ñ îñíîâíûìè ïîíÿòèÿìè è ñâîéñòâàìè drl-ïîëóãðóïï è drl-ïîëó-
êîëåö ìîæíî ïîçíàêîìèòüñÿ â [1, 2].
Àëãåáðà (S,+, ·,∨,∧,−, 0) íàçûâàåòñÿ drl-ïîëóêîëüöîì, åñëè âû-

ïîëíÿþòñÿ óñëîâèÿ:
(1) (S,+, ·, 0) � ïîëóêîëüöî;
(2) (S,∨,∧) � ðåøåòêà (ñ ïîðÿäêîì ≤);
(3) ñëîæåíèå + äèñòðèáóòèâíî îòíîñèòåëüíî ∨ è ∧;
(4) äëÿ ëþáûõ a, b ∈ S a− b � íàèìåíüøèé ýëåìåíò z ∈ S òàêîé,

÷òî b+ z ≥ a;
(5) (a− b) ∨ 0 + b ≤ a ∨ b äëÿ ëþáûõ a, b ∈ S;
(6) a(b− c) = ab− ac è (a− b)c = ac− bc äëÿ ëþáûõ a, b, c ∈ S;
(7) ab ≥ 0 äëÿ ëþáûõ a, b ≥ 0 èç S.
Ïîëóêîëüöî S íàçûâàåòñÿ àääèòèâíî ñîêðàòèìûì, åñëè a + c =

b + c âëå÷åò a = b. Õîðîøî èçâåñòíî, ÷òî âëîæèìîñòü ïîëóêîëüöà
â êîëüöî ðàâíîñèëüíà àääèòèâíîé ñîêðàòèìîñòè ïîëóêîëüöà. Âîç-
íèêàþùåå êîëüöî R íîñèò íàçâàíèå êîëüöà ðàçíîñòåé. Ýëåìåíòà-
ìè R ÿâëÿþòñÿ êëàññû óïîðÿäî÷åííûõ ïàð [a, b], a, b ∈ S, ïðè÷åì,
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[a, b] = [c, d]⇔ a+ d = b+ c, [a, b] + [c, d] = [a+ c, b+ d], [a, b][c, d] =
[ac+ bd, ad+ bc].
Ïîëîæèâ [a, b] ∨R [c, d] = [(a + d) ∨ (c + b), b + d], [a, b] ∧R [c, d] =

[(a+ d) ∧ (c+ b), b+ d], ïîëó÷àåì

Ïðåäëîæåíèå 1. (R,≤R) ÿâëÿåòñÿ ðåøåòêîé ñ òî÷íûìè ãðàíÿìè
∨R è ∧R. Êîëüöî ðàçíîñòåé àääèòèâíî ñîêðàòèìîãî drl-ïîëóêîëüöà
ÿâëÿåòñÿ l-êîëüöîì.

Îòìåòèì, ÷òî â îáùåì ñëó÷àå drl-ïîëóêîëüöî íå ÿâëÿåòñÿ ïîäàë-
ãåáðîé ñâîåãî êîëüöà ðàçíîñòåé, ïîñêîëüêó ïðè îãðàíè÷åíèè R íà S
êîëüöåâàÿ ðàçíîñòü íå îáÿçàíà ñîâïàäàòü ñ ðàçíîñòüþ
drl-ïîëóêîëüöà. Èñêëþ÷åíèå ñîñòàâëÿåò òðèâèàëüíàÿ ñèòóàöèÿ,
êîãäà S èçíà÷àëüíî ÿâëÿåòñÿ l-êîëüöîì.

Ïðåäëîæåíèå 2. Êîëüöî ðàçíîñòåé drl-ïîëóêîëüöà S ëèíåéíî óïî-
ðÿäî÷åíî â òî÷íîñòè òîãäà, êîãäà ëèíåéíî óïîðÿäî÷åíî S.

Äëÿ îïèñàíèÿ ñâÿçè èäåàëîâ àääèòèâíî ñîêðàòèìîãî drl-ïîëó-
êîëüöà S ñ èäåàëàìè åãî êîëüöà ðàçíîñòåé R ââåäåì îáîçíà÷åíèÿ.
Ïóñòü ϕ : S → R,ϕ(s) = [s, 0] � âëîæåíèå. Åñëè A ⊆ S, I ⊆ R, òî
ïîëîæèì AR = {[a, b] : a, b ∈ A}, IS = {s ∈ S : ϕ(s) ∈ I}.

Ïðåäëîæåíèå 3. Ïóñòü S � drl-ïîëóêîëüöî, R � åãî êîëüöî ðàç-
íîñòåé, A, I � èäåàëû S è R ñîîòâåòñòâåííî. Òîãäà ñïðàâåäëè-
âû óòâåðæäåíèÿ: (1) AR � èäåàë â R; (2) IS � èäåàë â S; (3)
(AR)S = A; (4) (IS)R = I; (5) ðåøåòêè èäåàëîâ S è R èçîìîðô-
íû.

Ïåðâûé àâòîð ïîääåðæàí ãðàíòîì Ìèíèñòåðñòâà îáðàçîâàíèÿ è
íàóêè ÐÔ, ïðîåêò � 1.1375.2014/Ê.
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Âïîëíå èíåðòíûå ïîäãðóïïû âïîëíå ðàçëîæèìûõ
àáåëåâûõ ãðóïï áåç êðó÷åíèÿ

À. Ð. ×åõëîâ
Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Òîìñê

Ïîäãðóïïà H ãðóïïû G íàçûâàåòñÿ: ÷èñòîé, åñëè H ∩ nG = nH
äëÿ êàæäîãî íàòóðàëüíîãî n; âïîëíå èíâàðèàíòíîé, åñëè ϕH ⊆ H
äëÿ âñÿêîãî ϕ èç êîëüöà ýíäîìîðôèçìîâ E(G) ãðóïïû G.
Ïîäãðóïïà H ãðóïïû G íàçûâàåòñÿ âïîëíå èíåðòíîé, åñëè ïîä-

ãðóïïà H∩ϕH èìååò êîíå÷íûé èíäåêñ â ϕH äëÿ âñÿêîãî ϕ ∈ E(G).
Âñå ÷èñòûå âïîëíå èíåðòíûå ïîäãðóïïû ãðóïï áåç êðó÷åíèÿ âïîëíå
èíâàðèàíòíû. Ïîäãðóïïû H,K ãðóïïû G íàçûâàþòñÿ ñîèçìåðèìû-
ìè, åñëè ïîäãðóïïàK∩H èìååò êîíå÷íûé èíäåêñ êàê âK, òàê è âH.
Ïîäãðóïïà, ñîèçìåðèìàÿ ñ íåêîòîðîé âïîëíå èíåðòíîé ïîäãðóïïîé,
ñàìà ÿâëÿåòñÿ âïîëíå èíåðòíîé. Ñîãëàñíî [1] âñÿêàÿ âïîëíå èíåðò-
íàÿ ïîäãðóïïà ñâîáîäíîé ãðóïïû ñîèçìåðèìà ñ íåêîòîðîé âïîëíå
èíâàðèàíòíîé ïîäãðóïïîé; à â [2] ïîêàçàíî, ÷òî âñÿêàÿ âïîëíå èíåðò-
íàÿ ïîäãðóïïà p-ãðóïïû, ðàçëîæèìîé â ïðÿìóþ ñóììó öèêëè÷åñêèõ
ãðóïï, òàêæå ñîèçìåðèìà ñ íåêîòîðîé âïîëíå èíâàðèàíòíîé ïîä-
ãðóïïîé.

Ëåììà 1. Åñëè ïîäãðóïïà H ñîèçìåðèìà ñ ïîäãðóïïàìè Hi,
i = 1, . . . , n, òî H ñîèçìåðèìà ñ H1 + . . .+Hn è ñ H1 ∩ . . . ∩Hn.

Ëåììà 2. Åñëè H � âïîëíå èíåðòíàÿ ïîäãðóïïà ãðóïïû G = A⊕B,
òî ïîäãðóïïà H∩A âïîëíå èíåðòíà â A, ïîäãðóïïà (H∩A)⊕(H∩B)
ñîèçìåðèìà ñ H, à åñëè ϕ ∈ Hom(B,A), òî ïîäãðóïïà H ∩ A +
+ϕ(H ∩B) ñîèçìåðèìà ñ H ∩ A.

Ïîëó÷åí ïîëíûé îòâåò, êîãäà âïîëíå èíåðòíûå ïîäãðóïïû âïîëíå
ðàçëîæèìîé ãðóïïû áåç êðó÷åíèÿ ñîèçìåðèìû ñ âïîëíå èíâàðèàíò-
íûìè.

Òåîðåìà 1. Ïóñòü G = G1 ⊕ . . . ⊕ Gn, ãäå r(Gi) = 1, � âïîëíå
ðàçëîæèìàÿ ãðóïïà áåç êðó÷åíèÿ êîíå÷íîãî ðàíãà. Êàæäàÿ âïîëíå
èíåðòíàÿ ïîäãðóïïà ãðóïïû G ñîèçìåðèìà ñ íåêîòîðîé âïîëíå èí-
âàðèàíòíîé ïîäãðóïïîé òîãäà è òîëüêî òîãäà, êîãäà pGi 6= Gi äëÿ
âñÿêîãî i = 1, . . . , n è äëÿ âñÿêîãî ïðîñòîãî ÷èñëà p, ïðè÷åì ïðè
âñåõ i, j = 1, . . . , n òèïû t(Gi), t(Gj) ëèáî ðàâíû, ëèáî íåñðàâíèìû.
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Òåîðåìà 2. Ïóñòü G � ðåäóöèðîâàííàÿ âïîëíå ðàçëîæèìàÿ ãðóï-
ïà áåç êðó÷åíèÿ. Âñÿêàÿ âïîëíå èíåðòíàÿ ïîäãðóïïà ãðóïïû G ñî-
èçìåðèìà ñ íåêîòîðîé âïîëíå èíâàðèàíòíîé ïîäãðóïïîé òîãäà è
òîëüêî òîãäà, êîãäà êàæäàÿ åå îäíîðîäíàÿ êîìïîíåíòà A êîíå÷-
íîãî ðàíãà âïîëíå èíâàðèàíòíà, ïðè÷åì A íå äåëèòñÿ íè íà îäíî
ïðîñòîå ÷èñëî.
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Ïðîäîëæåíèÿ êîíãðóýíöèé ïîëóïîëåé íåïðåðûâíûõ
ôóíêöèé íà ïîëóêîëüöà íåïðåðûâíûõ ôóíêöèé

ñî çíà÷åíèÿìè â ëó÷å (0;∞]

Ä. Â. ×óïðàêîâ
Âÿòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Êèðîâ

Äîêëàä ïîñâÿùeí âîïðîñó ïðîäîëæåíèÿ êîíãðóýíöèé ïîëóïîëåé
U(X) è U∨(X) íåïðåðûâíûõ ïîëîæèòåëüíûõ ôóíêöèé, îïðåäåë¼í-
íûõ íà òîïîëîãè÷åñêîì ïðîñòðàíñòâå X äî êîíãðóýíöèé íà ïîëó-
êîëüöàõ C∞(X) è C∨∞(X) ñîîòâåòñòâåííî. Ðàáîòà ïðîäîëæàåò èññëå-
äîâàíèÿ Å. Ì. Âå÷òîìîâà è Ä. Â. ×óïðàêîâà [1] è Å. Ì. Âå÷òîìîâà
è Í. Â. Øàëàãèíîâîé [2].
Ïîä ïîëóêîëüöîì S ïîíèìàåòñÿ àëãåáðàè÷åñêàÿ ñòðóêòóðà ñ

êîììóòàòèâíî-àññîöèàòèâíîé îïåðàöèåé ñëîæåíèÿ è àññîöèàòèâíîé
îïåðàöèåé óìíîæåíèÿ, äèñòðèáóòèâíîé îòíîñèòåëüíî ñëîæåíèÿ ñ îáå-
èõ ñòîðîí. Ïîëóêîëüöî íåïðåðûâíûõ ôóíêöèé, îïðåäåëåííûõ íà òî-
ïîëîãè÷åñêîì ïðîñòðàíñòâå X è ïðèíèìàþùèõ çíà÷åíèÿ èç ìíîæå-
ñòâà (0;∞] ïîëîæèòåëüíûõ äåéñòâèòåëüíûõ ÷èñåë, c ïîãëîùàþùèì
ýëåìåíòîì ∞ è ïîòî÷å÷íûìè îïåðàöèÿìè ñëîæåíèÿ è óìíîæåíèÿ,
îáîçíà÷èì C∞(X). Âçÿâ âìåñòî ñëîæåíèÿ îïåðàöèþ ïîòî÷å÷íîãî
ìàêñèìóìà ôóíêöèé ∨, ïîëó÷èì ïîëóêîëüöî C∨∞(X).
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Òåîðåìà 1. Äëÿ ëþáîãî ïðîñòðàíñòâà X ñïðàâåäëèâû óòâåðæäå-
íèÿ:

1. Íàèìåíüøåé êîíãðóýíöèåé, ïðîäîëæàþùåé ÿäðî K ïîëóêîëüöà
U∨(X), ÿâëÿåòñÿ îòíîøåíèå ρK : f ρK g ⇔ gk1 6 f 6 gk2 äëÿ
íåêîòîðûõ k1, k2 ∈ K. Ïðè ýòîì [1]ρK = K.

2. Íàèáîëüøåé êîíãðóýíöèåé ñ êëàññîì åäèíèöû, ðàâíûì ÿäðó K
íà ïîëóêîëüöå C∨∞(X), ÿâëÿåòñÿ îòíîøåíèå δK, êëàññû êîòî-
ðîãî èìåþò âèä [f ]δK = fK, åñëè f ∈ U∨(X), è ñêëåèâàþùåå
âñå ôóíêöèè, íå ëåæàùèå â U∨(X).

3. Íàèìåíüøåé êîíãðóýíöèåé, ïðîäîëæàþùåé ÿäðî K ïîëóêîëüöà
U(X), ÿâëÿåòñÿ òðàíçèòèâíîå çàìûêàíèå σ̂K ðåôëåêñèâíîãî è
ñèììåòðè÷íîãî îòíîøåíèÿ σK, â êîòîðîì íàõîäÿòñÿ ôóíêöèè
f, g ∈ C∞(X), åñëè f =

∑n
i=1 fi è g =

∑n
i=1 fiki äëÿ íåêîòîðûõ

k1, . . . , kn ∈ K.

Òåîðåìà 2. Äëÿ ëþáîãî ïðîñòðàíñòâà X ðàâíîñèëüíû óñëîâèÿ:

1) X � F -ïðîñòðàíñòâî;

2) σ̂K = ρK äëÿ ëþáîãî ÿäðà K ïîëóïîëÿ U(X);

3) äëÿ ëþáîãî ÿäðà K ïîëóïîëÿ U∨(X) f ρK g ⇐⇒ f = gk,
ãäå k ∈ K.

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíèñòåð-
ñòâà îáðàçîâàíèÿ è íàóêè ÐÔ, ïðîåêò � 1.1375.2014/K.
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Ñïëåòàþùèå ñîîòíîøåíèÿ äëÿ äâóõ ïîñëåäîâàòåëüíîñòåé
äèôôåðåíöèàëüíûõ îïåðàòîðîâ è òî÷íûå ðåøåíèÿ îäíîãî

êëàññà óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ

Þ. Â. Øàíüêî
Èíñòèòóò âû÷èñëèòåëüíîãî ìîäåëèðîâàíèÿ ÑÎ ÐÀÍ, Êðàñíîÿðñê

Ðàññìîòðèì äâå ïîñëåäîâàòåëüíîñòè ëèíåéíûõ äèôôåðåíöèàëü-
íûõ îïåðàòîðîâ {Ln1} è {Ln2}, n = 0, 1, 2, . . ., ñâÿçàííûõ ñïëåòàþ-
ùèìè ñîîòíîøåíèÿìè:

Ln+1
2 Ln1 = Ln+1

1 Ln2 . (1)

Çàäàäèì îïåðàòîð âòîðîãî ïîðÿäêà ñ íåðàçëîæèìûì ãëàâíûì ñèì-
âîëîì

L0
2 =

i+j+k=2∑
i+j+k=0

aijk(t, x, y)∂it∂
j
x∂

k
y

è îïåðàòîð ïåðâîãî ïîðÿäêà

L0
1 = L2q − a000q +

i+j+k=2∑
i+j+k=1

aijk(i∂i−1
t ∂jx∂

k
y q∂t+

+j∂it∂
j−1
x ∂ky q∂x + k∂it∂

j
x∂

k−1
y q∂y),

ãäå ôóíêöèÿ q óäîâëåòâîðÿåò óðàâíåíèþ∑
i+j+k=2

aijkqitq
j
xq
k
y = 0.

Ðàññìîòðèì ëèíåéíîå îäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå
âòîðîãî ïîðÿäêà

L0
2u = 0. (2)

Äëÿ òîãî ÷òîáû óðàâíåíèå (2) äëÿ ëþáîãî n èìåëî ðåøåíèÿ, çàâè-
ñÿùåå îò ïðîèçâîëüíîé áåñêîíå÷íî äèôôåðåíöèðóåìîé ôóíêöèè Φ
âèäà

u =
n∑
i=0

ui(t, x, y)Φ(i)(q), (3)

íåîáõîäèìî, ÷òîáû ñóùåñòâîâàëè îïåðàòîðû ïåðâîãî ïîðÿäêà {Ln1}
è âòîðîãî ïîðÿäêà {Ln2}, ñâÿçàííûå ñîîòíîøåíèÿìè (1).

83



Â äîêëàäå ðàññìàòðèâàþòñÿ óñëîâèÿ, ïðè êîòîðûõ ñóùåñòâóþò
áåñêîíå÷íûå ïîñëåäîâàòåëüíîñòè äèôôåðåíöèàëüíûõ îïåðàòîðîâ,
ñâÿçàííûõ ñîîòíîøåíèÿìè (1). Ïðèâîäÿòñÿ ïðèìåðû ðåøåíèé âèäà
(3) äëÿ óðàâíåíèÿ äâóìåðíîé àêóñòèêè.

Ìåòîä ñõåì ïðîãðàìì äëÿ ðàçðåøèìîñòè
ïðîïîçèöèîíàëüíûõ ïðîãðàììíûõ ëîãèê

Í. Â. Øèëîâ
Èíñòèòóò ñèñòåì èíôîðìàòèêè èìåíè À. Ï. Åðøîâà ÑÎ ÐÀÍ, Íîâîñèáèðñê

Ñåìåéñòâî ïðîãðàììíûõ ëîãèê âêëþ÷àåò äèíàìè÷åñêèå è òåìïî-
ðàëüíûå ëîãèêè, à òàêæå ëîãèêè ïðîöåññîâ. Îñîáî ïîïóëÿðíû ïðî-
ïîçèöèîíàëüíûå âàðèàíòû ýòèõ ëîãèê â ñâÿçè ñ èõ øèðîêîé ïðè-
ìåíèìîñòüþ äëÿ ñïåöèôèêàöèè è àâòîìàòè÷åñêîé âåðèôèêàöèè êàê
îòäåëüíûõ ïðîãðàìì, òàê è ïðîãðàììíûõ ñèñòåì (âêëþ÷àÿ ðàñïðå-
äåë¼ííûå è ìóëüòèàãåíòíûå ñèñòåìû). Ïîýòîìó èññëåäîâàíèå è ðàç-
ðàáîòêà àëãîðèòìîâ (ðàçðåøàþùèõ ïðîöåäóð) äëÿ âàëèäàöèè (ïðî-
âåðêè òîæäåñòâåííîé èñòèííîñòè), ïîèñêà èëè ãåíåðàöèè äîêàçà-
òåëüñòâ, âåðèôèêàöèè â ìîäåëÿõ (model checking) ôîðìóë ïðîãðàìì-
íûõ ëîãèê ÿâëÿåòñÿ âàæíûì íàïðàâëåíèåì èññëåäîâàíèé.
Ñóòü ñõåìíîãî ìåòîäà äîêàçàòåëüñòâà ðàçðåøèìîñòè ïðîãðàìì-

íûõ ëîãèê ñîñòîèò â ñëåäóþùåì. Ôîðìóëû èññëåäóåìîé ëîãèêè
òðàíñëèðóþòñÿ â òàê íàçûâàåìûå íåäåòåðìèíèðîâàííûå ñõåìû ßíî-
âà (êîòîðûå ÿâëÿþòñÿ åñòåñòâåííûì îáîáùåíèåì êëàññè÷åñêèõ ñõåì
ßíîâà [1]) òàêèì îáðàçîì, ÷òî òðàíñëèðóåìàÿ ôîðìóëà èñòèííà òî-
ãäà è òîëüêî òîãäà, êîãäà ñîîòâåòñòâóþùàÿ ñõåìà ÿâëÿåòñÿ òîòàëü-
íîé (ò.å. âñåãäà îñòàíàâëèâàåòñÿ) â ñïåöèàëüíîì êëàññå èíòåðïðå-
òàöèé. Òàê êàê ñîîòâåñòâóþùàÿ ïðîáëåìà òîòàëüíîñòè ðàçðåøèìà
(ò.å. èìååòñÿ àëãîðèòì ïðîâåðêè òîòàëüíîñòè â ñïåöèàëüíîì êëàññå
èíòåðïðåòàöèé), òî èññëåäóåìàÿ ïðîïîçèöèîíàëüíàÿ ïðîãðàììíàÿ
ëîãèêà òàêæå îêàçûâàåòñÿ ðàçðåøèìîé.
Ïåðâîíà÷àëüíûé âàðèàíò ñõåìíîãî ìåòîäà áûë ðàçðàáîòàí

â 1983�1988 ãã. [2] äëÿ äîêàçàòåëüñòâà ðàçðåøèìîñòè âàðèàíòîâ Ïðî-
ïîçèöèîíàëüíîé Äèíàìè÷åñêîé Ëîãèêè (Propositional Dynamic Logic,
PDL). Â 1993�1997 ãã. ñõåìíûé ìåòîä áûë ðàñïðîñòðàí¼í [3] íà òàê
íàçûâàåìîå µ-èñ÷èñëåíèå, êîòîðîå ìîæíî ñ÷èòàòü ðàñøèðåíèåì PDL
çà ñ÷åò èñïîëüçîâàíèÿ íåïîäâèæíûõ òî÷åê ïî ïðîïîçèöèîíàëüíûì
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ïåðåìåííûì. Cõåìíûé ìåòîä ðàçâèâàëñÿ îäíîâðåìåííî è íåçàâèñèìî
îò òåîðåòèêî-àâòîìàòíîãî ìåòîäà [4, 5] äîêàçàòåëüñòâà ðàçðåøèìî-
ñòè ïðîïîçèöèîíàëüíûõ ïðîãðàììíûõ ëîãèê.
Â äîêëàäå áóäåò äàí îáçîð ðàçâèòèÿ è ðåçóëüòàòîâ ñõåìíîãî ìå-

òîäà çà 33 ãîäà � ñ 1983 ïî 2016 ãã. Ïîäðîáíåå ñî ñõåìíûì ìåòîäîì
ìîæíî ïîçíàêîìèòüñÿ ïî æóðíàëüíîé ñòàòüå [6] èëè ïî åå ÷åðíîâîé
âåðñèè íà ñòðàíèöå àâòîðà (ñì. http://persons.iis.nsk.su/files/persons/pages

/shilovprogsoftware15psi_0.pdf).
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Some of the Properties of Irreducible
Polynomials by Using Liftings

Kamal Aghigh
Faculty of Mathematics, K. N. Toosi University of Technology, Tehran

Let v is a Henselian valuation of any rank of a �eld K and v is
the unique extension of ν to a �xed algebraic closure of K with value
group G.
For an over �eld K ′ of K contained in K, we shall denote by G(K ′)

and R(K ′) respectively the value group and the residue �eld of the
valuation v′ of K ′ obtained by restricting v to K ′. An extension w of
v to a simple transcendental extension K(x) of K is called residually
transcendental if the residue �eld of w is a transcendental extension of
the residue �eld of v.
Using the canonical homomorphism from the valuation ring of v onto

its residue �eld, one can lift any monic irreducible polynomial having
coe�cients in R(K).
In this paper, it is shown that the concept of lifting of a polynomials is

important tool for investigating the properties of irreducible polynomials
with coe�cients in valued �elds.
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Equivalence Condition for Equational Theories

S. V. Babenyshev
Siberian Fire-Rescue Academy, Zheleznogorsk

While studying algebraization phenomena for, what he called, second-
order logics, D. Pigozzi [1] discovered that �nitely equivalential second-
order logics are characterized by the existence of a �nite set of ternary
terms with special properties. Finitely equivalential second-order logics
are interesting from the point of view of Universal Algebra because

� they have quasivarieties as their equivalent algebraic semantical
counterparts;
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� equational theories of quasivarieties and varieties are a particular
case of second-order logics, so they can be also �nitely equivalential,
under the same conditions.

In [2], an operator-based approach, similar to the one employed in [3],
was adopted for studying the same topic of algebraization of second-
order logics, which will be called from now on the 2nd-level deductive
systems (to better re�ect their propositional nature). Using the notation
employed in [2], the pertinent characterization can be formulated as
follows.

Theorem 1. A 2nd-level deductive system G is �nitely equivalential i�
there exists a �nite set J of ternary terms of the corresponding algebraic
signature Σ, such that for every pair of formulas α, β ∈ FmΣ

{ϕ(α, α, β) ≈ ϕ(α, β, β) | ϕ ∈ J}ThG = {t(α, β̄) ≈ t(α, β̄) | t ∈ TΣ}ThG,

where

� TΣ is the set of all unary term functions over absolutely free algebra
FmΣ of the signature Σ ( translations);

� XThG means the closure of the set X in the closure system ThG of
all theories of the deductive system G.

In the case of the equational theory of a variety V , considered as a 2nd-
level deductive system over formula algebra FmΣ, this result amounts
to the fact that the set {ϕ(α, α, β) ≈ ϕ(α, β, β)}ϕ∈J provides a basis
for the principal congruence {(α, β)}ConV on the formula algebra FmΣ.
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On Uni�cation and Passive Rules in Multi-modal Temporal
Logic of Linear Time and Knowledge LFPK

S. I. Bashmakov, A. V. Kosheleva
Siberian Federal University, Krasnoyarsk

V.V. Rybakov
Manchester Metropolitan University, Manchester, UK

Temporal logic can be viewed as a particular case of modal logic with
linear alternative relations [1] or multi-modal logic [2]. Basic uni�cational
problem for modern mathematical logic can be viewed as a question:
whether the formula can be converted into a theorem after replacing the
variables. Solution of the uni�cational problem for LT L has been found
by Rybakov [3] and proposed for basic modal and intuitionistic logic.
In [4] has also been proposed descriptions of all non-uni�able formulas

in a broad class of modal logics with the proofs, and also given the �nite
bases of passive rules in these logics. In this work we, continuing [5],
have proposed a criterion of formulas non-uni�ability in modal logic of
knowledge and linear time Future/Past LPFK which can be considered
as a special type of transitive multi-modal logic over the set of integer
numbers Z.

De�nition 1. Formula α(p1, . . . , pn) is uni�able in an algebraic logic
L i� there is a tuple of formulas δ1, . . . , δn such that `L α(δ1, . . . , δn).

The alphabet of the language LLFPK includes a countable set of
propositional variables P := {p1, . . . , pn, . . . }, braces (, ) default Boolean
operations and a set of modal operators {2F ,2P ,21, . . . ,2n}. Logic
operations 3F , 3P , 3i determined through 2F , 2P , 2i as follows:
3F = ¬2F¬, 3P = ¬2P¬, 3i = ¬2i¬.
Temporal k-modal Kripke-frame is a tuple T = 〈WT , R1, R2, . . . , Rk〉,

where WT is a non-empty set of worlds, R1, . . . , Rk are some binary
relation on WT , what is more R2 = R−1

1 := {(a, b)| (b, a) ∈ R1} is a
converse relation.

De�nition 2. Let F = 〈WF , R1, . . . , Rk〉 is a Kripke-frame, and ∀Ri

Ri-cluster is a subset CRi ∈ WF such that ∀v, z ∈ CRi : (vRiz)&(zRiv)
and ∀z ∈ WF , ∀v ∈ CRi : ((vRiz)&(zRiv) ⇒ z ∈ CRi). For any
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relation Ri, CRi(v) mean that it is the Ri-cluster s.t. v ∈ CRi or cluster,
generated by the element v.

De�nition 3. LFPK-frame is a temporal (n+ 2)-modal Kripke-frame

T = 〈ZT , RF , RP , R1, . . . , Rn〉,

where RP = R−1
F and:

a. ZT is the disjoint union of clusters of agents Ct, t ∈ Z, and
Ct1
⋂
Ct2 = ∅ if t1 6= t2;

b. ∀x, y ∈ ZT (xRF y ∨ y RF x);
c. ∀x ∈ ZT (xRF x);
d. ∀x, y, z ∈ ZT (xRF y ∧ y RF z ⇒ xRF z);
e. R1, . . . , Rn � some equvalent relations in each cluster Ct.
We denote class of all such frames LPFK .

De�nition 4. ModelMT on a LPFK-frame T is a tupleMT = 〈T, V 〉,
where V is a valuation of a set of propositional letters p ∈ P on T , i.e
∀p ∈ P [V (p) ⊆ ZT ]. For any such model MT ∀w ∈ ZT :
a. 〈T,w〉 
V p⇔ w ∈ V (p);
b. 〈T,w〉 
V 2FA⇔ ∀z ∈ ZT (wRFz ⇒ 〈T, z〉 
V A);
c. 〈T,w〉 
V 2PA⇔ ∀z ∈ ZT (wRPz ⇒ 〈T, z〉 
V A);
d. ∀i ∈ I, 〈T,w〉 
V 2iA⇔ ∀z ∈ ZT (wRiz ⇒ 〈T, z〉 
V A).

De�nition 5. Temporal Future/Past logic LPFK is the set of all
LPFK-valid formulas on all frames:

LPFK := {A ∈ Fma(LLFPK)|∀T ∈ LPFK : T 
 A}

.

Theorem 1. Any modal formula A is non-uni�able in LPFK i�

2F2PA→

 ∨
p∈V ar(A)

¬2F2Pp ∧ ¬2F2P¬p

 ∈ LPFK.
De�nition 6. Let r := A1, . . . , An/β be an inference rule in the logic
LPFK . The rule r called passive for LPFK if for any substitution
g of formulas instead of variables in r never g(A1) ∈ LPFK& . . .&
&g(An) ∈ LPFK. In other words r is a passive rule if formulas from
its premise have no common uni�ers.
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Theorem 2. The rules rn :=
∨

1≤i≤n ¬2F2P pi∧¬2F2P¬pi
⊥ form a basis for

all passive inference rules in LPFK.
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On Finite Groups in Which All Maximal Subgroups are
π-closed

V. A. Belonogov
N. N. Krasovskii Institute of Mathematics and Mechanics UB RAS, Ekaterinburg

Let G be a �nite group and π a set of primes. A group G having
normal π-Hall subgroup is called π-closed. We write (G, π) ∈ (∗) if G is
not π-closed and all maximal subgroups of G are π-closed, i. e. G is a
minimal non-π-closed group.

Theorem 1. [1] If (G, π) ∈ (∗) then G/Φ(G) is a simple non-abelian
group or G is a Schmidt group.

Theorem 2. [2] Let (G, π) ∈ (∗) and G is simple non-abelian group.
Then

(I) 2 6∈ π;
(II) G is isomorphic to one of the following groups: Ar where r ≥ 5

is a prime; PSL2(q) where q > 5; PSLr(q) and PSUr(q) where r is an
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odd prime; Sz(q) where q = 22n+1 ≥ 8; 2G2(q) where q = 32n+1 ≥ 27;
3D4(q);

2F4(q) where q = 22n+1 ≥ 8; E8(q); one of sporadic groups
M23, J1, J4, Ly, F i

′
24 and F2.

A further natural problem is the following: for every simple group
G from (II) to �nd all sets π of prime numbers such that (G, π) ∈ (∗).
In [2,Theorem 2] the problem is solved for any sporadic simple group G
from (II).

Now we have a theorem in which the problem is solved for simple
groups Ar with a prime r ≥ 5, PSL2(q) with q > 5, Sz(q) with
q = 22n+1 ≥ 8, 2G2(q) with q = 32n+1 ≥ 27, 3D4(q) and 2F4(q) with
q = 22n+1 ≥ 8.

For example, if G = PSL2(p) with prime p > 5 then (G, π) ∈ (∗) if
and only if∅ 6= π ⊆ π(p+1)\{2, 3, 5} or p ∈ π ⊆ π(p(p2−1))\{2, 3, 5},
and if G = Sz(q) with q = 2r for prime r then (G, π) ∈ (∗) if and only if
∅ 6= π ⊆ π(q2 + 1) (for non-prime r in latter assertion we must replace
π(q2 + 1) by some well-de�ned its subset π0(q

2 + 1)).

The work is supported by the Complex Program of UBRAS (project
15-16-1-5)
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Application of Bg(n)-polynomials for Computing of Analytic
Functions of Matrices

Yu. N. Belyayev
Syktyvkar State University, Syktyvkar

According to the theorem of Cayley-Hamilton, any matrix Aj of order
n can be represented as a linear combination of the �rst n powers of
matrix A ≡ ‖agr‖: Aj =

∑n−1
h=0 CjhAh. Therefore, if the function f(ζ) of
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complex variable ζ can be expanded in a power series f(ζ) =
∑∞

j=0 αjζ
j,

and the eigenvalues λg, g = 1, . . . , n, of matrix A lie in the circle of
convergence of this series, then f(A) ≈

∑n−1
h=0 A

h(αh +
∑n+N

j=n αjCjh), in
particular

expA ≡ ‖eqr(N)‖ ≈
n−1∑
h=0

Ah

(
1

h!
+

n+N∑
j=n

1

j!
Cjh

)
. (1)

Equalities in the last two formulas become accurate if N =∞.

Theorem 1. Coordinates Cjh of the matrix Aj in the basis A0, A,
A2, . . . , An−1 are equel to

Cjh =
h∑
g=0

pn−h+gBj−1−g(n), h = 0, 1, . . . , n− 1, (2)

where pl are coe�cients of the characteristic equation of the matrix A,
and polynomials Bg(n) are de�ned by the equations [1]:

Bg(n) = 0, g = 0, 1, . . . , n− 2; Bn−1(n) = 1; Bg(n) =
n∑
l=1

plBg−l(n).

(3)

Comparison of formula (2) with representations of the coe�cients Cjh
by the methods of Cayley-Hamilton, Lagrange-Sylvester, Vandermonde
[2] is done. Analytical formulas for the functions Aj and expA are found
with the help of (2)�(3). Numerical calculation of expA by the formulas
(1)�(3) is performed by scaling and repeated squaring:
expA = [exp(A/2j)]2

j

. In this case the required accuracy of numerical
calculations is provided by ful�llment of conditions of the following
theorem.

Theorem 2. The relative truncation error

ε ≡ max |(eqr(∞)− eqr(N))/eqr(∞)|
in the calculation of the matrix expA using the formulas (1) - (3) does
not exceed ηN+1/[(n + N)

∏N
i=1(n + i)], on the condition that

η = (2n− 1) max |aqr| < 1.

Application of Theorem 2 is illustrated on the example of solving
a system of six di�erential equations describing the transformation of
elastic waves in anisotropic layer.
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Parallel Algorithms and Baer − Kaplansky Theorem
in the Theory of Almost Completely

Decomposable Abelian Groups

E.A. Blagoveshchenskaya
Petersburg State Transport University, Saint-Petersburg

An almost completely decomposable group (acd group) X is
a torsion�free abelian group of �nite rank containing a completely
decomposable subgroup A of �nite index. If in addition X/A is a cyclic
group then X is called a crq-group, see [1]. First we concentrate on
the class of block-rigid crq-groups X of ring type, which means that the
types of rank-one summands of A are idempotent and form an antichain,
see [2].

Theorem 1. (Baer�Kaplansky Theorem for crq-groups)
E. Blagoveshchenskaya, G. Ivanov, P. Schultz

Let X and Y be block-rigid crq-groups of ring type. Then groups X
and Y are nearly isomorphic if and only if their endomorphism rings
are isomorphic, End(X) ∼= End(Y ).

In general case of acd-groups when X/A is not necessarily cyclic the
links between groups and their endomorphism rings also exist:

Theorem 2. Let X and Y be acd-groups of ring type. If X and Y are
nearly isomorphic then their endomorphism rings are nearly isomorphic
as abelian groups.

The near isomorphism is an equivalence, which is weaker than
isomorphism. It is traditionally used for classi�cation problem solutions
in the theory of torsion-free abelian groups. Such groups have quite
complicated structures, non-isomorphic direct decompositions,
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which can not be classi�ed up to isomorphism. In this situation
the determination of groups by their endomorphism rings, proved in
Theorem 1, is of special interest, see [3].
Note, that the direct decomposition theory of acd-groups up to near

isomorphism is based on parallel algorithms having di�erent applications,
in particular, in arti�cial neural network learning algorithms, see [4].
The author was funded by RFBR (project 14-01-00660 a).
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The Minimal Condition for Non-abelian Subgroups

N. S. Chernikov
Institute of Mathematics of the National Academy of Sciences of Ukraine,

Kyiv

A series of known results are connected with the minimal condition
for non-abelian subgroups. For instance, non-abelian locally �nite groups
with this condition are Chernikov (V. P. Shunkov, 1970); non-abelian
weakly graded groups with this condition are Chernikov (N. S. Chernikov,
2008); non-abelian binary �nite groups, satisfying the minimal condition
for non-abelian metabelian subgroups, are Chernikov too
(N. S. Chernikov, 1980). The group G is called weakly graded, if for
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every g, h ∈ G \ {1}, the subgroup < g, gh > possesses a subgroup of
�nite index 6= 1 whenever | < g > | = ∞, or g is a p-element 6= 1
with some odd prime p and also [gp, h] = 1 and < g, h > is periodic
(N. S. Chernikov, see, for example [1]). The class of weakly graded groups
is very large. It includes the classes of locally and binary graded groups
and (by the way) the classes of locally, binary, residually �nite or solvable
groups. It includes the classes of 2−, RN−, linear groups. The following
recent theorem holds.

Theorem 1. (N. S. Chernikov [1]). For the weakly graded non-abelian
group G the following statements are equivalent:

(i) G satis�es the minimal condition for non-abelian
non-normal subgroups.

(ii) G is a Chernikov group or a solvable group with normal
non-abelian subgroups.

Further, the following new theorem holds (compare with
Theorem [2]).

Theorem 2. (N. S. Chernikov, 2016). The locally graded non-abelian
group G satis�es the minimal condition for noncomplemented
non-abelian subgroups i� it is a Chernikov group or a solvable locally
�nite group with complemented non-abelian subgroups.

The known Olshanskiy's Examples of in�nite simple groups with
abelian proper subgroups show that in the last theorem the condition:
¾G is locally graded¿' is essential.
Note that locally �nite non-abelian groups with complemented non-

abelian subgroups are described in [3], [4].
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On Periodic Subgroups of the Finitary Linear Group

O. Yu. Dashkova
The Branch of Moscow state university in Sevastopol, Sevastopol

M. A. Salim
United Arab Emirates University, Al Ain

Let FLν(K) be the �nitary linear group where K is a ring with the
unit, ν is a linearly ordered set. FLν(K) is investigated in [1, 2]. In
particular the �nitary unitriangular group UTν(K) is studied in [2].
We study periodic subgroups of the �nitary linear group FLν(K) in

the case where K is a Dedekind ring, ν is a countable set.
The main result of this paper is the theorem.

Theorem 1. Let G be a periodic subgroup of FLν(K), K be a Dedekind
ring, ν be a countable set. Then G is a (locally nilpotent)-by-countable
and locally �nite group.
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Local Derivations and Automorphisms
of Lie Algebras of Niltriangular Matrices

A. P. Elisova

Lesosibirsk Pedagogical Institute � Branch

of Siberian Federal University, Lesosibirsk

A local automorphism (a local derivation) of an algebra A over an
associative commutative ring with identity is an automorphism (resp.,
an endomorphism) of theK-moduleA which acts on each element α ∈ A
as an automorphism (resp., a derivation) depending, in general, on the
choice of α.
We study the local automorphisms and the local derivations of an

algebra R = NT (n,K) of all n × n strictly lower triangular matrices
over K.
Local derivations of an algebra R for n = 3 were studied in [1�2].

There is a description of local automorphisms of an algebra R in this
case see in [1]. In a case n = 4 and there are some restrictions on a
ring K local derivations of the algebra R were described in [2�3], local
automorphisms of this algebra R were described in [3].
Every local automorphism of the associated Lie algebra Λ(R), n ≤ 4,

according [3], may be reducible to the local Lie automorphism of a special
evident view by the multiplication on local automorphisms of R and on
an automorphism of Λ(R). Local derivations of Λ(R) for n ≤ 4 are
described similarly (see [4]).
Author and V. M. Levchuk proved reduction theorems for n ≥ 4. In

particular,

Theorem 1. Let n > 4. Then every local automorphism of the Lie
algebra Λ(R) acts modulo R2 as well as an automorphism of Λ(R).

Matrix units eij, 1 ≤ j < i ≤ n, generate the algebra R such a
K-module. According 4 for n ≥ 4 an arbitrary local derivation of the
algebra R is zero on elements eii−1, 1 < i ≤ n, accurate within an
addition a derivation of R, and on elements eii−2, 2 < i ≤ n coincides
modulo R3 with a map of a view

ωt : ta31e31 + ta42e42 + ...+ tann−2enn−2 (α = ‖aij‖ ∈ R, t ∈ K).
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On Solvable Zn-graded Alternative Algebras

M. E. Goncharov
Sobolev Institute of Mathematics and Novosibirsk State University, Novosibirsk

Let R be an algebra over a �eld F. Let G be a �nite group of
automorphisms of R, and RG = {x ∈ R | φ(x) = x for all φ ∈ G} is
a �xed points subalgebra of R.
If R is an associative algebra with a �nite group of automorphisms

G then classical Bergman-Isaacs theorem says that if the subalgebra
of �xed points RG is nilpotent and R has no |G|-torsion, then R is
nilpotent [1].
It turns out that for alternative algebras Bergman-Isaacs theorem

is false � there are examples of a solvable non-nilpotent alternative
algebra A with an automorphism of second order φ such that the ring
of invariants Aφ is nilpotent.
However, Semenov in [2] proved, that if the characteristic of the

ground �eld is zero,G is a �nite group of automorphisms of an alternative
algebra A and the subalgebra of �xed points AG is solvable - then A is
solvable. In positive characteristic the problem is opened.
We will consider the case when A is an alternative algebra with an

automorphism φ of �nite order n and G is cyclic group generated by φ.
This problem closely connected with the following: let A = A0 ⊕ A1 ⊕
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. . .⊕An−1 be a Zn - graded alternative algebra. Suppose A0 is solvable.
Is it true that A is solvable?
For n = 2 Smirnov in [3] proved, that if an alternative algebra A over

a �eld of characteristic not equal 2 admits an automorphism of second
order φ such that the algebra of invariants Aφ is solvable, then A is
solvable.
For n = 3 the author in [4] proved that if the characteristic of the

ground �eld is more that 5 and A0 is solvable � then again A is solvable.
In this work we are trying to introduce a method that may be used

to solve the problem for arbitrary n. We show, that the known result
can be obtained using this method. Also, we managed to deal with the
case when n = 5.

Theorem 1. Let A be a Zn-graded alternative algebra over a �eld F ,
where n = 2p3q5s. If char(f) > 2t, where t = 5
if s 6= 0, t = 3 if s = 0, q 6= 0 and t = 1 if s = q = 0, and A0

is solvable, then A is solvable.

The author was supported by Russian Science Foundation (project
14-21-00065).
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Remarks on Morphisms of Spectral Geometries

F. Ja�rennou
Siberian Federal University, Krasnoyarsk

Non-commutative geometry, conceived by Alain Connes, is a new
branch of mathematics whose aim is the study of geometrical spaces
using tools from operator algebras and functional analysis. Speci�cally
metrics for non-commutative manifolds are now encoded via spectral
triples, a set of data involving a Hilbert space, an algebra of operators
acting on it and an unbounded self-adjoint operator, may be endowed
with supplemental structures. Our main objective is to prove a version
of Takahashi duality between �geometrical� and �algebraic� categories
which is adapted to the context of Alain Connes' spectral triples.
We present: a description of the relevant categories of geometrical
spaces, namely compact Hausdor� smooth �nite-dimensional orientable
Riemannian manifolds, or more generally Hilbert bundles of Cli�ord
modules over them; and some de�nitions of categories of algebraic
structures, namely commutative Riemannian spectral triples. We
obtain the construction of section functors (construction theorem
for morphisms) that associate a morphism of spectral triples to every
smooth (totally geodesic) map and which provide a suitable environment
for the description of morphisms extended to the non-commutative
setting.

On Finite-dimensional Double Lie Algebra

P. S. Kolesnikov
Sobolev Institute of Mathematics, Novosibirsk

Double algebra is a linear space V equipped with two-fold
multiplication B : V ⊗V → V ⊗V , B(a⊗b) =

∑
i ci⊗di. Such systems

appear in the approach by Van den Bergh (2008) to noncommutative
Poisson algebras: an associative algebra V is a noncommutative Poisson
algebra if there is a two-fold multiplication B such that the bracket
{a, b} =

∑
i cidi is an analogue of the ordinary Poisson bracket.

In order to de�ne noncommutative Poisson structure on V , the
map B itself has to satisfy the following properties:
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B(b, a) = −B(a, b)(12), (1)

BL(a,B(b, c))−BR(b, B(a, c)) = BL(B(a, b), c), (2)

Here

BL(a, x⊗ y) = B(a, x)⊗ y, BR(b, x⊗ y) = x⊗B(b, y),

BL(x⊗ y, c) = (B(x, c)⊗ y)(23),

(12), (23) are the permutations of tensor factors.
A double algebra V satisfying (1), (2) is called a double Lie algebra.
V. Kac in his talk on the conference "Lie and Jordan Algebras, Their

Representations and Applications-VI Dec 2015, posed the following
problem: prove that there are no simple �nite-dimensional double Lie
algebras (except for 1-dimensional space with trivial map B). Here we
solve this problem and state a series of examples of �nite-dimensional
double Lie algebras.
Suppose V is a double algebra with a two-fold multiplication

B ∈ End (V ⊗ V ), dimV = n < ∞. The well-known series of
isomorphisms

End (V ⊗ V ) ' End (V )⊗ End (V ) '

' End (V )∗ ⊗ End (V ) ' End(End (V ))

allows to identify B with a linear operator R : End (V ) → End (V ).

Here we identify End (V ) with End (V )∗ my means of the trace form.
It is natural to expect that if B satis�es (1) and (2) then the

corresponding R satis�es some conditions. Indeed, we have

Theorem 1. The structure of a double Lie algebra on
a �nite-dimensional space V is completely determined by a skew-
symmetric Rota�Baxter operator on End (V ).

Namely, B satis�es (1) and (2) if and only if

R = −R∗, R(x)R(y) = R(R(x)y + xR(y))

for all x, y ∈ End (V ).
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Corollary 1. If V is a double Lie algebra of �nite dimension which does
not contain proper nonzero subspaces I such that B(V, I) ⊆ V ⊗I+I⊗V
then dimV = 1, B = 0.

The authors were funded by RSF (project 14-21-00065).

Transfer Unitary K1-functor
Under Polynomial Extension of Rings

V. I. Kopeyko
Kalmyk State University, Elista

Let (R, λ,Λ) be an unitary ring (alias form ring), where R is a ring
with an involution x→ x̄, λ is a central element of R such that λ·λ̄ = 1,
and Λ is a form parameter in R. Let K1U

λ(R,Λ) denote the unitary
K1−group of (R,Λ). We denoted by W1U

λ(R,Λ) the cokernel of the
hyperbolic homomorphism H : K1(R)→ K1U

λ(R,Λ), while the kernel
of the homomorphism K1U

λ(R,Λ) → K1(R) induces by the forgetful
functor denoted by W ′

1U
λ(R,Λ).

The purpose of this talk is to de�ne a transfer map

(in)∗ : K1U
λ(R[X],Λ[X])→ K1U

λ(R[Xn],Λ[Xn])

for any natural n and to compute the composition (in)∗ ◦ (in)
∗, where

(in)
∗ : K1U

λ(R[Xn],Λ[Xn])→ K1U
λ(R[X],Λ[X])

is the group homomorphism induced by the canonical inclusion
in : R[Xn]→ R[X].
As application we obtain the following K1−unitary analogies

of Springer's theorem (see [1]) from the algebraic theory of quadratic
forms.

Theorem 1. For any odd n, the map

(in)
∗ : W ′

1U
λ(R[Xn],Λ[Xn])→ W ′

1U
λ(R[X],Λ[X])

is the splitting injective homomorphism.

Theorem 2. For any odd n,, the map

(in)∗ : W1U
λ(R[Xn],Λ[Xn])→ W1U

λ(R[X],Λ[X])

induced by the (in)
∗ is the splitting injective homomorphism.
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The author was funded by RFBR (project 16-01-00148).
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Problems on Structure of Finite Quasi�elds
and Projective Translation Planes

O. V. Kravtsova, V. M. Levchuk
Siberian Federal University, Krasnoyarsk

Coordinatization for points and lines of �nite projective plane allows
to study its geometric properties by studying of algebraic properties of
coordinatizating set. Thus, �nite desarguesian projective plane
is coordinatized by a �eld, and the weakening of commutativity and
associativity for multiplication leads to translation planes that are
coordinatized by quasi�elds. The quasi�eld with two-sided distributivity
is said to be semi�eld, it coordinatizes a semi�eld plane. The most
complete review on semi�elds, quasi�elds and correspondent projective
planes is presented in [1], however many problems are little studied.
The problem on solvability of full collineation group of �nite projective

plane that is coordinatized by proper semi�eld (question 11.76, 1990, [2])
is unsolved still.
G. Wene hypothesis (1991) on right- or left-primitivity of �nite

semi�eld was refuted by I. R�ua who construct the couter-examples [3]
of order 32 (2004) and 64 (2007). Nevertheless, all known examples of
semi�elds of small orders (up to 243) have left-cyclic base and
1-generated loop of non-zero elements.
Next problems were stated in [4, 5] for �nite quasi�elds and semi�elds.
(A) Enumerate maximal sub�elds and its orders.
(B) Find the �nite quasi�eld S with non-1-generated loop S∗.

Hypothesis: a loop S∗ of any �nite semi�eld S is 1-generated.
(C) What the spectra of a loop S∗ of �nite semi�eld and quasi�eld

are possible?
Also we study
(D) Find the automorphism group order.
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We has obtain [5, 6] the solution of problems for all semi�elds of order
16, for counter-examples Knuth�R�ua semi�eld of order 32, Hentzel�
R�ua semi�eld of order 64, and some isotop classes representatives for
semi�elds and quasi�elds of small orders.

The investigations are funded by RFBR (project 16-01-00707).
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Derivations of a Matrix Ring Containing
a Subring of Nilpotent Matrices

Feride Kuzucuo�glu
Department of Mathematics, Hacettepe University, Ankara

LetK be an associative ring with identity. Recall that a derivation of a
ring K is an additive map Ψ : K → K so that for all
a, b ∈ K, Ψ(ab) = Ψ(a)b+aΨ(b). Let NTn(K) be the ring of all (lower)
niltriangular n × n matrices over K which are all zeros on and above
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the main diagonal. Levchuk characterized in [1] the automorphisms of
the ring NTn(K) over any associative ring K with identity. In 2006,
Chun and Park [2] determined derivations of the niltriangular matrix
ring NTn(K). Let Mn(J) be the ring of all n×n matrices over an ideal
J of K and R = Rn(K, J) = NTn(K) +Mn(J).
We describe all derivations of the matrix ring Rn(K, J) = NTn(K)+

Mn(J). If time permits we will discuss Jordan derivations of the matrix
ring Rn(K, J).

This work is joint with U. Say�n.
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Determinantal Representations of the Weighted
Moore-Penrose Inverse Matrix
Over the Quaternion Skew Field

I. I. Kyrchei
Pidstrygach Institute for Applied Problems of Mechanics and Mathematics

of NAS of Ukraine, Lviv

Within the framework of the theory of the noncommutative column-
row determinants previously introduced by the author [1] and using
obtained quaternion weighted singular value decomposition we get
determinantal representations of the weighted Moore-Penrose inverse of
an arbitrary quaternion matrixA ∈ Hm×n with weightsM andN, which
are Hermitian positive de�nite matrices of order m and n, respectively.
Denote A] = N−1A∗M. If A]A or AA] are Hermitian, then the

weighted Moore-Penrose inverse A†M,N =
(
ã†ij

)
∈ Hn×m possess the
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following determinantal representations, respectively,

ã†ij =

∑
β∈Jr, n{i}

cdeti

((
A]A

)
. i

(
a].j

))
β
β∑

β∈Jr, n

∣∣∣(A]A) ββ

∣∣∣ , (1)

or

ã†ij =

∑
α∈Ir,m{j}

rdetj

(
(AA])j . (a

]
i. )
)

α
α∑

α∈Ir,m
|(AA]) αα|

. (2)

If A]A or AA] are non-Hermitian, we obtain
determinantal representations of A†M,N as well.
We use notations from [2].

References

1. I. I. Kyrchei. Cramer's rule for quaternionic systems of linear
equations // Fund. Priklad. Mat. 2007. V. 13, � 4. P. 67�94.

2. I. I. Kyrchei. Determinantal representations of the Moore-Penrose
inverse over the quaternion skew �eld and corresponding Cramer's
rules // Lin. Multilin. Alg. 2011. V. 59, � 4. P. 413�431.

Linear Logic of Knowledge and Time LTKr in Case
of Intransitive Time Relation

A. N. Lukyanchuk
Siberean Federal University,

Krasnoyarsk State Medical Academy, Krasnoyarsk

The language LLTK consists of a countable set of propositional letters
P := {p1, . . . , pn, . . . }, the standard boolean operations and the set of
modal operations {2T ,2∼,2i (i ∈ I)}. The intended meaning of the
modal operations are: (a) 2TA for logic LTKr means that the formula
A true in the current state and will be true in the next state. (b) 2∼A
means that A is known everywhere in the present time-cluster (i.e. A
is a part of the environmental knowledge); (c) 2iA(i ∈ I) stands for
the agent i (operating in the system) knows A in the current state.
Semantics for the language LLTK is based on a linear and discrete �ow
of time, associating a time point with any natural number n.
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Theorem 1. The logic LTKr has the e�ective �nite model property.

Theorem 2. The logic LTKr is decidable.

Introduce a special kind of LTKr-frame, which plays a major role in
the main result.

Let FP , FS, Fi be LTKr-frames with the following structures:
(a) The frame FP =

〈
WFP , R

P
T , R

P
∼, R

P
1 , . . . , R

P
k

〉
is an LTKr-frame

such that its base set WFP consists only one world denoted by @,
WFP := {@}.
(b) Let FS =

〈
WFS , R

S
T , R

S
∼, R

S
1 , . . . , R

S
k

〉
be a �nite LTKr-frame,

where WFS = {
⋃d
i=0Ci} è C0R

S
TC1R

S
T . . . R

S
TCd.

(c) The frame Fi =
〈
WFi, R

i
T , R

i
∼, R

i
1, . . . , R

i
k

〉
is a �nite

LTKr-frame, and each Ri
T -cluster of Fi consists of only one world.

Namely, WFi = {wi
1, . . . , w

i
Ji
} è wi

1R
i
Tw

i
2R

i
T . . . R

i
Tw

i
Ji
.

De�nition 1. An SP -frame is a tuple

FSP = 〈WSP , RT , R∼, R1, . . . , Rk〉

where
1) WSP = WFP ∪WFS ∪

⋃d
i=0WFi;

2) RT = RP
T ∪RS

T ∪
⋃d
i=0R

i
T ∪ {〈z,@〉 |z ∈ Cd} ∪

⋃d
i=0{

〈
wi
Ji
, z
〉
|wi

Ji

is RT -maximal world of Fi, z ∈ Ci ⊆ FS};
3) R∼ = RP

∼ ∪RS
∼ ∪

⋃d
i=0R

i
∼;

4) Rj = RP
j ∪RS

j ∪
⋃d
i=0R

i
j (1 ≤ j ≤ k).

Theorem 3. An inference rule rnf in the reduced normal form is not
admissible for LTKr if and only if there is a �nite SP -frame FSP , whose
size is computable in the size of rnf , and a valuation V for variables from
rnf in FSP , such that
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1) FSP 6|=V Con(rnf);
2) FSP |=V Pr(rnf);
3) there is θa ∈ Pr(rnf), where

(FSP , wi
1) |=V θa, (FSP , wi

2) |=V θa, (FSP ,@) |=V θa,

for (0 ≤ i ≤ d);
4) ∀z, w ∈ Cd & (z 6= w) : (FSP , z) |=V θk, (FSP , w) |=V θm è

θk 6= θm
5) RT -cluster Cd is not isomorphic to the world @.

Theorem 4. The logic LTKr is decidable w.r.t. admissible rules.

See more in [1, 2].
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On Arithmetic Graphs of Finite Groups

V. I. Murashka, A. F. Vasil'ev
Francisk Skorina Gomel State University, Gomel

All considered groups are �nite. There have been a lot of papers
recently in which with every �nite group associates certain graph. The
considered problem was to analyze the relations between the structure
of a group and the properties of its graph. This trend goes back to 1878
when A. Cayley [1] introduced his graph. Another illustration of this
direction is the problem of Paul Erd�os on non-commuting graphs which
was solved in 1976 by B. Neumann [2].

De�nition 1. A function Γ : {groups} → {graphs} is called
a graph function.

In this paper we are interested only in the following graph functions.
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De�nition 2. A graph function Γ is called arithmetic if V (Γ(G)) is a
subset of the set of divisors of |G| for every group G and Γ(1) = ∅.
Graph Γ(G) is called arithmetic.

De�nition 3. Let Γ be a arithmetic graph function and X be a class
of groups. We shall say that X is recognized by Γ if from G1 ∈ X and
Γ(G1) = Γ(G2) it follows that G2 ∈ X.

Problem.
(a) Let Γ be a graph function. Describe all group classes (formations,

Fitting classes, Schunk classes) which are recognizable by Γ.
(b) Let X be a class of groups (formation, Fitting class, Schunk class).

Find graph functions Γ which recognize X.
In 1968 T. Hawkes [3] considered a directed graph of a group G whose

set of vertices is the set π(G) of all prime divisors of |G| and (p, q) is
an edge if and only if q ∈ π(G/Op′,p(G)). We shall call this graph by
Hawkes graph and will denote it by ΓH(G).
In this paper we described all formations which are recognized by ΓH

and some other graph functions. In particular we obtained:

Theorem 1. Let F be a formation and σ(p) = {q|(p, q) ∈ E(ΓH(F))}.
Then F is recognized by ΓH if and only if F = LF (f) where f(p) = Gσ(p)

for p ∈ π(F) and f(p) = ∅ otherwise.

References

1. A. Cayley. Desiderata and suggestions: �2. The Theory of groups:
graphical representation // Amer. J. Math. 1878. V. 1, � 2.
P. 174�176.

2. B. Neumann. A problem of Paul Erd�os on groups // J. Austral.
Math. Soc. 1976. V. 21. P. 467�472.

3. T. Hawkes. On the class of the Sylow tower groups // Math. Z.
1968. V. 105. P. 393�398.

109



On the Embeddability of Noetherian Semiprime Special
Lie Algebra in slm(F )⊗F C

S. A. Pikhtilkov, O. A. Pikhtilkova, A. N. Blagovisnaya
Orenburg State University, Orenburg

A Lie algebra L is said to be prime if [U, V ] = 0 implies U = 0 or
V = 0 for any its ideals U and V of L. We say that the ideal P of a Lie
algebra L is prime if the factor algebra L/P is prime.
The intersection of all prime ideals is called the prime radical P (L)

of a Lie algebra L [1].
A Lie algebra is said to be Noetherian if the Lie algebra satis�es the

ascending chain condition on ideals.
An associative algebra A is called PI-algebra, if there exists a non-

commutative polynomial f(x1, ..., xn) ∈ F (X) where F (X) is
a free associative algebra such that f(a1, ..., an) = 0 for arbitrary
a1, ..., an ∈ A.
An algebra L is called a special Lie algebra or SPI-algebra, if there

exists an associative SPI-algebra A such that L is included in A(−) as
a Lie algebra where A(−) is a Lie algebra with respect to the operation
of commutation [x, y] = xy − yx [2].
In 1992, the M. V. Zaitsev stated the problem: is it true that any

Noetherian special Lie algebra embedded in the algebra of matrices over
a �nitely generated commutative ring?
In this work the problem is solved for the case of Noetherian semiprime

special Lie algebras.
A Lie algebra is said to be semiprime if I2 = 0 implies I = 0 for

any its ideal I. This de�nition holds for associative algebras and for Lie
algebras. According to [1], this de�nition is equivalent to the fact that
the prime radical is zero.
A criterion of representability of a special Lie algebra as a �nite

subdirect product of prime algebras is found in [3].

Lemma 1. Let L be semiprime Lie algebra. Then the following
conditions are equivalent.

(i) L does not contain in�nite direct sums of nonzero ideals.

(ii) L does not contain in�nite sets of nonzero pairwise disjoint ideals.
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(iii) L satis�es the ascending chain condition on annihilator ideals.

(iv) Every maximal annihilator ideal of L is prime.

(v) The set of maximal annihilator ideals in L is a �nite and their
intersection is equal to zero.

(vi) L can be represented as a �nite subdirect product of prime Lie
algebras.

Theorem 1. Let L be Noetherian semiprime special Lie algebra. Then
L embedded in the algebra slm(F )⊗F C, where C is direct sum of �elds.

References

1. I. N. Balaba, A. V. Mikhalev, S. A. Pikhtilkov. Prime Radical of
Graded Ω-groups // Fundament. i prikl. math. 2006. V. 12, � 2.
P. 159�174.

2. V. N. Latyshev. On Lie algebras with a polynomial identical
// Sib. Math. J. 1963. V. 4, � 4. P. 821�829.

3. O. A. Pikhtilkova, S. A. Pikhtilkov. On special Lie algebras having
a faithful module with Krull dimension // Izv. : Mathematics. 2016.
V. 80, � 6 (in press).

Simple Finite-dimensional Noncommutative
Jordan Superalgebras

A. P. Pozhidaev
Sobolev Institute of Mathematics SB RAS, Novosibirsk

In this talk we present the main results of the theory of
noncommutative Jordan superalgebras. In particular, we give the
recently obtained classi�cation of the central simple �nite-dimensional
noncommutative Jordan superalgebras of degree > 1 over an
algebraically closed �eld of characteristic p > 2. The case of characteristic
0 will be discussed as well. In particular, we describe the Poisson brackets
on all �nite dimensional central simple Jordan superalgebras of degree
> 1 except the Kantor double of the supercommutative superalgebra
B(m,n).

The author was partially supported by RFBR (project 14-01-00014).
This is a joint work with I. P. Shestakov.
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Equations in Polyadic Groups

M. Shahryari
University of Tabriz, Tabriz

The subject of this talk is equations over polyadic groups. A polyadic
group is a natural generalization of the concept of group to the
case where the binary operation of group replaced with an n-ary
associative operation, one variable linear equations in which have unique
solutions. We study systems of equations and their solution sets in
polyadic groups. It is known that for every polyadic group (G, f), there
exists a corresponding ordinary group (G, ·), an automorphism θ of
this ordinary group, and an element b ∈ G, the structure of (G, f)
in which complectly determined by (G, ·), θ, and b, therefore, we can
denote the polyadic group by the notations derθ,b(G, ·). We prove that
a polyadic group (G, f) is equational noetherian, if and only if, the
ordinary group (G, ·) is equational noetherian. We also determine the
structure of coordinate polyadic group of algebraic sets in equational
noetherian polyadic groups.
Our main result shows that the algebraic geometries of the polyadic

group (G, f) and the corresponding group (G, ·) are essentially the same.
This algebraic geometry does not depend on the automorphism θ and
the special element b. This result gives us an interesting application of
polyadic groups to the algebraic geometry over groups. Here we describe
this application brie�y. Let G be an ordinary group and suppose θ is an
automorphism of G satisfying the following two conditions:
1. There exists a �xed point b ∈ G for θ.
2. There exists a natural number n ≥ 2 such that for all x ∈ G,

θn−1(x) = bxb−1.
Let L be the ordinary language of groups containing elements of G as

parameters. We obtain an extended language Lθ by adding θ to L as a
unary functional symbol. We will show that if the group G is equational
noetherian as an L-algebra, then it is also equational noetherian as an
Lθ-algebra (similar statements are also true for the properties of being
qω-compact and uω-compact).
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About Group Density Function

A. A. Shlepkin
Siberean Federal University, Krasnoyarsk

In following work the question about unequivocally of submitting
group by her density function.

De�nition 1. Let G = 〈g1, ..., gn〉 is a group with a set of generative
elements N = {g1, ..., gn}. Let F(G,N)(l), where l integer positive number,
be a function of group growth in a set of generative elements. If l > 0
then F(G,N)(l) return number of elements of group G, which presented
how irreducible product no more then 1 element of the set N. If l = 0
then F(G,N)(0) = 1. Unity is presented how irreducible product of length
0 [1, p. 102].

De�nition 2. The function P(G,N)(l) = F(G,N)(l) − F(G,N)(l − 1) for
l > 0 and P(G,N)(0) = 1 for l = 0 we will call group density function

for group G in the set of generative elements N. Function P(G,N)(l) for
every integer positive l return number of elements of group G presented
how irreducible product l elements of set N.

Question. Let G be a group with set of generative elements N,
H is a group with set of generative elements M. When from equality
P(G,N)(l) = P(H,M)(l) following isomorphism G ' H?

Theorem 1. Let G = 〈N〉 and H = 〈M〉 − be a groups with the
sets of generative elements N = {g1, ..., gn}, M = {b1, ..., bm} such that
P(G,N)(l) = P(H,M)(l). Then n = m.

Theorem 2. Let G = 〈N〉 and H = 〈M〉 − �nite groups with set
of generative elements N,M such that P(G,N)(l) = P(H,M)(l).
Then |G| = |H|.
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De�nition 3. Let G = 〈g1, ..., gn〉 be a group with set of generative
elements N = {g1, ..., gn}. The set N we will call independent, if for
all i ∈ {1, ..., n} , 〈N \ {gi}〉 ∩ 〈gi〉 = 〈e〉 is a unity subgroup.

Theorem 3. Let G = 〈N〉, H = 〈M〉 be a �nite abelian p-groups
with independent sets of generative elements N,M such that
P(G,N)(l) = P(H,M)(l). Then G ' H.

Because non isomorphic �nite abelian groups of the same order are
exists (for example A8 and L3(4)), that's why it is an interesting
Question, when G,H �nite simple non abelian groups, and N,M are
independent systems of generative elements for groups G,H.

Hipotesis 1. Let G = 〈N〉, H = 〈M〉 be a �nite simple non abelian
groups with independent sets of generative elements N,M such that
P(G,N)(l) = P(H,M)(l). Then G ' H.

Theorem 4. Let A8 = 〈N〉, and L3(4) = 〈M〉, where N,M are
independent sets of generative elements for following groups. Then
P(A8,N)(l) 6= P(L3(4),M)(l).

The work was funded by RFBR (project 16-31-50030).
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On Hall S-permutably Embedded
Subgroups of Finite Groups

D. A. Sinitsa
Francisk Skorina Gomel State University, Gomel

Let G be a �nite group. The symbol GN denotes the nilpotent residual
of G, that is, the intersection of all normal subgroups N of G with
nilpotent quotient G/N .
A subgroup A of G is said to be S-quasinormal or S-permutable in

G if A permutes with all Sylow subgroups of G.
The S-permutable subgroups possess a series of interesting properties.

For instance, the S-permutable subgroups of G form a sublattice of
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the lattice of all subnormal subgroups of G (Kegel [1]). This important
property of S-permutable subgroups allows to introduce the concept
of the S-permutable closure of a subgroup. The intersection of all such
S-permutable subgroups of G which contain a subgroup H of G is called
the S-permutable closure of H in G and denoted by HsG [2].
Recall also that a subgroup H of G is said to be a Hall normally

embedded subgroup of G [3] if H is a Hall subgroup of the normal closure
HG of H in G. By analogy with it, we say that a subgroup H of G
is called a Hall S-permutably embedded subgroup of G if H is a Hall
subgroup of the S-permutable closure HsG of H in G.

Theorem 1. The following conditions are equivalent:
(1) Every subgroup of G is Hall S-permutably embedded in G.
(2) The nilpotent residual GN of G is a Hall cyclic of square-free

order subgroup of G.
(3) G = D o M is a split extension of a cyclic subgroup D

of square-free order by a nilpotent group M , where M and D are
both Hall subgroups of G.

Corollary 1. (Shirong Li and Jianjun Liu [3]) Every subgroup of G
is Hall normally embedded in G if and only if G = D oM is a split
extension of a cyclic subgroup D of square-free order by a Dedekind
group M , where M and D are both Hall subgroups of G.
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Gradewise Properties of Subgroups

A. N. Skiba
Francisk Skorina Gomel State University, Gomel

For any group A, let Θ(A) be an arbitrary binary relation on the set
of all subgroups of A.

De�nition 1. If a group G has a normal series Γ : 1 = G0 ≤ G1 ≤
· · · ≤ Gt = G such that

((A ∩Gi)Gi−1/Gi−1, BGi−1/Gi−1) ∈ Θ(G/Gi−1)

for each i = 1, . . . , t, then we say that (A,B) enjoys the Γ-gradewise
property Θ (or simply (A,B) enjoys the gradewise property Θ) in G.

If for each i = 1, . . . , t we have

((A ∩Gi)Gi−1/Gi−1, (B ∩Gi+1)Gi−1/Gi−1) ∈ Θ(G/Gi−1),

then we say that (A,B) enjoys the generalized Γ-gradewise property Θ
(or simply (A,B) enjoys the generalized gradewise property Θ) in G.
A classical result of Thompson asserts that a �nite group G is soluble

if G has a nilpotent maximal subgroup of odd order. Deskins and Janko
proved that Thompson's result remains true if the nilpotent class of the
Sylow 2-subgroup of a nilpotent maximal subgroup of G is at most 2.
It was also proved by Ballester-Bolinches and Guo [1, Theorem 3] that
G is soluble provided it has a nilpotent maximal subgroup M such that
Ω(P ∩G′) ≤ Z(P ) for the Sylow 2-subgroup P of M .

Theorem 1. A �nite group G is soluble if and only if it is gradewise
quaternion free and G has a maximal subgroupM with Sylow 2-subgroup
P such thatM is gradewise nilpotent in G and P ′ and P are generalized
gradewise element-wise permutable in G.
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Quandles, Transitive Groups, and E�cient Knot Recognition

D. Stanovsk�y
Charles University, Prague

Given two knot diagrams, can one e�ciently determine whether they
represent the same knot, up to ambient isotopy (informally, continuous
manipulation with the rope)? The answer is unknown. I will explain a
recent promising method [1], called quandle coloring, which uses certain
non-associative binary algebraic structures to color the arcs of a knot
diagram. Using modern SAT-solvers, we built a software which can
quickly distinguish knot diagrams with tens of crossings. Kuperberg's
NP-time algorithm for recognition of unknottable knots [3] can be also
interpreted as coloring by certain quandles.
To make the knot recognition algorithm trully e�cient, both in theory

and practice, one has to supply good quandles for coloring. Subsequently,
one has to develop the algebraic theory of quandles. The second
theme of my talk will be a very brief introduction into the theory
of connected quandles, as outlined in [2]. The fundamental result is
a 1-1 correspondence between connected quandles and pairs (G, ζ) where
G is a transitive permutation group and ζ is a central element of the
stabilizer such that the conjugacy class ζG generates the whole group. I
will explain how problems about quandles (for example, enumeration of
small connected quandles) translate to problems in the theory of �nite
groups.
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Matrix Model of Quadratic Form Schemes

O. A. Starikova
North-Eastern State University, Magadan

The theory of Witt rings of �elds has led to di�erent axiomatizations
of quadratic form theory, for example abstract Witt rings, special groups,
quaternionic structures, quadratic form schemes [1, 2].
Throughout, the symbol R means an associative and commutative

ring with identity element and with multiplicative group R∗ of invertible
elements. For any elements a = rR∗2 and b = sR∗2 of groupG = R∗/R∗2

we suppose

D(a, b) = {tR∗2 | t ∈ (rR2 + sR2) ∩R∗}.

When R is a �eld, the following properties are known:

1) D(1, a) - a subgroup of group G and a ∈ D(1, a);

2) a ∈ D(1,−b) ⇔ b ∈ D(1,−a);

3) bD(1,−a)∩D(1,−ac)∩dD(1,−c) 6= ∅⇒ aD(1,−b)∩D(1,−bd)∩
cD(1,−d) 6= ∅.
Group G = R∗/R∗2 with its map a 7→ D(1, a) and distinguished

element −1 refers to quadratic form scheme (QF -scheme) of a �eld R.
Quadratic form scheme is also de�ned as an abstract group G =

(G, ·, 1) of exponents 2 with the distinguished element −1 ∈ G, −a :=
(−1)a, and map a 7→ D(1, a), satisfying conditions 1) - 3). QF -schemes
form a category with products in the natural way. The following problem
[3] remains open: Is every QF -scheme realized as the QF -scheme of a
�eld?
For abstract QF -scheme G = {ai | i = 1, . . . , 2n} matrix M = (mij)

is de�ned to be

mij =

{
1, if ai ∈ D(1,−aj);
δ, otherwise.

Interpretations of quadratic form scheme axioms, operations of product
and group extension, QF -schemes of local type are given.
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On Moduli of Semistable Admissible Pairs

N. V. Timofeeva
P. G. Demidov Yaroslavl State University, Yaroslavl

The problem originates from the necessarity to compactify the moduli
of semistable coherent vector bundlesE on a smooth projective polarized
surface (S, L) without usage nonlocally free coherent sheaves, contrary
to the classical compacti�cation done by attaching such sheaves. Besides
the interest in the structure aspect of vector bundle theory, this is needed
in complex di�erential geometry and gauge �eld theory.

Pursuing this aim we allow the surface S to degenerate to the algebraic
schemes S̃ of certain type which are called admissible. Admissible scheme
always contains a component which is an algebraic variety isomorphic to
the blowup of S in some sheaf of ideals of �nite colength.
Other components of S̃ can carry nonreduced scheme structure. Each
admissible scheme S̃ carries the distinguished polarization L̃ and the
locally free sheaf Ẽ of some prescribed view. Objects ((S̃, L̃), Ẽ) (see
any of [1], [2]) will be described in details in the talk and are called
semistable admissible pairs. Pairs ((S, L), E) are also included into the
class considered. All constructions are done over algebraically closed �eld
of characteristic 0.

The compacti�cation of moduli of semistable vector bundles by
attaching appropriate admissible semistable pairs is a part (union of
components) of moduli scheme M̃ of admissible semistable pairs. As
proven in the series of author's papers (see [1], [2] and complete list of
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references within), the compacti�cation of interest is isomorphic (as a
moduli functor and hence as an algebraic scheme) to the classical one
ascending to to Gieseker and Maruyama. The classical compacti�cation
is obtained by attaching semistable torsion-free coherent sheaves with
same rank and Hilbert polynomial as vector bundles E have.

In the talk we will describe main features of the isomorphism of
compacti�cations and turn our attention to other components of moduli
space of admissible semistable pairs. Namely, we will build up and
investigate the functorial morphism between the whole of moduli of
semistable pairs and the whole of moduli of semistable torsion-free
coherent sheaves with equal ranks and equal Hilbert polynomials.
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On Determinability of a Quotient Divisible
Abelian Group of Rank 1 by Its Automorphism Group

E. A. Timoshenko
Tomsk State University, Tomsk

V. K. Vildanov
Lobachevsky State University, Nizhni Novgorod

Let A ∈ X, where X is some class of groups. We say that A is
determined by its automorphism group AutA in the class X if AutA ∼=
AutB implies A ∼= B for every B ∈ X.
The next concept was introduced in [1].
Suppose that an Abelian group A does not contain nonzero divisible

torsion subgroups and there is a free subgroup F ⊂ A of �nite rank
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such that A/F is a divisible torsion group. Then A is called a quotient
divisible group of rank n, where n is the rank of F .
The symbol

∏
denotes a restricted direct product of groups (this

analog of the notion of a direct sum is used for multiplicatively written
groups). As usual, t(A) and Ap denote respectively the torsion part and
the p-component of A.

Theorem 1. If A is a quotient divisible group of rank 1, then

AutA ∼= Aut(A/t(A))×
∏
p∈P

AutAp,

where P is the set of all primes.

Cyclic groups of in�nite order and of order n are denoted respectively
by Z and Z(n). The notation QD1 stands for the class of all quotient
divisible groups of rank 1 (such groups were studied in [2]).

Theorem 2. Suppose all p-components of a group A ∈ QD1 are nonzero.
Then

AutA ∼=
∏
ℵ0

Z ×
∏
p∈P

∏
k>0

∏
ℵ0

Z(pk).

We say that a �nite cyclic group A is weakly determined by its
automorphism group if for any �nite cyclic group B � A the condition
AutA ∼= AutB implies that the number of nonzero Bp's is greater than
the number of nonzero Ap's.

Theorem 3. A group A ∈ QD1 is determined by its automorphism
group in the class QD1 if and only if t(A) is a cyclic group which
is weakly determined by its automorphism group, while pA 6= A for
all p ∈ P such that Ap = 0.

It can be checked directly that if n 6 50, then Z(n) is weakly
determined by its automorphism group for n = 1, 5, 8, 11, 13, 16,
17, 23, 24, 25, 29, 31, 32, 37, 41, 47. Any such n gives rise to the group
Q(n) ⊕ Z(n) ∈ QD1 which is determined by its automorphism group
in the class QD1. (Here Q(n) is the subring of the �eld of rationals Q
generated by the element 1

n .)
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On Fω-projectors and Fω-covering Subgroups of Finite Groups

V. A. Vedernikov
Moscow Municipal Pedagogical University, Moscow

M. M. Sorokina
Bryansk State University I.G. Petrovsky, Bryansk

We have introduced de�nitions of an Fω-projector and of an
Fω-covering subgroup in a �nite group which are the generalization of
Gasch�utz`s de�nitions of an F-projector and of an F-covering subgroup
respectively.
Considered only �nite groups. Let ω be a non-empty set of primes,

let F and X be non-empty classes of groups, F ⊆ X. A class F is called
ωP -closed in X if for each group G the following condition is satis�ed: if
G/CoreG(M) ∩ Oω(G) ∈ F for every maximal subgroup M of G, then
G ∈ F. Let f : ω∪{ω′} → { formations of groups } be an ωF -function.
A formation ωLF (f) = (G : G/Oω(G) ∈ f(ω′) and G/Fp(G) ∈
f(p) for all p ∈ ω ∩ π(G)) is called an ω-local formation with the
ω-satellite f .

De�nition 1. Let F be a non-empty class of groups. A subgroup H
of the group G is called an Fω-projector of G if HN/N is an F-maximal
subgroup in G/N for every normal ω-subgroup N of G.

De�nition 2. Let F be a non-empty class of groups. A subgroup H
of the group G is called an Fω-covering subgroup of G if H ∈ F and
whenever H ≤ U ≤ G, V is a normal ω-subgroup of U such that
U/V ∈ F, then U = HV .

Theorem 1. Let X be an S-closed homomorph, let F be a non-empty
ωP -closed homomorph in X and let G ∈ X. If G has an F-residual
normal ω-subgroup, then there exists at least one Fω-projector of G.

Theorem 2. Let X be an S-closed homomorph, let F be a non-empty
subclass of X. If every group G ∈ X with Oω(G) 6= 1 has an
Fω-projector, then:
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(1) F is ωP -closed in X;
(2) if H ∈ F and N is a normal ω-subgroup of H, then H/N ∈ F.

Theorem 3. Let X be an S-closed homomorph, let F be a non-empty
ωP -closed homomorph in X and let G be an X-group which has
π(F)-soluble F-residual normal ω-subgroup. A subgroup H of G is an
Fω-projector of G if and only if H is an Fω-covering subgroup of G.

Theorem 4. Let F be a non-empty ω-local formation, let G be a group
and let GF be a π(F)-soluble ω-group. Then G has at least one
Fω-covering subgroup (Fω-projector) and any two Fω-covering subgroups
(any two Fω-projectors) of G are conjugate.

Theorems 1-3 give a generalization of theorems of Erickson from
[1]. Theorem 4 implies the known results of L.A. Shemetkov, Schmid,
E.F. Shmigirev on F-covering subgroups in �nite groups (see, for
example, theorem 15.6, 15.7 [2]).
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